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Abstract

The interplay between the algebraic and analytic properties of a matrix and the geometric
properties of its pseudospectrum is investigated. It is shown that one can characterize Hermitian
matrices, positive semi-definite matrices, orthogonal projections, unitary matrices, etc. in terms of
the pseudospectrum. Also, characterizations are given to maps on matrices leaving invariant the
pseudospectrum of the sum, difference, or product of matrix pairs. It is shown that such a map is
always a unitary similarity transform followed by some simple operations such as adding a constant

matrix, taking the matrix transpose, or multiplying by a scalar in {1, —1}.
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1 Introduction

Denote by M,, the set of n x n complex matrices equipped with the operator norm || - || induced by

the usual vector norm ||z|| = (z*z)"/2 on C", i.e.,
|All = max{||Az| : 2 € C",0 < ||z| < 1}.
Let € > 0. The pseudospectrum of a matrix A € M, is defined by
0e(A) ={p € C: thereis z € C", E € M,, with ||E| < e such that (A + E)x = ux}.

(Some authors use “||E|| < &” instead of “|E| < ¢” in the definition of 0.(A). One can easily
adapt our results and proofs using this different definition.) The pseudospectrum of a matrix A
for a given € consists of all eigenvalues of matrices which are e-close to A. Numerical algorithms
which calculate the eigenvalues of a matrix give only approximate results due to rounding and
other errors. These errors can be described with the matrix E. There are many interesting results

concerning the pseudospectrum and its applications to applied problems; see [7]. Moreover, many
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researchers have derived efficient algorithms to generate pseudospetra of matrices; see [3] and its
references.

In this paper, we show that the pseudospectrum can be used to study the algebraic and geometric
properties of matrices; see Section 2. For example, we show that one can characterize Hermitian
matrices, positive semidefinite matrices, orthogonal projections, unitary matrices, etc. in terms of
pseudospectrum. Moreover, we study maps ¢ : M,, — M,, such that o.(A o B) = 0.(®(A) o (B))
for all A,B € M,,, where Ac B=A+ B,A— B or AB. We show that such a map is always a
unitary similarity transform followed by some simple operations such as adding a constant matrix,
taking the matrix transpose, or multiplying by a scalar in {1, —1}; see Section 3.

We will use the following equivalent definitions of pseudospectrum in our discussion; see [7].

(1) 0(A) ={p e C:||(uf — A)z| < ¢ for some unit vector z € C"}.
(2) Denote by s1(A) > -+ > s,(A) the singular values of A € M,,. Then

0.(A) ={p e C:sy(ul —A) <e}.
(3) Using the convention that ||(A — AI)~!|| = oo for A € o(A), we have

o(A) ={ueC: [(A-pl) | ="}
The following properties are useful; see [7, Theorem 2.2 and 2.4].

Proposition 1.1 Lete >0 and A € M,.

(a) If A= A1 & Ay, then 0.(A) = 0-(A1) Uo(Az).

(b) We have o(A) + D(0,¢) C 0.(A). The set equality holds if A is normal.

(¢c) For any c€ C, o.(A+cl) =c+ o-(A).

(d) For any nonzero c € C, 0¢-(cA) = co-(A).

(e) 0:(A) is a nonempty compact subset of C, and any bounded connected component of o-(A)
has a nonempty intersection with o(A). Consequently, o-(A) has of at most n connected compo-

nents.

In our discussion, we always assume that n > 2 to avoid trivial consideration. The following
notation and definitions will be used.

M,,: the set of n x n complex matrices.

{E11, E12, ..., Enp}: the standard basis for M,,.

{e1,...,en}: the standard basis for C".

D(a,r) ={p € C:|p—al <r}, where a € C and r > 0.

