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ABSTRACT. A survey is given to some recent results on how generalized nu-
merical ranges relate to the study dilation and perturbation of operators. The
connection to the study quantum error correction, and unital completely pos-
itive linear maps from a Calkin algebra to a matrix space is also discussed.

1. Introduction

Let B(#) be the set of bounded linear operators on a Hilbert space H equipped
with the inner product (z,y). If % has dimension n, then it is identified as C™ with
the usual inner product (z,y) = y*z, and B(H) is identified as M, the algebra
of n x n complex matrices. The study of quadratic forms and their applications
appear in many areas of mathematics and other branches of sciences. One such
form is the numerical range (a.k.a. the field of values), defined as follows.

DEFINITION 1.1. The numerical range of an operator A € B(H) is the set
W(A) ={{Az,z) : © € B(H) and (z,x) =1}

ExAMPLE 1.2. Here are some simple examples, which will appear again in our
subsequent discussion.
(1) 8), then W (A) is the line segment joining 0 and 1.
0 2
0 0
at the origin.
o If A = diag(ay,as,as), then W(A) is the triangular disk with vertices
ai,az,as.

oIfA:<

o If A= ( >, then W(A) = {p € C: |u| < 1}, the unit disk centered

Informally, the numerical range of an operator A can be viewed as a “picture”
of A, and every point (Az,z) in W(A) can be viewed as a “pixel” of the picture.
The “picture” can provide useful information of the operator. In fact, the numerical
range of an operator A can be used to deduce algebraic or analytic properties, locate
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the spectrum o(A), and obtain norm bounds of A. The information can then be
used to study useful properties such as the invertibility, stability, and convergence
of the sequence {A™ : m =1,...} of the operator.

In this paper, we survey some results concerning the use of numerical range
and generalized numerical ranges to study dilation and compression of operators.
The connection of these results to the study quantum error correction, and unital
completely positive linear maps from a Calkin algebra to a matrix space will be
discussed.

We first present some basic results in Section 2. In Section 3 we describe some
ideas on how one can use the inclusion relation of W(B) C W(A) to ensure that
B has a dilation of the I ® A. Section 4 concerns the joint numerical ranges of
several operators and the joint dilation problem. In Sections 5 and 6, we discuss
different kinds of generalized numerical ranges arising in the study of quantum error
correction codes. The non-emptyness of such general numerical ranges associated
with the error operators of a noisy quantum channel will ensure the existence of
different types of quantum error correction codes. In such a case, the element in the
generalized numerical range will be useful for the construction of a quantum error
correction code for the given channel. It turns out that the results and insights
developed in the study of quantum error correction is useful in the study of joint
essential matricial ranges, and also the images of unital completely positive linear
maps from the Calkin algebra associated with a Hilbert space to matrix spaces.
These results will be described in Section 7.

For most results we will present the statements without proofs. Nevertheless,
we will present three short proofs for the convexity of the numerical range. Also,
we give several short new proofs for a few selected results that are different from
those in the literature.

2. Basic results

We begin with some results which can be readily deduced from the definition.

PROPOSITION 2.1. Let A= H +iG € B(H), where H = H* and G = G*.

a) W(aH + ibG) = {ah +ibg : h+ig € W(A)} for any a,b € R.

b) W(aA+bl)=aW(A)+b for any a,b € C.

c) W(A)=W(AT) and W(A*) = W(A) = {n: pe W(A)}

d) W(X*AX) C W(A) for any subspace K of H and X : K — H satisfies
X*X = Ix. The equality holds if K =H and X is unitary.

A fundamental and useful result on the numerical range is the celebrated
Toplitz-Hausdorff theorem [18, 33], proved 100 years ago, asserting that the nu-
merical range of an operator is always convex. There have been many different
proofs of this result; see [4]. Here we present three short proofs.
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Proof 1. Let a = (Az,z) and b = (Ay,y) be two different elements in W (A).
By Proposition 2.1, we may replace A by 71~ (A—al) and assume that (a,b) = (0,1).

We will show that [a,b] C W(A). Because (Ax,x) # (Ay,y), the vectors x and y
are linearly independent. Consider the family of unit vectors z(t) = %,
where 0 € [0, 27) satisfies (Axz, e?y) > 0. Then by our choice of 0,
t p(t) = (A2(1), 2() = (1 = 6)*(Az, 2) + 26(1 — t)(Az, y) + 1*(Ay,y),
is a continuous real-valued function on [0, 1] with x(0) = 0 and u(1) = 1. Hence,
0,1 € {u(t) : ¢ € [0,1]} € W(A). o
Proof 2. Let a = (Az,z) and b = (Ay,y) be two different elements in W (A).
Suppose K = span{z,y} C H, and X : K — H satisfying X*X = Ix. We may
identify B = X*AX € M, and span {x,y} = C2. Then
W(B) = {u*Bu :u € C* u*u = 1} = {tr (Buu*) : u*u = 1}
can be viewed as the image of the “sphere”
1 /14+a b—ic
* 2 ko _ -

{uu* :u e C%u u—l}—{2 <b—|—ic 1—a
in R3 under the real linear map X + tr(BX) € C = R2. Thus, W(B) is an
elliptical disk containing the two points a = tr (Bzz*) and b = tr (Byy*). By
Proposition 2.1, W(B) C W(A). The result follows. O

Proof 3. We refine the second part of Proof 2, and show that for B € Ms with
eigenvalues A1, Az € C and b = /tr (BB* — [\1]2 — [A2[2, W(B) is an elliptical disk
with foci A1, A2 and length of minor axis b. Replacing B by B — %12, we may

