LINEAR MAPS PRESERVING NUMERICAL RADIUS
OF TENSOR PRODUCTS OF MATRICES

AJDA FOSNER, ZEJUN HUANG, CHI-KWONG LI, AND NUNG-SING SZE

ABSTRACT. Let m,n > 2 be positive integers. Denote by M,, the set of m X m complex matrices
and by w(X) the numerical radius of a square matrix X. Motivated by the study of operations on

bipartite systems of quantum states, we show that a linear map ¢ : My, — M, satisfies
w(p(A® B)) =w(A® B) for all A€ M,, and B € M,
if and only if there is a unitary matrix U € M,,, and a complex unit £ such that
d(A® B) =EU(p1(A) ® p2(B))U*  for all A€ M,, and B € M,,

where ¢y, is the identity map or the transposition map X +— X* for k = 1,2, and the maps ¢
and @2 will be of the same type if m,n > 3. In particular, if m,n > 3, the map corresponds to
an evolution of a closed quantum system (under a fixed unitary operator), possibly followed by a

transposition. The results are extended to multipartite systems.
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1. INTRODUCTION AND PRELIMINARIES

Let M, be the set of n x n complex matrices for any positive integer n. For A € M,,, define (and

denote) its numerical range and numerical radius by
W(A) = {u*Au cu € Cuu = 1} and  w(A) =sup{|u|:pe W(A)},

respectively. The study of numerical range and numerical radius has a long history and is still
under active research. Moreover, there are many generalizations motivated by pure and applied
topics; see [4, 5, 6].

By the convexity of the numerical range,
W(A) = {tr (Auu*) :u € C",u*u =1} = {tr (AX): X € D,,},

where D,, is the set of density matrices (positive semidefinite matrices with trace one) in M,. In
particular, in the study of quantum physics, if A € M, is Hermitian corresponding to an observable
and if quantum states are represented as density matrices, then W (A) is the set of all possible
measurements under the observables and w(A) is a bound for the measurement. If A = A; +iA,,
where A, Ay € M, are Hermitian, then W(A) is the set of the joint measurement of quantum

states under the two observables corresponding to A; and As.
1



2 AJDA FOSNER, ZEJUN HUANG, CHI-KWONG LI, AND NUNG-SING SZE

Suppose m,n > 2 are positive integers. Denote by A ® B the tensor (Kronecker) product of the
matrices A € M,, and B € M,,. If A and B are observables of two quantum systems, then A ® B is
an observable of the composite bipartite system. Of course, a general observable on the composite
system corresponds to C € M,,,, and observable of the form A ® B with A € M,,, B € M, is a
very small (measure zero) set. Nevertheless, one may be able to extract useful information about
the bipartite system by focusing on the set of tensor product matrices. In particular, in the study
of linear operators ¢ : M,,, — M,,, on bipartite systems, the structure of ¢ can be determined by
studying ¢(A ® B) with A € M,,, B € My; see [1, 2, 3, 7] and their references.

In this paper, we determine the structure of linear maps ¢ : My, — My, satisfying w(A® B) =
w(p(A® B)) for all A € M,, and B € M,,. We show that for such a map there is a unitary matrix
U € My, and a complex unit & such that

P(A® B) =E&U(p1(A) ® p2(B))U*  for all A€ M,, and B € M,,

where ¢, is the identity map or the transposition map X — X! for £ = 1,2, and the maps ¢
and @9 will be of the same type if m,n > 3. In particular, if m,n > 3, the map corresponds to
an evolution of a closed quantum system (under a fixed unitary operator), possibly followed by a
transposition.

The study of linear maps on matrices or operators with some special properties are known as
preserver problems; for example, see [9] and its references. In connection to preserver problems on
bipartite quantum systems, it is quite common that if one considers a linear map ¢ : My, — My
and imposes conditions on ¢(A ® B) for A € M,,, B € M,, then the partial transpose maps
A® B+ A® B! and A® B — A' ® B are admissible preservers. It is interesting to note that
for numerical radius preservers and numerical range preservers in our study, if m,n > 3, then the
partial transpose maps are not allowed and that the (linear) numerical radius preserver ¢ on M,,,

will be of the standard form
X = VXV or X — VXY

for some complex unit £ and unitary V' € M,,,. This is the first example of such results in this line
of study. It would be interesting to explore more matrix invariant or quantum properties that the
structure of preservers on M,,, can be completely determined by the behavior of the map on the
small class of matrices of the form A ® B € M,,, with A € M,,, B € M,,.