2 The pseudospectrum and matrix properties

a b

Proposition 2.1 Suppose € >0 and A = (O

) € My. Then

7o) = {n e C =l = e+ B2 = /(= al = = e+ o2 < 2¢



Consequently, b = 0 if and only if 0.(A) = D(a,e) U D(c,e). If a =c =0, then

oe(d) = {us lul < /e + I}

Proof. Let s1 and sg be the singular values of uls — A. Then s1s9 = |det(A)| = |(u—a)(pu — ¢

and
THss=t (( —A)¥( —A)=|p— ’2 ‘byz = |2
51+ 53 r((uly — A" (ula — A w—al”+ + |p—c|”.

Thus, (s1 4+ 52)% = (| —a| & | — ¢|)? + |b|? so that

255 = /(I —al + |1 — )2 + B2 — /(Jin — a] — |1 — cl)? + [b]2.

The description of o.(A) follows.

The last two assertions can be verified readily. O

By Proposition 1.1(b), if A is normal, then o.(A) = o(A) + D(0,¢). By Proposition 2.1, for
e >0and A € My, if 0.(A) is the union of two disks, which may be identical, with radius ¢, then A
is normal. We do not need to know o(A) in advance to conclude that A € Ms is normal in terms of
oe(A). However, the situation for higher dimensions is more delicate. In fact, contrary to the belief
of some authors (see [7, Theorem 2.4]), the converse of Proposition 1.1(b) is not true as shown in

the following example.

Example 2.2 Let ¢ = 2, w = €™/3, and A = Ay ® Ay with A} = diag (1, w,w?) and Ay =

(8 8), where b > 0 satisfies 0-(A2) = {p € C: |u| < /2(2+b)} € D (O, (V13 + 1)/2), Then A

18 not normal and
0e(A) =0.(A1)Uo-(A2) = 0-(A1) = 0(A) + D(0,¢).

It is not hard to see that the problem in Example 2.2 occurs because o.(Ag) is a subset of
0(A) + D(0,e). As a result, o.(A) fails to detect that 0 is not a reducing eigenvalue of A. Recall
that p is an reducing eigenvalue of B € M, if B is unitarily similar to ul; & B, where k is the
algebraic multiplicity of the eigenvalue p of B; a matrix B € M, is normal if and only if each
eigenvalue of B is reducing. Theorem 2.5 below shows that a stronger condition on o.(A) is needed

to conclude that A is normal. We first prove the following lemmas.

A1 k

Lemma 2.3 Let ¢ > 0. Suppose A =
0 A,

) € M,, with Ay € M. Then o-(A1) C 0.(A).

Proof. Suppose jt € 0.(A;1). Then there is a unit vector z € CF such that ||(ul — Ay)z| < e.

Let = (ac

O) € C". Then |[(uI — A)z|| < e so that u € o.(A). O



Lemma 2.4 Lete >0, A€ M, and u € o(A). If D(u,e) contains a boundary point of o-(A),

then u is a reducing eigenvalue of A.
Proof. Suppose p is not an reducing eigenvalue of A. We may assume that A is in upper

0
lemma in [6]. By Proposition 2.1, D(u,¢€) lies in the interior of o.(A;), which is a subset of o.(A)
by Lemma 2.3. O

triangular form with the leading 2 x 2 submatrix equal to A; = <,u ;l ) with d > 0; see the
2

Theorem 2.5 Let ¢ > 0, A € My, and p, ..., pum € C be such that o.(A) = UJL, D(uj,€) and
each D(puj,e) contains a boundary point of o.(A). Moreover, suppose that D(u,e) € o-(A) for any
w1, ..., i}, then A is unitarily similar to pi I & -+ @ 1.

Proof. Since o(A)+ D(0,¢) C o-(A), we see that o(A) C {u1, ..., tm} under the hypothesis of
the theorem. If p1; € o(A), then p; is a reducing eigenvalue by Lemma 2.4. Clearly, each p; is an
eigenvalue of A. Otherwise, o.(A) C Up.;D(pue, €) cannot contain boundary point of D(uj,e). O

Corollary 2.6 Lete >0, A€ M, and u € C.

(a) We have A = ul if and only if o.(A) = D(u,¢€).

(b) We have A = uP for a nontrivial orthogonal projection P if and only if o.(A) = D(u,e) U
D(0,¢).