A b
0 =X

>:a,b,ce]R7 a2+b2—|—c2:1}

assume that tr (B) =0 and B = ( ) If b =0, then

W(B) = {|u1|*A — |ua|®X : uy,us € C, Jug|* + |ua|? = 1}
is a line segment joining A and —A. Suppose b > 0. If A = 0, then
W(B) = {bugiiy : uy,us € C, Jup|* + |up|® = 1}
with diameter b. If A # 0, we may further replace B by D*BD/\, where D =
diag (1, ") satisfies e®b/\ = ¢ > 0. Let v = \/(2/¢)2 + 1, and B = H + iG with
H = H*, G = G*. Then B = H + ivG is rank one nilpotent and is unitarily

/ 2 .
8 43—0) so that W(B) = {u € C: |u| < /14 (¢/2)?}. Since

W(B) = W(H +ivG) = {h +iyg : h+ig € W(B)} by Proposition 2.1, W(B)
is an elliptical disk with major axis [—+/1 + (¢/2)2, /1 + (¢/2)?] and minor axis
{ir:r € [—c/2,¢/2]}. O

similar to (

Note that Proof 1 is quite standard, and used in many textbooks, e.g., see [35].
Proof 2 is based on [14] and Proof 3 is based on [23]. We summarize the above

results into the following.
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THEOREM 2.2. The numerical range of A € B(H) is convex. In particular, if
A € My has eigenvalues A1, Ao, then W(A) is an elliptical disk with foci A1, A2, and

minor axis with length \/tr A* A — [\1]2 — |X2|2. Consequently, if A = ( >E)1 )f) >,
2

then the minor axis of the elliptical disk W (A) has length |b].

Next, we list some results showing that there is an interesting interplay between
the algebraic and analytic properties of A € B(H) and the geometrical properties
of W(A). We use conv S and cl(S) to denote the convex hull and closure of the set
SccC.

PROPOSITION 2.3. Let A € B(H). Then

a) A= pl if and only if W(A) = {u}
b) A= A* if and only if W(A) C R.
c) A is positive semi-definite if and only if W(A) C [0, 00)
d) A is unitary if and only if W(A) and W (A1) lie in the disk.
e) convo(A) Ccl(W(A)); the set equality holds if A is normal.
£) If H =H1 D Ha and Ay & Ay € B(H1) ® B(Hs), then

W (A) = conv {W (A1) UW (A2)}.
g) W(I®A) =W(A).

The proof of (a) — (¢) and (e) — (f) can be verified readily. The proof of (d) is
more tricky, especially for the infinite dimensional case. One may see [2] for details.

3. Dilation and numerical range inclusion

A useful technique in studying an operator T is to dilate T" to a “larger” operator
A € B(H) with “nice” structure so that one can obtain information about 7" using
the properties of A. Formally, we have the following definition.

DEFINITION 3.1. Let T € B(K) and A € B(H). We say that A is a dilation of
T, equivalently, T" is a compression of A, if K can be embedded in H, and A has

. T * . . .
operator matrix ( . % ) with respect to an orthonormal basis using the vectors

in K and K+.

The following example illustrates how one can dilate an operator to one with
nice structure.

ExAMPLE 3.2. Every contraction T € B(K), i.e., T € B(K) with ||T| < 1,
admits a unitary dilation of the form

A= ( \/I_TW i ) € B(K & K).
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It turns out that the numerical range can be used in studying dilation. Evi-
dently, A € B(H) is a dilation of T' € B(K) with IC C H if there exists X : K - H
with X*X = I such that X*AX = T. By Proposition 2.1 (d), we have W (T) C
W (A). But the converse may not hold, i.e., W(T) C W(A) does not ensure that A
is a dilation of T" as shown in the following.

0 2
0 0

W(T) ={0} C{u e C:ful <1} = W(A),

EXAMPLE 3.3. Let A = ( ) € My and T = 03 € M3, then

but A is not a dilation of T as the dimension of A is too low.
By Proposition 2.3 (g), W(I ® A) = W(A). This inspires the following.

PROBLEM 3.4. Identify “good” operators A € B(H) such that T € B(K) has a
dilation of the form I ® A whenever W(T') C W(A).

The following theorem was obtained in [31]; see also [32].

THEOREM 3.5. Let A € M3 be a normal matriz with eigenvalues ay,az,az € C.
Then T € B(K) satisfies W(T) C W(A) = conv {a1, az,as} if and only if T has a
dilation of the form I ® A.

Note that in applying the above theorem, one does not need to fix the matrix
A in advance. For a given operator T', one may choose any triangle with vertices
a1, as,as such that W(T) lies inside the triangle. Then 7" will admit a dilation of
the form I ® diag (a1, a2, as).

Here we give a new short proof for Theorem 3.5 using the following observation,
which can be extended to prove some later results in our discussion.

LEMMA 3.6. Let A = H+iG with (H,G) = (H*,G*). Suppose a1, a2,b1,ba,c1,co

are real numbers such that (Zl Zl) 1s invertible, and
2 02

A= (a1H+ blG-l-ClI) +Z((12H+b2G+CQI)

Then T =Ty + Ty with (Ty,Te) = (T3, T5) has a dilation of the form I ® A if and
only if T = (ar1Th + 01T + enI) + (a2 + boTo + col) has a dilation of the form
I®A.

