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Abstract

We propose a definition for geometric mean of k positive (semi) definite matrices.
We show that our definition is the only one in the literature that has the properties
that one would expect from a geometric mean, and that our geometric mean generalizes
many inequalities satisfied by the geometric mean of two positive semidefinite matrices.
We prove some new properties of the geometric mean of two matrices, and give some
simple computational formulae related to them for 2 x 2 matrices.
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1 Introduction

The geometric mean of two positive semi-definite matrices arises naturally in several areas,
and it has many of the properties of the geometric mean of two positive scalars. Researchers
have tried to define a geometric mean on three or more positive definite matrices, but there
is still no satisfactory definition. In this paper we present a definition of the geometric mean
of three or more positive semidefinite matrices and show that it has many properties one
would want of a geometric mean. We compare our definition with those proposed by other
researchers.

Let us consider first what properties should be required for a reasonable geometric mean
G(A, B,C) of three positive definite matrices A, B,C. It is clear what the corresponding
conditions would be for k matrices for k > 3.
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Consistency with scalars. If A, B, C' commute then G(A, B,C) = (ABC)'/3,
This implies G(A, A, A) = A.

Joint Homogeneity. G(aA, BB,vC) = (apy)/3G(A, B, C) (o, B,y > 0).
This implies  G(aA,aB,aC) = aG(A, B,C) (> 0).

Permutation invariance. For any permutation 7(A, B,C') of (A, B, C)

G(A,B,C) = G(n(A,B,C)).
Monotonicity. The map (A, B,C) — G(A, B, (') is monotone, i.e., if A > Ag, B > By,
and C' > Cy, then G(A, B,C) > G(Ay, By, Cp) in the positive semi-definite ordering.

Continuity from above. If {A,}, {B,},{C,} are monotonic decreasing sequences (in the
positive semi-definite ordering) converging to A, B, C' then {G(A,, B,, C,)} converges
to G(A, B,C).

Congruence invariance.
G(S*AS,S*BS,S*CS) = S*G(A, B,C)S Y invertible S.
Joint concavity. The map (A4, B,C) — G(A, B, C) is jointly concave:
G(A1+ (1= N Az, ABy + (1= ) B3, ACy + (1= \)Ch)
> ANG(Ay1, B1,C1) 4+ (1 — NG (Ay, By, Cy) 0<A<1).
Self-duality. G(A,B,C) = G(A™', B~} C~ 1)1

Determinant identity. det G(A, B,C) = (det A-det B - det C’) 1/3.

These properties are desirable, and perhaps we can add more desirable properties to the
list, but any geometric mean should satisfy properties P1-P6 at a bare minimum. These
properties quickly imply other properties, as we now discuss.

Notice that P2 and P4 imply P5. In fact, denote by p(X) the spectral radius of X. By
P4 we will have

AT ATAS A, < p(ATAYA
p(B,'B)"'B< B, <p(B"'B,)B,
p(CrO)C < ¢, <p(C'C,)C.



Now, setting G = G(A, B,C) and G,, = G(A,, B,, C,,), condition P2 gives
[0(A, P A)p(B, ' B)p(C, 1 O) V3G < Gy < [p(AT Ay)p(B'B,)p(C71C) G, (11)

Thus, if (A, By, Cy) — (A, B,C) then G(A,, B,,C,) — G(A, B, C).

Notice that invertibility is essential in the above proof.

By P1, P3, P7, and P8, we have

P10 The arithmetic-geometric-harmonic mean inequality.

A+B+C
3

—1 -1 -1\ 1
zG(A,B,O)z(A t51xC ) .
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If we partition all matrices conformally:

A A
A - ( 11 12> ’
Aly Ax

and define the pinching operator ® by

. A11 0
()= (0" a,)
then

B(A) = (A+S*AS)/2  with S:(é _0[)

Now, concavity, homogeneity and congruence invariance, yield
D(G(A, B, C)) < G(D(A), &(B), &(C)). (1.2)

Once a geometric mean for three positive definite matrices is defined so as to satisfy P1-
P6, by monotonicity we can uniquely extend the definition of G(A, B, C) for every triple of
positive semidefinite matrices (A, B, C') by setting