(¢) The matriz A is positive semidefinite (respectivly, positive definite) if and only if each
element p € 0.(A) satisfies |Im(u)| < e and Re(u) > —e (respectively, Re(p) > —¢).

(d) Suppose t € [0,27) and € € C. Then e A+ £I is Hermitian if and only if

0o(A) C{ue C: [Im(e M- )| < <}

(e) Suppose € € (0,1/2). Then A is unitary if and only if 0.(A) is the union of circular disks

each has radius € with centers lying on the unit circle.

Note that the assumption ¢ € (0,1/2) in (e) is important. Otherwise, we may have the same
problem as in Example 2.2, namely, we have A = A; @ Ay, where A; = diag (1,w,...,w" 1) with

ei2m/n 0 b) for a sufficiently small b > 0 so that

w =

for a sufficiently large n, and Ay = (0 0

0:(A2) =D (0, \e(e+ b)) - szlD(wj,E) =0:(A41) = 0.(A).

Proof. We give details of the proof of (d). The implication (<) is clear. Consider the converse.
For simplicity, assume that e = 1 and ¢ = 0. Since D()\,¢) C 0.(A) for any A € o(A), we see that
o(A) C R. Suppose A is not normal. Then there is a unitary matrix such that UAU* is in upper

ail a2

has a nonzero a2 entry; e.g.,
0 ago

triangular form so that the leading 2 x 2 submatrix B = <

4



see [6]. Recall that a11,a2e € R. Consequently, for z = a1 + ig, sp(2] — A) < € since |aja| # 0.
Thus, there is sufficiently small d > 0 such that for Z = a1 + i(e + d), we have Z € 0.(A) and
Im(Z) > €, which is a contradiction. Thus, A is normal with real eigenvalues, i.e., A = A*.

(c) follows from (d). O

For A € M, denote by r.(A) = max{|\| : A € 0.(A)}. The following proposition on r.(A) for

A € Ms is useful for the proofs in the next section.

Proposition 2.7 Let A = aFE11 + bE15 € M, for some nonzero a,b € C. Then

1 1/2
re(4) =5 { [raP 42 4 deyfla2 rbﬂ + \a\} |

The equality is attained at a unique value z € o-(A) of the form z = ta for a positive t.

Proof. We may replace A by A for some s € R and assume that a > 0. We know that
D(a,e) C 0.(A). Let z € 0.(A) N D(a,00). Then zI — A has singular values s; > --- > s, such

. 3 - _b
that sp = -+ = s,—1 = z and sy, s, are the singular values of the matrix B, = (Z 0 ¢ . ) .

Thus, s? + 2 = tr (21 — B)*(2I — B) = |z —a|? + |b]* + |2|? and 818, = | det(z] — B)| = |(z — a)z|.
It follows that
(s1£50)" = (2] £ |z — a])* + [

and

n = 5 (/2 12— al) + P = /(2] — [z — a2 + b2}, (1)

It is known that D(a,e) C o.(A). It follows that z = ta € o-(A) for some ¢ > 1. Note that for
z = ta with ¢ > 1, (1) simplifies to

sn:;{\/(QZ—a)2+|b|2—\/a2+|b|2}. )

Thus, s, < ¢ if and only if

1
zg5{[(12+452+45\/a2+b2]1/2+a}, (3)

where the equality holds for a suitable choice of Z = ta for some t > 1.

Next, we show that if z € C satisfies |z| > |Z| and z # Z, then s, (2] — A) > e. Our result will
follow. To prove the above claim, note that if z is positive and z > 2, then (3) will be violated,
and thus z ¢ 0.(A). Thus, if z > 2, then s,(zI — A) > . Next, we show that if z > 2, then
for € # 1, sp(ze*I — A) > s,(2I — A) > e. Our claim will be established. To this end, note

that |ze* —a| > 2 —a > 0 so that [ze" — a| = u(z — a) for some u > 1; the matrices B,.i. and

- 15 __ ~
B = ( |z 0 al ’2’ ) have the same singular values. Note that none of B, nor B can be a multiple



of a unitary; hence each of them has distinct singular values. We may suppose B, has singular

values pp > pe > 0, and B has singular values uqu1 > uguo > 0 for some wuy,us > 0. Then
ludet(B,)| = | det(B)| = uiugpi pr2 = uius| det(B.)]
so that u = ujue;
uipd +uzpy = [ze — al? + b + 2% = u*(z — a)® + o + 27

and
p+us = (z—a) + b + 2°

so that
(uf = 1)pf + (u3 — D3 = (v = 1)(z — a)? = (ufu3 — 1)(z — a)”.