Proof of Theorem 3.5. If T € B(K) is a compression of an operator of the form
I® A, then W(T) C W(A). To prove the converse, we consider three cases. If
a1 = az = ag, then W(A) = {a;} and W(T) C W(A) implies that T' = a3 Ix. The
result follows.

Suppose A is not a scalar matrix, and a1, as,as are collinear so that W(A)
is a line segment, say, with end points a1,a3. By Lemma 3.6, we can replace A
by ——(A — a3I) and assume that (a1, as,a3) = (0,7,1) for some r € [0,1]. If

a]l—as
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W(T) C W(A) then T is a positive operator with T' < Ix. Then, T is a compression
of the operator

() o7 vmn = (i 120,

which is unitarily similar to I ® diag (0,1). So, T is a compression of a matrix of
the form I ® diag (0,r,1).
Finally, suppose a1, as, asg are three non-collinear points in C. We may replace

A by azial (A — a11) and assume that (a1,as) = (1,0). Up to unitary similarity,
we may assume that A = diag (0,1,r +1is) = H +iG with (H,G) = (H*,G*). We
may further replace A by (H — £G) + i%G, and assume that A = diag (0,1,4). If
T =T + i1, with (T1,T2) = (T7,T5) satisfies W(T) C W (A), then for any unit
vector x, the point (Tx,z) lies inside the triangle with vertices 0, 1,4. Hence,
(Thz,xz) >0, (Thw,z) >0, ((T1+T2)z,z) <1 forall xe K with ||z| = 1.

Thus, T1,T5 are positive operators such that T} + T5 < Ix. Let X be such that

X =WIc —T1 — To V/T1 VT5] satisfies X*X = I and T = X*(A® Ix)X. Hence
T is a compression of an operator of the form I ® A. O

The following result was obtained in [11] extending a result in [1] (see also [3])

corresponding to the special case when A = (8 (2)>

THEOREM 3.7. Let A € My so that W(A) is the elliptical disk with eigenvalues
a1, ay as foci and minor azis of length b = \/tr A*A — |a1|? — |aa|2. ThenT € B(H)
satisfies W(T) C W(A) if and only if T has a dilation of the form I @ A.

In Theorem 3.7, if A € M, is normal, then one can use the proof of Theorem
3.5 to get the conclusion. If A is not normal, one can use Lemma 3.6 to reduce the
problem to the case treated in [1] (and also [3]) as follows. Replace A by aA+bI and
assume that W(A) is a standard ellipse with major axis equal to [—1,1] and minor
axis {ri : 7 € [=b,b]}. Then we can further replace A by A = L(A+A")+L(A- A7)
so that W (A) is the unit disk centered at origin.

Note that in the application of Theorem 3.7, one needs not specify the matrix
A in advance. For a given operator T, one may consider an ellipse £ such that
al b
0 ao
of £ and b is the length of the minor axis of £. Then T" will admit a dilation of the
form I ® A.

Theorems 3.5 and 3.7 were further extended in [12] to the following.

W(T) C €. One can then construct A = < ) € M, where aq, as are the foci

THEOREM 3.8. Let A € M3 have a reducing eigenvalue so that A is unitarily
similar to [a] ® Ay, with Ay € My, so that W(A) is the convex hull of o and the
elliptical disk W (A1). Then T € B(H) satisfies W(T) C W(A) if and only if T has
a dilation of the form I ® A.
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Theorem 3.8 may fail for general matrices A € M3 or normal matrices A € My
as shown in the following.

010
EXAMPLE 3.9. (a)Let A= [0 0 1] and T = (O ﬁ), then
0 0
0 00
W(A) =W(T)={ueC:|ul <1/V2}.
However ||T|| = v/2 > 1 = ||A||, therefore T has no dilation of the form I ® A.

(b) Let T be as in the previous example and A = diag(1,7,—1,—4), then
note W(T') C conv{1,i,—1,—i} = W(A). As in the previous example, ||A]| =1
therefore 7" has no dilation of the form I ® A.

In connection to Example 3.9 (b), we have the following; see [11, Theorem 2.5].

THEOREM 3.10. Let A = diag(1,i,—1,—i). Then T € B(H) has a dilation of
the form T ® A if and only if W(T) lies inside the unit disk, where

T= (z’(T*O— T) ' JE)T> '

It is interesting to note that the proof of Theorem 3.8 in [12] relies on results
of completely positive linear maps and the following theorem, which is the key to
affirm a conjecture of Halmos [17] that we will state as Corollary 3.12.

THEOREM 3.11. Suppose T' € B(H) is a contraction with
W(T)cS={p:|pl<Lp+p<r}
then T has a unitary dilation A € B(H ® H) with W(A) C S.
Denote by cl(R) the closure of a set R C C.

COROLLARY 3.12. Let T' € B(#H) be a contraction. Then
cl(W(T)) =n{cl(W(U)) : U € B(H ® H) is a unitary dilation of T'}.

There are many open problems concerning dilation and numerical range inclu-
sion. We list a few in the following.