G(A, B,C) :lilr(r)lG(A+d,B—i—e[,C+d).
Then it is immediate to see that by P5 for positive definite A, B,C' the new definition

coincides with the original one for positive definite A, B, C' and that the extended geometric
mean satisfies P1- P4 and P6. Since it is easy to see that for positive semidefinite A, B, C

G(A,B,C) = inf{G(A,B,C): A> A B> B,C >C},

P5 is valid for this extended geometric mean. If the original geometric mean satisfies P7, so
does the extended one.
We can derive a stronger form of P6 with help of P4 and P5:

3



P6' G(S*AS,S*BS,S*CS) > S*G(A,B,C)S (¥ S).

In fact, if S is not invertible, let S. = (1 —€)S + el for 0 < e < 1. Then by P6
G(SFAS.,S'BS.,S:CS.) = S'G(A, B,C)S..

The right hand side converges to S*G(A, B,C)S as € — 0. Since by the operator convexity
of the square function, for any X > 0

(1—¢)S"XS+eX >((1—¢)S"+el)X((1—¢€)S+€l)

and
S*XS+eX > (1—€)S" XS +eX,

by P4 (monotonicity) we have
G(S*AS + €A, S*AS + €A, S*AS + €A) > G(SIAG,, S!BG., S:CG.).

Since S* XS + eX converges downward to S*X S as € | 0, by P5 (continuity from above) we
conclude the inequality.

Our paper is organized as follows. In Section 2, we present some properties for the
geometric mean of two matrices, which will be useful when we define our geometric means for
three or more matrices, and when we compare our definition with those proposed by others.
In Section 3, we present our definition of geometric means for three or more matrices, and
show that it has all the desirable properties P1-P9. We then compare our definition with
those of others in Sections 4 and 5. In Section 6, we present some formulae for different
geometric means of 2 x 2 matrices. The formulae may be helpful for future study of the
topic.

2 The geometric mean of two matrices

Conditions P1 and P6 are sufficient to determine the geometric mean of two positive definite
matrices A and B. There is a non-singular matrix S that simultaneously diagonalizes A and
B by congruence:

A=5"DyS and B =S"DgS (2.1)
for some diagonal matrices D4 and Dp. For example, one can choose S = U*A'Y/? where U

is unitary such that U*A="2BA~Y2U is a diagonal matrix. Since the diagonal matrices D4
and Dp commute we have

G(A,B) = G(5°D4S, 5" DpS)
— 5°G(Da, Dp)S
= S*(DaDg)"’S.



One can show that the value of (S*)~'(D,Dp)/2S~! is independent of the choice of the
matrix S. Thus we can compute G(A, B) numerically.

Actually there are many equivalent definitions of the geometric mean of two positive
definite matrices A and B. Researchers have tried to use these conditions to define geometric
means of three or more matrices (see [2, 4, 7, 10] and their references, and see also Sections

4 and b5).

D1

D2

D3

D4

D5

G(A, B) = S*(D4Dg)"/?S, where S is any invertible matrix that simultaneously diag-
onalizes A and B by congruence as in (2.1).

G(A, B) is the solution to the extremal problem

A X
maX{XZO.(X B)ZO}'

G(A, B) — A1/2(A—1/2BA—1/2)1/2A1/2

In fact, one can use the fact that a function of a matrix is a polynomial in the matrix
to show that G(A, B) = A" P(AP"1BAP)Y/2AP for any p € IR, but there seems no
advantage in choosing p # 1/2.

G(A, B) = AY2UB'Y2, where U is any unitary matrix that makes the right hand side
positive definite. For example, we can let U = (A7Y/2BA~Y2%)1/2AY/2B-1/2 5o that
AV2UBY? = AV2(AY2BATY2)1/2 A2 Note that even when the choice of U is not
unique, the value of AY2UB'? is unique.

This definition has rarely been stated, but it will be useful in this paper.

G(A, B) is the value of the definite integral

F(11/2)2 /01 {)\B_l + (1 — )\)A_l}_l A1 - )\)}_1/260\,

This is actually the special case for k = 2 of a geometric mean proposed by H. Kosaki
[7] and modified by Kubo and Hiai.