In our study, we also determine the linear map ¢ : M,,,, — M,,, such that
W(A® B) =W(¢(A® B)) for all (A4, B) € My, x M,.

We will denote by X! the transpose of a matrix X € M, and X* the conjugate transpose of a

matrix X € M,,. The n x n identity matrix will be denoted by I,,. Let El(]n) € M,, be the matrix
whose (7, j)-entry is equal to one and all the others are equal to zero. We simply write E;; = EZ(Jn)
if the size of the matrix is clear.

We will prove our main result on bipartite systems in Section 2 and extend the results to multi-

partite systems in Section 3.
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2. BIPARTITE SYSTEMS

The following example is useful in our discussion.

Example 2.1. Suppose m,n>3. Let A=X®O,,_3 and B=X & O,,_3 with X =

O OO
S O N
o = O

Then A ® B is unitarily similar to

0
01 0 1
0 0) o) g

and A ® B! is unitarily similar to

010
(8 1(/)2> @ (8 (2)> @0 0 1] ®Omn-1-
0 0O
One readily checks (see also [10]) that W(A ® B) and W(A ® B') = W(A! @ B) are circular disks
centered at the origin with radii w(A ® B) and w(A ® B?), respectively. Moreover, we have

WARB) = Amax(A® B+ (A® B)")/2 = V4.25
> 2.0000 = A\pax(A ® B+ (A® BY)") /2 = w(A® BY).

O O N

0
1/2 @ Omn77a
0

In the following, we first determine the structure of linear preservers of numerical range using

the above example and the results in [2].

Theorem 2.2. The following are equivalent for a linear map ¢ : My — Moy,
(a) W(p(A® B)) =W(A® B) for any A € M, and B € M,
(b) There is a unitary matriz U € My, such that
P(A® B) =U(p1(A) ® p2(B))U* for all A€ My, and B € M,,

where @y, is the identity map or the transposition map X — X' for k = 1,2, and the maps
w1 and pa will be of the same type if m,n > 3.

Proof. Suppose (b) holds. If m,n > 3, then the map has the form C — UCU* or C — UC'U*.
Thus, the condition (a) holds. If m = 2, then A’ and A are unitarily similar for every A € Ms. So,
W(A® B) = W(A'® B) for any B € M,,. Hence, the condition (a) holds. Similarly, if n = 2, then
(a) holds.

Conversely, suppose that W(¢p(A® B)) = W(A® B) for all A € My, and B € M,,. Assume for
the moment that A ® B € M,,,, is a Hermitian matrix. Then

W(¢(A® B)) = W(A® B) CR.

This yields that ¢(A ® B) is a Hermitian matrix, as well. Thus, ¢ maps Hermitian matrices

to Hermitian matrices and preserves numerical radius, which is equivalent to spectral radius for
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Hermitian matrices. By Theorem 3.3 in [2], we conclude that ¢ has the asserted form on Hermitian
matrices and, hence, on all matrices in M,,,,. However, if m,n > 3, then, by Example 2.1, neither
the map A® B — A ® B! nor the map A® B — A’ ® B will preserve the numerical range. So, the
last statement about ¢; and @2 holds. ([

Next, we turn to linear preservers of the numerical radius. We need the following (well-known)

lemma to prove our result. We include a short proof for the sake of the completeness.

Lemma 2.3. Let A € M,, with w(A) = |z*Az| = 1 for some unit x € C™. Then for any unitary
U € M,, with x being its first column, there exists some y € C"~! such that

(1) U*AU = 2* Az < Loy > .

Proof. Write (z*Ax)~'A = G +iH with G and H Hermitian. Then the largest eigenvalue of G is
1 with z as its corresponding eigenvector and U*GU = [1] @ G for some G; € M,,_1. Moreover,
the (1,1)-entry of :U*HU is 0 since w(A) = 1. Since U*HU is a Hermitian matrix we have
0

U*HU = (_ y*) Thus, U*AU has the claimed form. O

Theorem 2.4. The following are equivalent for a linear map ¢ @ My — Moy,
(a) w(p(A® B)) =w(A® B) for any A € M,, and B € M,,.