1. Determine A € B(H) such that an operator B € B(K) has a dilation of
the form I ® A whenever W(B) C W(A).

2. Determine B € B(K) such that B has a dilation of the form I ® A for an
operator A € B(H) whenever W(B) C W(A).

3. One may also consider a special region R in C such that W (B) C R will
ensure that B has a dilation of the form I ® A for some A € B(H) with
simple structure.
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In connection to Problem 1, by Theorem 3.8 if A € M3 has a reducing eigen-
value, then for any T € B(H) satisfying W(T) C W(A) will ensure that T has
dilation of the form I ® A. In a forthcoming paper, C.K. Li and Y.T. Poon show
that if a matrix A € M3 is such that the boundary of W (A) contains a line segment,
then any operator T satisfying W (T') C W (A) will have a dilation of the form I® A.
This will further extend Theorem 3.8. For Problem 2, it is clear that all normal
operators B satisfy the said property. It would be nice to determine whether the
converse is true. For Problem 3, it was shown in [11] that if R is a trapezoidal
region in R? = C and B € M, satisfies W(B) C R, then B has a dilation of the
form A1 ®---d A, with Aq,..., A, € Ms.

4. Joint numerical ranges and joint dilation

DEFINITION 4.1. For Ay, ..., Ay € B(H), define their joint numerical range by
W(A1, ..., Ax) = {({A1z,2), ..., (Agx,2)) : ¢ € H and (z,x) = 1}

Identifying C with R?, we have W(A) = W(A1, Az) if A = A; + iAy with
(A1, As) = (A7, A3). So we can focus on Ay, ..., Ay, lying in S(H), the real linear
space of self-adjoint operators in B(H).

A natural property to consider is the convexity of the joint numerical range.
The following result was obtained in [25]; see also [4].

THEOREM 4.2. Let A = (Ay,...,A,) € S(H)™.
a) Ifthe span of {I,As,..., A} has dimension not larger than 3, then W (A)

18 convez.
b) IfdimH > 3 and the span of {I, A1, ..., Ay} has dimension /, then W(A)

18 convez.
0 1 0 1 1 0
C) Let Bl = (1 O), Bg = (—’L O), B3 = (0 _1> Then
W(Bl,Bg,Bg) = {(bl,bg,bg) : bl,bg,bg (S R,b% + b% + b% = 1}

18 not convez.
d) If {I, Ay, As, A3} are linearly independent, then there is a rank-2 orthog-
onal projection Ag € B(H) such that W (Ay, A1, Aa, As) is not conver.

One can extend the result by Mirman to the joint numerical range setting.
Suppose W (B, B, B3) has interior points and lies inside a simplex S in R?® with

vertices
ay b1 C1 dy
a2 bo C2 da
v = Vy = V3 = Vg =
as b3 3 Cc3 ds

a4 by 4 dy
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Then (By, By, Bs) has a joint dilation (D1, D2, D3) with D; = I®diag (a;, b, ¢;,d;)
for j =1,2,3. In other words, there exists a unitary U such that

U*D;U = (Bj *) for j = 1,2, 3.
* *

More generally, we have the following result proved in [5].

THEOREM 4.3. Let B = (By,...,By) € S(H)™ be such that W(B) has non-
empty interior in R™. That is, {I,B1,...,Bn} is linearly independent. Suppose
S CR™ is a simplex with vertices

V1,1 Um+1,1

. . m

V1 = : geeey Unmy1 = : ER .
V1,m Um+1,m

Then W(B1,...,Bm) € S if and only if By,..., By has a joint dilation to the
diagonal operators

Iy ® D; with Dj:diag(vlj,...,va,j)eMm_H, for j=1,...,m.

One can extend the idea of Lemma 3.6 and give a short proof for Theorem 4.3.
Proof of Theorem 4.3. We first reduce the problem to the special case for S to
the standard simplex with vertices 0, ey, ..., €y, where {eq, ..., e} is the standard
basis for R1*™. To this end, consider the inveritble affine map f : R1*™ — RI*x™
defined by
(b1, bm) = (b1,...,bm)R+ v,
where R € M,, is a real invertible matrix and v = (v1,...,v,) € R*™. One may
extend the affine map to f: B(H)™ — B(H)™ defined by

(Bi,....Bm) = (Bi,....Bo)(R®I) + (vi1,. .. 0m1).

Then the conclusion of the theorem holds for (B,S) if and only if it holds for
(f(B), f(S)). Thus, one may apply a suitable invertible affine map to transform S
to the standard simplex, and prove the result for this special case.

Now, suppose S is the standard simplex. Then W(B) C § if and only if
Bi,..., B, are positive operators such that By + ---+ B,, < I. Let X be such
that X* = [\/Bo -+ v/Bn|, where By = I — (By + -+ + B,,). Then X*X = [
and X*(A; @ [)X =B for A; = Ajo®--- P Ajm, where Aj; = Iy and Ajy = Oy
otherwise. (]

Similar to the remark after Theorem 3.5, instead of fixing a simplex in advance,
one may choose any simplex S such that W (B) C S and use the vertices of S to get
an m-tuple of diagonal matrices (Ds,...,D,,) such that (B1,..., B,,) has a joint
dilation of the form (I ® Dy,...,I ® D,,). Thus, we have the following.

COROLLARY 4.4. Let A € S(H)™. Then the closure of conv (W (A)) equals the
intersection of W(D1,...,D,), where Dy, ..., Dy, € S(H) are mutually commuting
operators such that D is a joint dilation of A.
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In [5], the authors use Theorem 4.3 (or the above corollary) to define a norm
on A =(Ay,...,Ay) € B(H)™ by

IA|| = inf{||(Ar,...., An)| : A € D(A)},

where D(A) consists of (Ay, ..., A,,) such that {A;,..., A,,} is a set of mutually
commuting normal operators and there is X satisfying X*X =1, X *AjX = A; for
7 =1,...,m. Such a norm is invariant under any permutation of the components
of A, and the change of any of the component A; to A;-, Az, ete.