If ug <1, then uy = u/ug > 1. By the fact that pu; > g and py > z — a, we have
(ui — Dpf = (ufuz —1)(z —a)” + (1 —ud)ps < (ujuy — 1+ 1 —ui)ui = (uf — udps,

which is a contradiction. Thus, we have sa(B) = uapa > s = s2(B;). Our claim follows. O

3 Preservers
3.1 Sums and differences of matrices

In this subsection, we prove the following.

Theorem 3.1 Lete >0 and ® : M,, —» M,,. Then o.(®(A)—P(B)) =0.(A—B) forall A,B € M,
if and only if there are U, S € M, such that U is unitary and ® has the form

A—UAU*+ S or A UAU* + 8.
From this result, we can deduce the following.

Theorem 3.2 Let e >0, and ® : M,, - M,. The following are equivalent.
(a) ® is linear and satisfies 0.(P(A)) = 0.(A) for all A € M,.
(b) @ is additive and satisfies o.(P(A)) = 0:(A)) for all A € M,,.
(c) @ satisfies o-.(P(A) + ®(B)) = o-(A+ B) for all A,B € M,.
(d) There is a unitary matriz U € M, such that ® has the form

A= UAU? or A UAU*.

Proof. The implications (d) = (a) = (b) = (c) are clear. To prove (¢) = (d), note that
o:(®(0) + ®(0)) = 0-(0 + 0) = D(0,¢). Thus, ®(0) = 0. Moreover, for any B € M,,

0.(®(B) + ®(~B)) = 0.(B — B) = D(0,¢).



Thus, ®(B) + ®(—B) = 0, i.e., ®(—B) = —®(B). Consequently, o.(P(A) — ®(B)) = 0.(P(A) +
®(—B)) = 0.(A — B) for any A, B € M,,. Applying the result of Theorem 3.1 and the fact that
®(0) = 0, we see that ® has the asserted form in Theorem 3.1 with S = 0. The result follows. O

We need a few more definitions and notation to prove Theroem 3.1. For A € M,,, let
r(A) be the spectral radius of A,

W(A) ={2*Az : x € C", z*z = 1} be the numerical range of A, and

w(A) = max{|u| : p € W(A)} be the numerical radius of A.

If A€ H,, the set of Hermitian matrices in M,,, has eigenvalues a1 > --- > a,, then

W(A) = [an, 1] and  r(A) = w(A) = [[A]| = max{[a1], [an]}.

Proof of Theorem 3.1 The implication (<) is clear. To prove the converse, we may set ¢(0) = S
and replace ® by the map A — ®(A) — S, and assume that ®(0) = 0, 0.(P(A4)) = 0-(A) for all
A€ M, and o.(®(A) —P(B)) = 0-(A— B) for all A, B € M,,. By Corollary 2.6 (d), ®(H,) C H,.
Note that for any A € Hp, 0:(A) = Ureg(a)D(A,€), 7e(A) = r(A) + ¢ and r(A) = w(A) = [|A].
Since 0. (®(A) — ®(B)) = 0.(A — B), we see that |®(A) — ®(B)| = ||A — B||. By the result in [2],
® is a real linear map. Moreover, W (®(A)) = W(A). Thus, there is unitary U € M,, such that the

restriction of ® on Hermitian matrices has the form
A UAU* or A UAU*,

see [4, 5] and their references.
Similarly, we can show that ®(iH,) C iH,, and there is a unitary V € M, such that the

restriction of ® on skew-Hermitian matrices has the form
A— VAV or A VAV,

Now, if A € M, then A = H + iG for some H,G € H,. Suppose ®(A) = R + iS for some
R,S € H,,. Then

0o(R +iS — B(H)) = 0. (D(A) — B(H)) = 0.(A — H) = 0.(iG) C i{p € C : |Im(p)| < £}

implies that R + iS — ®(H) is skew-Hermitian, i.e., R = ®(H). Similarly, we can show that
iS = ®(G).