(b) There is a unitary matric U € My, and a complex unit § such that
P(A® B) =EU(p1(A) ® p2(B))U* for all A€ My, and B € M,,

where @y, s the identity map or the transposition map X — X' for k = 1,2, and the maps
w1 and pa will be of the same type if m,n > 3.

Proof. The implication (b) = (a) can be verified readily. Now, suppose (a) holds and let B;; =
¢(Ei @ Ejj) for 1 <i<m,1 < j <n. According to the assumptions, for all 1 <i <m,1 < j <n,
there is a unit vector u;; € C™" and a complex unit &;; such that uijl-juij = &j. We will first

show that there exists a unitary matrix U € M,,,, and complex units §;; such that
Bij = &;U(Ey ® Ej;)U™, I<i<m,1<j<n.

We divide the proof into several claims.

Claim 1. Suppose (4, j) # (r,s). If u € C™" is a unit vector such that |u*B;ju| = 1, then B,su = 0.

Proof. Suppose u is a unit vector such that u*B;;u = e Let &€ = u*B,,u. We first consider the

case if i = r. For any pu € C with |pu| <1,
(2) 1= w(E;i @ (Ejj + pEys)) = w(Bij + pBys) > [0 (Bij + uBys)u| = [ + pug|.

Then we must have ¢ = 0. Otherwise, |e? + u&| = [e? + ¢?|¢|| > 1 if one chooses p = e¢/|¢|.
Suppose & = 0. Then the inequality in (2) become equality and w(B;;+pBys) = |u*(Bij+pBrs)u| =
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1. By Lemma 2.3, there is y,, € C™"=1 such that
* * * 0 1 y*
U*B;;U + pU*B, U = U*(B;j + pBys)U =€ y : ,
“w
where U is a unitary matrix with u as its first column. Since the above equation holds for any

u € C with |p| <1, the matrix U*B,sU must have the form 00 . So, U*B,sU is a matrix with
0 =

zeros in its first column and row, or equivalently, B,;u = 0, as desired. Similarly, we can prove the
case if j = s.

Now we consider the case when i # r and j # s. By the previous argument, we have B;,u =
Byju = 0. Then for any p € C with |u| <1,

1 = w((Ey+ Ery) @ (Ejj + pEss))
= w(Bij + Brj + u(Bis + Bys))
[u*(Bij + Brj + i(Bis + Bys))ul
= |u"Bjju+ pu* Bysul

= e 4 ugl.

Y

It follows that £ = u*B,su = 0 and hence w(B;; + Byj + (Bis + Byrs)) = |u*Bjju| = 1. By Lemma
2.3, we conclude that (B;s + Bys)u = 0 and thus, B,su = 0. O

Claim 2. Suppose (i,7) # (r,s). If uij, urs € C™ are two unit vectors such that ’Uijz‘jUij! —
|uyBrstys| = 1, then uf;jum =0.

*
]

to u;j. Notice that |a|? +|38|> = 1. By Claim 1, uj;Brs = 0 and Bysu;; = 0 and so

Proof. Suppose u,s = au;j+Bv with o = uj;u,s and § = uy v, where v is a unit vector orthogonal
1 = |uygBrsurs| = ‘B‘Z‘U*Brsw < ‘5’21‘)(3%) = !ﬂ\Q <L

Thus, [8] =1 and hence u}ju,s = a = 0. O

Claim 3. Let U = [u11 -+ Uip U21 -+ U2p -+ Uml - Ump). Then U*U = I, and U*B;;U =
&ii(Bi @ Ej;) forall1 <i<mand1<j<n.

Proof. By Claim 2, {u;j : 1 <i <m,1 < j < n} forms an orthonormal basis. Thus, U*U = Ip,,.
Next by Claim 1, uy Bjjuge = 0 for all (r,s) and (k,£), except the case when (r,s) = (k, ) = (i, 7).
Therefore, the result follows. O

According to our assumptions and by Claims 1,2, 3, we see that up to some unitary similarity
¢(Ei © Ejj) = &ij(Eu © Ejj)

for 1 <i <m,1 <j <n and some complex units ;. Now, for any unitary X € M,,, using the

same arguments as above, there exists some unitary Ux and some complex units p;; such that

QX Ei X" @ Ejj) = pijUx (B © Ej;)Ux
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forall 1 <i<mand 1< j <n. So, p(XE;;X* ® Ej;) is a unit multiple of rank one Hermitian
matrix with numerical radius one. Thus, ¢(X E;X* ® Ej;) = pijxa™ for some unit vector z € C™".
Note also that ¢(I,, ® Ej;) = D ® Ej; for some diagonal unitary matrix D. If 4 > 0, then

w((XEuX* +vIn) @ Ejj)) =14 1.