Recall that an operator system of B(#) is a subspace spanned by some self-
adjoint operators and the identity operator. Let A C B(H) and B C B(K) be
operators systems. A map ¢ : A — B is positive if ®(A) € B is positive semidefinite
whenever A € A is positive semidefinite. For a positive integer k, the map ¢ is k-
positive if (¢(A;;)) € My(B) is positive whenever (A;;) € My(A) is positive. If ¢
is k-positive for all positive integers k, then ¢ is completely positive. The following
results connect the notion of unital positive maps and unital completely positive
maps with the inclusion relation of numerical ranges and joint dilation of operators;
see [11].

THEOREM 4.5. Let By,...,Bp, € S(H) and Ay, ..., An € M, be Hermitian
matrices. Consider the map ¢ : M,, — B(H) defined by
d(pol +p1 A1+ .o o4 pmAm) = pol + 1 B1+ ...+ B for any uo, ..., fim € C,
on span{l, A1,...,Amn}. Then
e ¢ is a positive linear map if and only if
W(Bi,...,Bm) CconvW(Ay,..., An).
e ¢ is a completely positive (linear) map if and only if

(B1,...,Bm) has joint dilation (I ® A1,...,1® A,,).

5. Quantum Channels and Higher Rank Numerical Ranges

In the mathematical setting, quantum states are density operators, i.e. posi-
tive semidefinite operators of trace 1. Quantum channels and quantum operations
are trace preserving completely positive maps. In the finite dimensional case, a
quantum channel ® transforming quantum states in M,, to quantum states in M,,
admits the operator sum representation:

&(X)=FXF}+..+F,XF"

for some m x n and F; satisfying Z;=1 F?Fj = I,; see [6] and [20]. The matrices
Fy, ..., F,. are known as the Choi-Kraus operators or the error operators of the
channel ®.

We say that a quantum channel ® : B(#H) — B(H) has a quantum error code V,
which is a subspace of H, provided that there is a quantum channel ¥ : M,, — M,
satisfying Wo®(X) = X where Py X Py = X, where Py is the orthogonal projection
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of H onto the coding subspace V. If H = C™ and ® has error operators Fi,. .., F;,
it is shown in [19] that the search of subspace V and Py reduces to the search of
Py satisfying PF;F;F = f;; P for all 1 <,j < r. In this connection, researchers
consider the rank p-numerical range of A = (Aq,...,A;,) € M by

Ap(A) ={(a1,....,am) : X*A; X = a;I, for some X € V,}

where V, is the set of linear maps X : C? — H satisfying X*X = I,; see [7, 9, 10,
8, 34, 27]. Note that the quantum channel ® has a quantum error correction code
of dimension p if and only if A,(A) # 0 with A = (Fy'Fy, F{F,,...,F}F,) € M
Also, observe that (ai, ..., a,) € A,(A) if and only if there is a unitary U = [X, X]
such that

* *

U* AU = ( alp ) j=1,....,m.

Using the higher rank numerical ranges, one can change the problem of searching
for an error correct code for a quantum channel ® to the problem of studying the
non-empty-ness of the set A,(A) C C™, which is closely related to the joint unitary
orbit of A:

UA) = (U A U,... .U AU) : U € M, UU =1I,,}.

Therefore, one can apply algebraic, analytic, and geometrical techniques to study
the problem.

If m =1 and A; = A} has eigenvalues A1,..., Ay, and p < (n + 1)/2, then
Ap(A1) = [A—p+1, Ap]. To see this, assume that {z1,. .., z,} is a set of orthonormal
eigenvectors of A such that Axz; = Ajz; for j = 1,...,n. Then for any p €
[An—p+1, Ap] there is a unit vector y; € span{x,_,+1,7,} such that yi Ay; = p. Let
Y =[y1...yp). Then Y*Y = I, and Y*AY = ul,. Conversely, if ¥ is n x p such
that Y*Y = I, and Y*AY = pl,, then by the interlacing inequalities, see [15], we
see that A, > > A\, 11. However, A, (A1) may be empty if p > (n+1)/2.

It is non-trivial to determine A,(A) even if A is a normal matrix. In [9], the
authors conjectured the following result, which was confirmed in [27].

THEOREM 5.1. Suppose A € M,, is a normal matriz with eigenvalues A1, . .., Ap.
Let 1 <p<n. Then
Ap(4) = m conv {Aj,,..., An—pt1}-

1<ji1 < <Jn—p+1<n

The authors in [9] also conjectured that for A € M,,, the set A,(A) is convex,
and they reduced the problem to the existence of the solution of certain matrix
equation. This is confirmed in [34]. In [29], the authors used the theory of canonical
form of matrices under *-congruence to give a description of the set A,(A) as the
intersection of half spaces in C. It then follows that A,(A) is convex. Here is the
statement of the result.



12 SARA BOTELHO-ANDRADE AND CHI-KWONG LI

THEOREM 5.2. Suppose A = H +iG € M, with (H,G) = (H*,G*), and
1 <p<n. Then

Ap(A)= () {h+ig:cosOh+sinfg < Ai(cosOH +sin0G)},
0€[0,2m)

where A1 (K) is the largest eigenvalue of the Hermitian matriz K. Consequently,
A, (A) is a compact conver set.