We claim that ®(iH) = i®(H) for any Hermitian matrix H. Once this is proved, ® will have
the asserted form.

To prove our claim, consider A = xz* + izz* for any unit vector x € C™. Then
O(A) = P(zx™) + P(izx™),

where



(1) ®(za*) = Uzx*U* or (Uzx*U*)t, and (2) ®(izz*) =i(Vax*V*) or i(Vaz*V*)L.

Since o-(®(A)) = 0-(A) = D(1 +i,e) U D(0,¢), which, together with Corollary 2.6 (b), we have
®(A) = (1+1)P for some nontrivial projection P, it follows that ®(izz*) = i®(xz*). As this is true
for any unit vector = and the restriction of ® on Hermitian matrices (respectively, skew-Hermitian

matrices) is real linear, the result follows. O

3.2 Products of matrices

In this subsection, we prove the following.
Theorem 3.3 Lete >0, and ® : M,, — M,,. Then
0:(®(A)®(B)) = 0-.(AB) for all A, B € M,
if and only if there is a unitary U € M, and £ € {—1,1} such that ® has the form
A EUTAU.
By Theorem 3.3, one easily gets the following.
Corollary 3.4 Let ¢ > 0. A multiplicative map ® : M,, — M,, satisfies
0:(P(A)) = 0-(A) for all A € M,
if and only if there is a unitary U € M,, such that ® has the form
A— UAU.
To prove Theorem 3.3, we need the following lemma; see [1, Theorem 2.1].

Lemma 3.5 Supposen > 3. Suppose ® : M,, — M, satisfies P(A)P(B) = 0 if and only if AB = 0.
Then there exists a field monomorphism T : C — C, a mapping pu : M, — C\ {0}, and S € M,
such that ® has the form:

A p(A)S(r(ay))S™ for all rank one matriz A = (a;;) € M,.

Proof of Theorem 3.3 The implication “<” is clear. We consider the converse. By our assump-
tion on ®, 0.(AB) = D(0,¢) if and only if 0.(®(A)P(B)) = D(0,¢). Thus, AB = 0 if and only if
P(A)P(B) = 0.

Case 1 Suppose n > 3. Then ® has the form described in Lemma 3.5. Suppose uq, ..., u, are the

columns of S and vf,..., v} are the rows of S~1. If A= Ej;, then

D(0,2) UD(1,2) = 02 (Ej;) = 0:(4) = 0(8(A)?) = 0-(u(A)*u;05).



Thus, M(A)zujv; = xjz} for some unit vector x; € C™ by Corollary 2.6 (b). Consequently, u; = d;v;
for some d; € C. Hence, S* = DS~ so that S*S = D, where D = diag (di,...,d,). As a result,
D has positive diagonal entries. Now, for A = (E11 + Ev; + Ej1 + Ej;)/2, we have A% = A and

D(0,e) UD(1,¢) = 0.(A?) = 0.(®(A)?) = 0. (27 (u(A)?v1d1v; + vidivi + vdjvi +vjd;vy)).

By Corollary 2.6 (b), ®(A4)? is a rank one orthogonal projection. It follows that u(A)? > 0 and
dy = dj. Thus, we see that D = dyI,,. and S* = d1S71, ie., S is a multiple of a unitary matrix.
Replacing S by 7.5 for a suitable v > 0, we may assume that S is unitary.