Furthermore, there exists a unit vector u € C™" such that [u*z| =1 and |u*(D ® Ejj)u| = 1. From
the second equality, © must have the from v = 4 ® e; for some unit vector @& € C™. Therefore,
|u*z| = 1 implies = Z ® e; for some unit vector £ € C™. Thus, ¢(XE; X" ® Ej;) has the form
R; x ® Ej;; for some R; x € M,,. Since this is true for any 1 <4 < m and unitary X € M,,, we

have
P(A® Ejj) = ¢i(A) © Ej;
for all matrices A € M, and some linear map ;. Clearly, ¢; preserves numerical radius and,
hence, has the form
A GW AW or A GWA'WS

for some complex unit §; and unitary W; € M,y,. In particular, ¢;(l,) = &Iy and ¢(Ipy) = L, @D

for some diagonal matrix D € M,,. Using the same arguments as above, we can show that
¢(Ei © B) = Eii @ ¢i(B)

for all matrices B € M,, and some linear map ¢; of the form
B észBWz* or B éWZBtWZ*,

where éz is a complex unit and W; € M,, a unitary matrix. Therefore, we have ¢;(I,,) = éiln and
d(Imn) = D®1I, for some diagonal matrix D € M,,. Since O(Imn) = D®I, = I,,®D, we conclude
that ¢(Inn) = &Ly for some complex unit €. For the sake of the simplicity, let us assume that
¢(Imn) = Iyn- Then ¢(E“ &® Ejj) =F;® Ejj forall1<i:<m,1<j<n.

For any Hermitian matrices A € M,, and B € M,, suppose their spectral decompositions
are A = XD1X* and B = YDsY*. Repeating the above argument and using the assumption

&(Imn) = Imn, one sees that there exists a unitary matrix Ux y such that
(ZS(XEMX ® YE]]Y*) = Uny(XEZ'iX* & YE]']'Y*)U)*Qy, 1<i<m,1 <5 <n,

and, hence, p(A® B) =Uxy(A® B)U}ay. So, ¢ maps Hermitian matrices to Hermitian matrices
and preserves numerical range on the tensor product of Hermitian matrices. Thus, by the same
argument as in the proof of Theorem 2.2, ¢ has the asserted form on Hermitian matrices and,
hence, on all matrices in My,,. If m,n > 3, we can use Example 2.1 to conclude that ¢; and (o

should both be the identity map, or both be the transpose map. The proof is completed. O

3. MULTIPARTITE SYSTEMS

In this section we extend Theorem 2.2 and Theorem 2.4 to multipartite systems M,, ®---@M,, ,
m > 2.
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Theorem 3.1. Let ny,...,n,, > 2 be positive integers and N = H;nzl nj. The following are
equivalent for a linear map ¢ : M — My.

(a) WA @ @Ap) =W(A1®---® Ay) for any (A1,...,Ap) € My, X -+ X My, .

(b) There is a unitary matric U € My such that

(3) ¢(A1 Q- ®Am) = U((PI(AI) DX ®§0m(Am))U*

for all (A1,...,Ap) € My, X -+ X M, , where ¢y is the identity map or the transposition
map X — Xt for k =1,...,m, and the maps @j are of the same type for those j’s such
that nj > 3.

Proof. The sufficient part is clear. For the converse, as in the proof of Theorem 2.2, consider
Hermitian matrix A = 41 ® --- ® A, with A; € Hy,; for j =1,...,m. By [2, Theorem 3.4], ¢ has
the asserted form on Hermitian matrices and, hence, on all matrices in M,, ® --- ® M,,, .