The study of Ap(A;,...,A,) for m > 2 is more intricate. Similar to the
study of the joint numerical range, if we write A; = H; + iG; with (H;,G;) =
(Hy,G%) for j =1,...,m, then A;(As,...,A,) € C™ and can be identified with
A;(Hy,Gh, ..., Hy, Gy) CR*™. So, we can focus on A, (A) for A = (Ay,..., Ap) €
S(H)™. Now, suppose R € M,, is a real invertible matrix and A = (Ay,...,4,,)
with (A;---4,,) = (A1---A,)(R® 1), Then a € A,(A) if and only if & = aR
with a € A,(A). Hence, we can choose a suitable R € M, such that A =
(Aq,..., A4;,0,...,0), where {1211, e ,flk} is linearly independent. Then A,(A) is
completely determined by Ap(fll, ..., Ay). Furthermore, if I € span{fll, A flk},
which is the case in the study of quantum error correction, then we may assume
that Ay, = I,, so that every a € Ap(/ih ..., Ap) will have last entry equal to 1. So,

we need only consider Ap(fll, ceey flk,l). In the following we shall always assume
that {A41,..., A} is linearly independent and I ¢ span{A;,..., A}
Return to the problem concerning the non-empty-ness of A,(A41,...,Ay) re-

lated to the study of quantum error correction. We have the following; see [26].

THEOREM 5.3. Let A = (Ay,...,A,) € S(H)™. Then Ay(Ay,..., Ay) is
non-empty if dimH > (p — 1)(m + 1)%.

It is a challenging problem to find minimum dimension of H that ensure
Ap(A) # 0 for A = (Ay,...,A,) € S(H)™. In case the set is non-empty, one
may ask for other properties of the set A,(A). The following results were also
obtained in [26].

THEOREM 5.4. Let A = (A1,...,An) € S(H)™. Suppose Hy is a subspace
of H of dimension v, where 1 < r < p < dimH, and X : Hi — H satisfying
X*X =Ij.. Then

A(A) CAp(XTALX, . XTALX).
From this theorem, we can obtain the following.

THEOREM 5.5. Let A = (A1,...,Amn) € S(H)™. Suppose K = (K1,...,K,) €
S(H)™ is an m-tuple of finite rank operators such that rank(K? + --- + K2))
with 1 <r <p. Then

r,

Ap(A) C A, (A+K).
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The above two theorems provide information about A,(A) if A is a (joint)
compression of A or perturbation of A. These results will be extended to a more
general version of numerical ranges arising in more sophisticated quantum error
correction schemes.

In general, A,(A1,...,A4,,) is not convex if m > 2. It is interesting to de-
termine the conditions on (Ai,...,A4,,) so that the set is convex. Note that if
Ap(Aq, ..., Ay) is convex, one can derive efficient algorithms to find its elements
(if they exist) and construct quantum error correction codes accordingly.

6. The (p, ¢)-matricial ranges

DEFINITION 6.1. For A = (A4,...,Ay,) € B(H)™, the joint g-matricial range
of A is given by

Wi(g:A)={(X"AX,.. X"4,X): X €V},
where V, denote the set of operators X : C? — H satisfying X*X = I,,.

In case, m = 1, we simply write W(q : A;). Researchers have used the set
W(q : A1) to study operators A; € B(H). For example, two compact operators
A1, By € B(H) are unitarily similar if and only if W(q : A1) = W(q : By) for
all g =1,2,...; see [13]. One may see the survey [16] and its references for more
interesting results. However, not many geometrical results have been obtained from
W(q: A). Again, for the geometrical properties of the set W(q : A), one can use
the Hermitian decomposition of 4; = H; 4+ iG; for j =1,...,m. and focus on the
study of W(q: A) for A= (A4,...,A,) € S(H)™. Moreover, we can assume that
{Ay,..., A} is linearly independent and I is not in the linear span. When m = 1,
the following was proved in [30].

THEOREM 6.2. Let A € M, be a Hermitian matrix with eigenvalues a1 > ... >
an. Then the set W(q : A) consists of Hermitian matrices B € M, with eigenvalues
by > -+ > by satisfying aj > bj > apn—qq; for j = 1,...,q. Consequently, the set
W(q: A) is convez if and only if a1 = aq and an_g+1 = ap.

By the above theorem, we see that W (g : A) may not be convex even if A =
(A1) with A; = A3. In general, it is difficult to determine the structure of W(q : A).
Even if A = (44, As) for two commuting Hermitian matrices A;, Ay € M,, so that
W(q: (A1, As)) = W(q: A) for the normal matrix A = A; +iA,, it is quite difficult
to determine the set W(q : A) of all ¢ X ¢ principal submatrices of U* AU, where
U € M, is unitary. This may be a reason why the study of W (g : A) has not been
very active in the last two decades.

In the pursuit of “better” quantum error correction codes, researchers proposed
the following concept covering both A,(A) and W (g : A); see [21] and [28].

DEFINITION 6.3. The (p,q)-matricial range of A = (Ay,...,A,) € B(H)™,

denoted by A, ,(A), is the set of m-tupe Hermitian matrices (By, ..., By,) € MJ"
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such that
B;
X*AjXZIp(X)Bj: forj:l,...,m

for some X € V).

An equivalent formulation is to say there is a unitary U = [X, X] such that

IP®BJ *
* *x /]

Observe that joint numerical range, joint rank p-numerical range and g-matricial
range are all particular cases of (p, ¢)-matricial range.

There is no general convexity result for A, 4(A). In [22] it was shown that if
dim is sufficiently large, then A, ,(A) is star-shaped and non-empty. To state
the theorem we first recall the definition of star-shaped.