Next, we show that |7(a)| = |a| for any a € C. To this end, let A = E11 + aE1,. Then
®(A) = p(A)S(E11 + 7(a)E1,)S™!. For any 1 < k < n,

(A p(Bu)lo=(SEwS ™) = 0. (@(A)®(Er)) = 0-(AEw) = o (En)

and
|7 (@)(A)p(Bnp) |0 (SE1S ™) = 0e(P(A)D(Enk)) = 0c(AEn;) = |aloe(Eng).

It follows that |7(a)| = |u(Erk)/p(Enk)| |al. Since 7(1) = 1, we see that |u(Eix)| = |u(Enk)|, and
hence |7(a)| = |a|. Tt is well known that 7 must either be the identity or the complex conjugation;
see [8] for example. Suppose 7(a) = @ for all a € C. Let A = £(10e"™/3Ey; + €7/8 79 Ejj). Then

0.(A%) = D(100e"™4¢, &) U D(e57/8 ¢)

and
JE((I)(A)Q) = D(M(A2)1006_i”/4g,5) U D(M(A)2€—i67r/8,€)

so that o.(®(A)?) # 0.(A?) for any choice of u(A) € C*. Thus, we see that 7 is the identity map.
We may now replace ® by the map A +— S~!®(A)S and assume that S = I,,. Now, for any

unit vector x € C™ and A = zx*, we have
D(0,¢) UD(1,e) = 0.(A%) = 0:(P(A)?) = 0(1(A)* A%) = 0c(u(A)* A).

Thus, p(rz*)? =1 and p(xz*) € {1,—1}. Assume that u(E11) = 1. Otherwise, replace ® by the
map A+ —®(A). Then for any unit vector z € C" with e}z # 0, we have

oe(xx*Er1) = 0.((P(zz™)P(E11)) = o (u(xx™)zz* Eny).

Thus, p(xz*) = 1. Now, for a unit vector y € C™ with e{y = 0, we can find a unit vector so that
etz # 0 and x'y # 0 so that u(zz*) =1, and

oe(vy*za’) = oo (P(zy”)@(22")) = oc(pu(zy”) vy 22™) = 0 (y*wp(Ty”)T2").
By Corollary 2.6, we see u(zy*) = 1. Next, we consider

o:(yy*zy*) = oo (P(yy" )@ (xy™)) = o (u(yy™)yy* zy*) = oc(y zulyy )yy"),



which shows p(yy*) = 1. Using o.(yx*yy*) in a similar way we have p(yx*) = 1.
So for any unit vectors x,y € C™ and x is not orthogonal to y, we have p(zy*) = 1. If z*y = 0,

find a unit vector u such that x*u # 0. Then,

o (vutyx”) = o (u(yu”) (yx*) (u*y)vx*).

Since pu(yu*) = 1 (from above), we have p(yx*) = 1. Applying a similar argument to o.(yu*zy*),
we see that u(zy*) = 1.

So, we have shown ®(uv*) = wv* for any unit vectors u,v € C™. Now, for any A € M,,
let B = ®(A). Suppose A = UDV™ so that U,V are unitary and D = diag(ay,...,a,) with
ap > --- > ayn. Then for each j,

O'a(BVEjjU*) = Ug(AVEjjU*) = D((Ij,{-f) U (0,5).

We see that BV E;;U* is Hermitian with eigenvalues a;,0,...,0, and so is U*BV E;;. Hence,
U*BV =D, ie., B=A.

Case 2 Suppose n = 2. We divide the proofs into several steps.

Step 1 If 2 € C? is a unit vector, then ®(xz*) = £yy* for some unit vector y € C2.

Invoking Corollary 2.6, o.(zx*z2*) = o-(xx*) = D(0,€) U D(1,¢€). So a-(®(zz*)?) is the same.
Using the reverse direction of Corollary 2.6, ®(x2*)? = yy* for a unit vector y € C. It follows that
O(xx*) = Lyy*.

Step 2 Assume ®(FE;;) = Eqy, then (®(1), ®(Ea2)) = (E11 + {F22,£Fa) with € € {1,—1}. More-
over, there is a diagonal unitary D such that D*®(X)D = X for X = {Ea, Eo1}.