However, if n;,n; > 3 with i < j, let A; = X ® Op,—3 and Aj = X @® Oy, 3, where X is defined
as in Example 2.1, and A, = Ey3 € M,, for k # 4,j. Then w(4; ® --- ® A,,) = v/4.25 and
WA ®- @A 1 QAL AjL ©- @ Ay) = 2.0000. Thus,

WAIQ - @A) #W(AI® - QA 1A @ Aj11® - Q@ Ap),

and we see that the last statement about ¢ holds. O

Theorem 3.2. Let ny,...,n,, > 2 be positive integers and N = H;nzl nj. The following are
equivalent for a linear map ¢ : M — My .

(a) w(P(A1®@ - @A) =w(A1 @ - ® Ap,) for any (A1,...,Am) € My, X -+ X M,, .

(b) There is a unitary matrix U € My and a complex unit £ such that

(4) PAL1® -+ @ Ap) = EU(p1(A1) ® -+ @ o (Am))U”

for all (A1,...,Ap) € My, X --- X M, , where @y is the identity map or the transposition
map X +— X' for k = 1,...,m, and the maps @; are of the same type for those j’s such
that nj > 3.

Proof. The sufficiency part is clear. We verify the necessity. First of all, one can use similar
arguments as in the proof of Theorem 2.4 (see Claim 1, Claim 2, and Claim 3) to show that up to

some unitary similarity,

O(Eiriy @ Eigiy ® -+ @ Eii,) = Sivigevvin (Biviy ® Eigiy @ -+ ® Ej i)
for all 1 < i < ng with 1 < k < m and some complex units &;,;,...;,,. Below we give the details of
the proof for the case M,,, ® My, ® M,,. One readily extends the arguments to the general case.

Denote Bijk = gb(E” &® Ejj & Ekzk) for 1 <i<ny,1<j<ng1<k<ngandlet N = ninsns.
According to the assumptions, for any 1 < i < ny,1 < j < ng,1 < k < ng, there is a unit vector

Uijk € C" and a complex unit &ijk such that qukBijkuijk = &ijk-
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Claim 4. Suppose (i,j,k) # (r,s,t). If u € CV is a unit vector such that |u*Bijru| = 1, then
Brstu = 0.

Proof. Suppose u is a unit vector such that u*B;j,u = €. Let € = u*B,gu. First, assume that
Oir +0js + 0kt = 2, where 04 equals to 1 when a = b and zero otherwise. In other words, we assume
that exactly two of the three sets {i,7},{j, s}, {k,t} are singletons. Without loss of generality,
assume that i =r, j = s, and k # t. For any p € C with |pu| <1,

1= w(BZ]k + MBrst) > ’,U’*(B’L]k‘ + ,UfBrst)u’ = |€i9 + //'5‘

Then we must have £ = 0. Furthermore, w(B;ji + uBrst) = |u*(Biji + pBrst)u| = 1. By Lemma

2.3, one conclude that U*B,4U has the form (8

0 . : . .
*>, where U is a unitary matrix with u as its

first column, and hence B,gu = 0.

Next, suppose 6;r + ;s + 0k = 1, say © = r. By the previous case, Bjg,u = B;j;u = 0. Then for
any p € C with |p| <1,
1 = w(Bijk + Bisk + u(Bije + Bist))
> |u*(Bijk + Bisk + 11(Biji + Bist))ul
|u* Biju + pu* Bigeu| = [ + pé].

It follows that & = u*Bjsu = 0 and hence w(Bjjr + Bisk + p(Biji + Bist)) = |u*Byjpu| = 1. By
Lemma 2.3, we conclude that (Bjj; + Bjst)u = 0 and thus, Bjqu = 0.

Finally, suppose ;- + 0;s + 0k = 0. By the previous cases, Bt = By jru = Bprgu = Bijiu =
Bisiu = Byjiu = 0. Then for any p € C with |p] <1,

I = w((Bii + BTT) ® (Bjj + Bss) X (Bkk + UBtt))

> |u*((Bii + Brr) ® (Bjj + Bss) @ (Bii + 1Byt )ul
= |U*B2]ku + ﬂU*BrstU’ = ’ew + pgl.
Then by a similar argument, one conclude that £ = 0 and B,su = 0. (|

Claim 5. Suppose (i,j,k) # (r,s,t). If wjp,upee € C™ are two unit vectors such that

*

* *
‘UijkBijkuin = |ty Brsturst| = 1, then Ui Urst = 0.