DEFINITION 6.4. A set S C RY is star-shaped if there is a star center, vy € S,
such that the line segment [vg,v] = {tvg + (1 — t)v : t € [0,1]} lies entirely in the
set S for any v € S.

The following result was proved in [22].

THEOREM 6.5. Let A = (Ay,...,An) € S(H)™, and p,q be positive integers.
Then

(a) If dim(H) > (pg — 1)(m + 1)? then Ayy(A) and Ay 4(A) are non-empty.

(b) If dim(H) > (N — 1)(m + 1)? for N = pq(m + 2), then every element in
conv {(a1ly,...,am1,) : (a1, ...,am) € AN(A)} is a star center of Ay, 4(A).

(c) For any r with 1 < gqr < p < dimH, if K = (Ki,...,K;;,) € S(H)" is
such that rank(K? + ...+ K2) <7, then Ap 4(A) C Ap_grq(A + K).

(d) Suppose H1 is a subspace of H of dimension r with 1 < gr < p < dimH,
and X : Hi — H satisfies X*X = Iyys. Then

Ap(A) CAp_ g o XTALX, ..., X" A X).
When g = 1, Theorem 6.5 reduces to the results in Section 5. By Theorem 6.5
and the results in Section 5, if dim # is high, then one can always find a (basic type

or more sophisticated type of) quantum error correction code for a noisy quantum
channel. If the dimension is much higher, then one can get a convex subset of
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higher rank numerical range so that there will be more choices for quantum error
correction codes, and one may be able to select one with additional nice properties.
Moreover, if the quantum channel is under perturbation so that the operator sys-
tem associated with the error operators changed from the span{l, Aj,..., A} to
span{l, Ay + K1,..., Ay + K, } with low rank operators K7, ..., K,,, one can still
get a quantum error correction with reduced dimension based on those of the orig-
inal channel. Similarly, if one considers the compression of span{I, A;,..., A} to
span{l, X*A; X, ..., X*A,, X}, the quantum error correction codes for the original
system will still be useful for the compressed system.
When p = 1, Theorem 6.5 reduces to the following.

THEOREM 6.6. Let A = (Ay,...,A,,) € S(H)". The set
Wi(g:A)={(X"A:X,..., X "4, X): X €V}

is star-shaped if dimH > (N — 1)(m + 1) with N = q(m + 2).
In particular, the set Ay (A) is non-empty, and (a111, ..., amly) is a star center
whenever (ai,...,an) € conv Ay (A).

7. The joint essential numerical range

If dim H = oo, we consider the following generalization of A4(A) and A, 4(A).

Let
Aeo(A) = Nycrihr (A) C R,
ie, (a1,...,am) € Axo(A) if there is X € Vo, where V4, consists of X : K — H for
an infinite dimensional closed subspace of H satisfying X*X = I, and X*A4;X =
ajls for j =1,..m;
Aco,qg(A) = NrenArg(A) © M,

ie., (B1,...,Bm) € Ax 4(A) if there is X € V4 such that X*A,;X = I, ® B; for
j=1..m.

THEOREM 7.1. [22] Let A = (A4,...,Ap) € B(H), where dimH = oo, then
the set A q(A) is conve.

The statement above does not guarantee that A 4(A) is non-empty. For
instance, if A = diag(1,1/2,1/3,...) then Ay 4(A) = 0 for any integer ¢ > 0.

DEFINITION 7.2. Let K(#H) denote the set of compact operators in B(#). Define
the essential (p,q)-matricial range of A € B(H)™ by

AT(A) = N{cl(Ap (A +K)) : K e KL(H)™}.

This definition says that B = (By, ..., By,) € Ay (A) if for any K € C(H)™
then B € cl(Ap 4(A+K)). Note that if p = 1, we get the essential ¢g-matricial range
defined as

Wess(q: A) =n{cd(W(q: A+ K)): Ke K(H)"}.
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That is, B € Wees(q : A) if B € cl(W(q : A + K)) for every K € K(H)™. The
following is obtained in [22].

THEOREM 7.3. Let A = (Aq,...,A,) € B(H)™ where dimH = oo, then for
any positive integer p,
NS (A) = Weas(g : A)

is non-empty, compact and convez.

It turns out the the essential numerical range is connected to the algebra g¢-
matricial range of A € B(H)™ defined as follows.

DEFINITION 7.4. Define the algebra q-matricial range of A € B(H)™ by
Vo(A) = {(®(7(A1)), ..., D(m(An))) : © is a unital completely

positive linear map from B(H)/K(H) to M,},
where 7 is the canonical surjection from B(H) to the Calkin algebra B(H)/K(H).

The following results were obtained in [24].

THEOREM T7.5. Let A € S(H)™, where dimH = oo, and p,q be positive inte-
gers. Then there is K € K(H)™ NS(H)™ such that

AT (A) =cl(A, (A+K)) =V, (A) forallr=1,...,p.

THEOREM 7.6. Let A € S(H)™ be such that Wegs(1 : A) is a simplex in R™,
where dimH = oo. Then there is K € K(H)™ NS(H)™ such that

A(A) = cl(Apg(A+K)) =Vo(A)  forallp,g €N,

It is known that Theorem 7.6 does not hold for general A € B(H)™ if m > 4.
The case m = 1 is covered by the theorem. The cases for m = 2,3 are open. One
may see the references in [24] for more background of this problem.