Since 0.(E?) = 0.(E111) = 0-(IE11), we have 0. (®(E11) = 0.(®(E11)®(I)) = 0-(®(I)®(E11)),
we see that ®(I) = diag (1,£). Then consider 0.(E3,) = 0-(E2l) = 0-.(IFy). We get the first
assertion.

Next, consider 0. (E;j) = 0-(1E;j) = 0.(E;;1) for {i,7} = {1,2}, and 0. (E12F21) = 0:(E21 Er2),
we get the second assertion.

1

Step 3 Assume that A = % (1

X = Eg, 1.

1) — +yy* where y is a unit vector. Then ®(X) = X for

. 11 ]
Consider o, (; (O 0>> = 0:.(EnA) = 0.(P(E11)P(A)) = 0. <(|yy21yl %;5%)) . By Propo-

for some positive t. Since Es9A is unitarily similar to Fq11 A, we see that

|2
sition 2.7, re = t1 - ‘Z/1’2
0c(E11A) = 0o (®(Ey2)®(A)). So ti|y1|* = re = ta|ya|?. Since ty,ty are positive, (E11) and ®(Fap)

must have the same sign. Therefore, ®(FEq2) = Eay. Similarly, ®(I) = I.
Step 4 Under the assumptions of Step 3, we have ®(X) = X for all X € M.

Assume that A = (a;;). Using Proposition 2.7, ®(A) = (¢;jai;). Take a matrix X = (%1 %2)
where the first row is orthogonal to the second column of A. Then XA = (; 8) and 0. (XA) =

10



*
0 0

Therefore t19 = t92. Choosing matrices X such that the entries are orthogonal to the other columns

o:(P(X)P(A)). So clearly ®(X)P(A) = meaning (t12a192, tagsags) is parallel to (aqs, ags).
(2(X)2(A)) y @(X)®( 7 g : P :

and rows of A, we see that all ¢;; =t are the same.
Consider o.(F114) = 0-.(E11P(A)). Since F11P(A) is a multiple of E1; A we see from Proposi-
tion 2.7 that ¢t = 1. Therefore ®(A4) = A. O

Acknowledgment

The results of this paper were presented by the fourth author at the Applied Linear Algebra
Conference at Novi Sad University, May 24 — 28, 2010, attended by the the second, third, and
fourth authors. They would like to thank the support and the hospitality of the organizer of the

conference.

References

[1] J.T. Chan, C.K. Li and N.S. Sze, Mappings on matrices: Invariance of functional values
of matrix products, J. Aust. Math. Soc. 81 (2006), 165-184.

[2] Z. Charzynski, Sur les transformations isomeétriques des espaces du type (F), Studia
Math. 13 (1953), 94-121.

[3] N.J. Higham, Functions of matrices. Theory and computation, Society for Industrial and
Applied Mathematics (STAM), Philadelphia, PA, 2008.

[4] C.K. Li, A survey on linear preservers of numerical ranges and radii, Taiwanese J. Math.
5 (2001), 477-496.

[5] C.K. Li, L. Rodman and P. Semrl, Linear maps on selfadjoint operators preserving in-
vertibility, positive definiteness, numerical range, Canad. Math. Bull., 46 (2003), 216-228.

[6] M. Marcus and M. Sandy, Conditions for the generalized numerical range to be real,
Linear Algebra Appl. 71 (1985), 219-239.

[7] L.N. Trefethen and M. Embree, Spectra and Psedospectra, The behavior of nonormal

matrices and Operators, Princeton Unviersity Press, Princeton, 2005.

[8] P. B. Yale, Automorphisms of the complex numbers, Math. Mag. 39 (1966), 135141.

(Cui) Department of Mathematical Science, Tsinghua University, Beijing 100084, China.

E-mail: jcui@math.tsinghua.edu.cn

(Forstall, Li, Yannello) Department of Mathematics, College of William and Mary, Williamsburg,
VA 23187, USA

E-mails: vhfors@gmail.com, ckli@math.wm.edu, vjyannello@email.wm.edu

11