Proof. Suppose u,s = augj, + fv with a = uz‘jkumt and 8 = wuy,v, where v is a unit vector

orthogonal to u;jx. Note that |a|? + |32 = 1. By Claim 1, Ui Brst = 0 and Brspuijr = 0 and so
1 = |upg Brsttrst| = |5’2|U*Br8tv| < |/B|2w(Brst) = ’B‘Z <L

Thus, || = 1 and hence ufjkurst =a=0. O

Claim 6. Let

U=[uii1 -+ Uling U121 *** Ui2ng *** Ulngng **° U211 *** U2nong *** Unill *°° Uninons-

Then U*U = Iy and U*B”kU = gz]k(Em ®Ejj ®Ek:lc) forall 1 <i<mnq,1 <j<ng, 1 <k<ns.
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Proof. By Claim 2, {u;jr : 1 < i < ny,1 < j < no,1 <k < ng} forms an orthonormal basis
and thus U*U = Iy. Next by Claim 1, u;, Bjjrueq = 0 for all (r,s,t) and (£, p, q), except the case
when (r,s,t) = ({,p,q) = (i, ], k). Therefore, the result follows. O

Similarly, for any unitary X € M,,, there exists some unitary Ux and some complex units

Miig-im such that
(X Eiyiy X" @ Eiyiy @ -+ @ Eip i) = Piyigeoi Ux (X Eiyiy X™ @ Eiyiy @ -+ @ By, )UX
for all 1 <y < ny with 1 <k < m. We see that ¢(XE;,;, X* @ Ej,i, ® --- @ E;, ;) is a rank one

matrix with numerical radius one. If v > 0, then
w(P(X Eiyiy X+ 7In,) @ Eigiy ® -+ @ Ei i) =1+ 7.
Thus, ¢(XEZ111X* & Ei2i2 XX Eimim) has the form R ® Eigiz XX Eimim) for some R € Mnl-

Since this is true for any unitary X € M,,,, we have
H(AR Eiyiy @ -+ @ Eipiy) = Pigevin (A) © Eigiy @ -+ @ B,

for all Hermitian matrices A € M,,, and some linear map ;,...;,,. Clearly, ¢;,...;,, preserves numer-

ical radius and, hence, has the form

AW

inerim

A &gy Wigwig AW, or A&y, Wi

2+ im o im 2+ im
for some complex unit &,..;,, and unitary Wi,..,,, € My,. In particular, @i,...,, (In,) = &igeivy Iny
and ¢(Iy) = I, ® D; for some diagonal matrix Dy € My,...n,,, -

Given 2 < k < m and using the same arguments as above, one can show that ¢(Iny) = Dy ®
and Dyo € M,

I, ® Dy for some diagonal matrix Dy, € M, Since

1 Mg—1 k41""Mm "

¢(In) = I, ® Dy = Diy ® Iy, @ Dy for k=2,...,m,

we conclude that ¢(Iy) = £In for some complex unit . For the sake of the simplicity, let us
assume that ¢(Iny) = Iy. Then

¢(Eiyiy ® Eiyi, ® - ® E;

for all 1 <4 <ng with 1 <k <m.

For any Hermitian matrix 41 ® --- ® A,, € My, suppose its spectral decomposition is

mim) = Biyiy ® Eiyiy ® --- @ By i,

A ® @A, =X1D1 X7 ® - ® XD X,

Repeating the above argument and using the assumption ¢(Iy) = Iy, we can conclude that there

exists a unitary matrix Uy, . x,, such that
X1y X7 @ @ X Eipi X)) = Uxy x0 (X1 By X{ @ @ X By, X0 Uy, x
for all 1 <14y < ng with 1 < k < m. By linearity, we have
P(A1 @ @ Ap) =Ux, . x,, (A1 @ @ A)UX,  x,.-

So, ¢ maps Hermitian matrices to Hermitian matrices and preserves numerical range on the tensor
product of Hermitian matrices. By Theorem 3.1, it has the asserted form on Hermitian matrices

and, hence, on all matrices in My, ..n,,,. If n;,n; > 3, we observe the matrices 4; = X @ 0,3
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and A; = X @ 0,3, where X is defined as in Example 2.1, and Ay = Eyy € My, for k # 4,7,
to conclude that ¢; and ¢; should both be the identity map, or both be the transpose map. The
proof is completed. 0
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