References

1. T. Ando, On the structure of operators with numerical radius one, Acta Sci. Math.(Szeged)
34 (1973), 11-15.

2. T. Ando and C.-K. Li, Operator radii and unitary operators, Oper. Matrices 4 (2010), no. 2,
273-281.

3. W. Arveson, Subalgebras of C*-algebras. II, Acta Mathematica 128 (1972), no. 1, 271-308.

4. Y.-H. Au-Yeung and Y.-T. Poon, A remark on the convezity and positive definiteness con-
cerning hermitian matrices, Southeast Asian Bull. Math 38 (1979), no. 2, 85-92.

5. P. Binding, D. Farenick, and C.-K. Li, A dilation and norm in several variable operator theory,
Canadian Journal of Mathematics 47 (1995), no. 3, 449-461.

6. M.-D. Choi, Completely positive linear maps on complexr matrices, Linear algebra and its
applications 10 (1975), no. 3, 285-290.

7. M.-D. Choi, M. Giesinger, J. Holbrook, and D. Kribs, Geometry of higher-rank numerical
ranges, Linear and Multilinear Algebra 56 (2008), no. 1-2, 53-64.

8. M.-D. Choi, J. Holbrook, D. Kribs, and K. Zyczkowski, Higher-rank numerical ranges of
unitary and normal matrices, Oper. Matrices 1 (2007), no. 3, 409-426.



10.

11.

12.

13.

14.
15.

16.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

GENERALIZED NUMERICAL RANGES, DILATION, QUANTUM ERROR CORRECTION 17

. M.-D. Choi, D. Kribs, and K. Zyczkowski, Higher-rank numerical ranges and compression

problems, Linear algebra and its applications 418 (2006), no. 2-3, 828-839.

, Quantum error correcting codes from the compression formalism, Reports on Math-
ematical Physics 58 (2006), no. 1, 77-91.

M.-D. Choi and C.-K. Li, Numerical ranges and dilations, Linear and Multilinear Algebra 47
(2000), no. 1, 35-48.

, Constrained unitary dilations and numerical ranges, Journal of Operator Theory
(2001), 435-447.

W.-F. Chuan, The unitary equivalence of compact operators, Glasgow Mathematical Journal
26 (1985), no. 2, 145-149.

C. Davis, The Toeplitz-Hausdorff theorem ezplained, Canad. Math. Bull. 14 (1971), 245-246.
K. Fan and G. Pall, Imbedding conditions for hermitian and normal matrices, Canad. J. Math
9 (1957), no. 195, 7.

D. Farenick, Matricial extensions of the numerical range: a brief survey, Linear and Multi-
linear Algebra 34 (1993), no. 3-4, 197-211.

P. Halmos, Numerical ranges and normal dilations, Acta Sci. Math.(Szeged) 25 (1964), 1-5.
F. Hausdorfl, Der wertvorrat einer bilinearform, Mathematische Zeitschrift 3 (1919), no. 1,
314-316.

E. Knill and R. Laflamme, Theory of quantum error-correcting codes, Physical Review A 55
(1997), no. 2, 900.

K. Kraus, States, effects and operations: fundamental notions of quantum theory, Springer,
1983.

D. Kribs and R. Spekkens, Quantum error-correcting subsystems are unitarily recoverable
subsystems, Physical Review A 74 (2006), no. 4, 042329.

P.-S. Lau, C.-K. Li, Y.-T. Poon, and N.-S. Sze, Convexity and star-shapedness of matricial
range, J. Funct. Anal. 275 (2018), no. 9, 2497-2515.

C.-K. Li, A simple proof of the elliptical range theorem, Proceedings of the American Math-
ematical Society 124 (1996), no. 7, 1985-1986.

C.-K. Li, V. Paulsen, and Y.-T. Poon, Preservation of the joint essential matricial range,
arXiv preprint arXiv:1805.10600 (2018).

C.-K. Li and Y.-T. Poon, Convezity of the joint numerical range, SIAM Journal on Matrix
Analysis and Applications 21 (2000), no. 2, 668-678.

, Generalized numerical ranges and quantum error correction, Journal of Operator
Theory (2011), 335-351.

C.-K. Li, Y.-T. Poon, and N.-S. Sze, Condition for the higher rank numerical range to be
non-empty, Linear and Multilinear Algebra 57 (2009), no. 4, 365-368.

, Generalized interlacing inequalities, Linear and Multilinear Algebra 60 (2012), no. 11-
12, 1245-1254.

C.-K. Li and N.-S. Sze, Canonical forms, higher rank numerical ranges, totally isotropic
subspaces, and matriz equations, Proceedings of the American Mathematical Society 136
(2008), no. 9, 3013-3023.

C.-K. Li and N.-K. Tsing, On the k th matriz numerical range, Linear and Multilinear Algebra
28 (1991), no. 4, 229-239.

B. Mirman, Numerical range and norm of a linear operator, Vorone z. Gos. Uni. Trudy Sem.
Funckional Anal 10 (1968), 51-55.

Y. Nakamura, Numerical range and norm, Math. Japonica 27 (1982), 149-150.

O. Toeplitz, Das algebraische analogon zu einem satze von fejér, Mathematische Zeitschrift
2 (1918), no. 1-2, 187-197.

H. Woerdeman, The higher rank numerical range is convex, Linear and Multilinear Algebra
56 (2008), no. 1-2, 65-67.

F. Zhang, Matrixz theory: basic results and techniques, Springer Science & Business Media,
2011.




18

SARA BOTELHO-ANDRADE AND CHI-KWONG LI