To conclude this section we present some new computational results for G(A, B).

Proposition 2.1 Let A, B > 0 be 2 x 2 and such that det(A) = det(B) = 1. Then

A+ B

\Jdet(A + B)

G(A,B) = (2.2)



Proof. Let S be a matrix with det(S) = 1, that simultaneously diagonalizes A and B by
congruence. Then since A, B, and S all have determinant equal to 1 we have:

b0
)s, and B=S (o b—1>5'

a 0

A=5 <O a™t

G(A,B) — s(*/g‘_b ?)s

Vab
_ 1 g+ <a+b 0 >S
Jla+0)(at b1 0 a7+
 A+B
det(A + B) .

Corollary 2.2 Let A, B> 0 be 2 x 2. Let s = \/det(A), t = \/det(B). Then

Vst

G(A,B
(4,8) = Vdet(s—1A + t-1B)

(s'A+t7'B); (2.3)

i particular,

AY2 =G(A D) = det(!i T (sTTA+T). (2.4)

One can prove (2.4) directly using the arguments in the proof of Proposition 2.1. More
generally, for any continuous function f : IR, — IR, if A is a 2 x 2 positive definite matrix
with eigenvalues a,b € (0,00), then f(A) =rA+ sl with

g af() ~bia)
a—>b a—>b

Since

;{trA—i— \/ tr A)? 4det(A)}, b= ; {tTA— \/(trA)Q —4det(A)},

and tr A = ,/det(A) {det (] + A/ /det(A ) — 2} one can express f(A) =r(A)A+ s(A)I for
suitable functions r(A) and s(A) that only involve det(A) and det (I + A/«/det(A)).



3 Geometric means of three or more matrices

Recall that p(X) denotes the spectral radius of X. We will use a limiting process to define a
new geometric mean. In proving convergence we will use the following multiplicative metric
on the space of pairs of positive definite matrices:

R(A, B) = max{p(A™'B), p(B~*A)}. (3.1)

Note that p(A™'B) = p(A~Y2BA~Y?) = p(BY2A~'BY/2). The metric R(-,-) has many nice
properties, for example, in the scalar case, we have

R(a,b) = max{a/b,b/a} = exp(|loga — log|),
and in general, R satisfies a multiplicative triangle inequality:
R(A,C) < R(A,B)R(B,C).
The properties we need here are
R(A,B)>1, and R(A,B)=1< A=0B, (3.2)

and
R(A,B)'A < B < R(A,B)A, (3.3)

which implies the norm bound
A= B[ < (R(4,B) = 1)[|A| (3.4)

Here is our inductive definition of the geometric mean of £ > 2 positive definite matrices,
which will be extended to positive semidefinite matrices later. Suppose we have defined
the geometric mean G(X1,..., X}y) of k positive definite matrices X, ..., X;. Consider the

transformation on (k + 1)-tuples of positive definite matrices A = (Ay,..., Agy1) by

T(A) = (G((Ai)iz1), G((Ai)in2), - -+, G((Ai)igr+1))- (3.5)

Here T" should depend on k£ and may be better denoted by T.,. We drop the subscript £+ 1
for simplicity, and it is usually clear from the context.

Definition 3.1 1. Define G(A;, Ay) = A1# Ay — the usual geometric mean.

2. Suppose we have defined the geometric mean G(Xy,...,X;) of k positive definite
matrices X, ..., X;z. We define the sequence {T7(A)}2,. The limit of this sequence

exists and has the form (A, ..., A). We define G(Ay, ..., Agp1) to be A.

Sometimes it is useful to think of this iteration in terms of the components of the

iterates:
AW = (Ay, o Apn), AT =T(AD), r=12,..



To establish the validity of this definition we must show that the limit does indeed exist
and that it has the asserted form. We do this in the next theorem.

Theorem 3.2 Let Ay, ..., Ay be positive definite. The sequences {(AY), o ,AS}I) o0, de-

fined in Definition 3.1 do indeed converge to limits of the form (fl, e ,fl), and the geometric
means defined above satisfy properties P1 — P9, and

L 1/k
i=1
Note:
e The continuity of G' on the set of k-tuples of positive definite matrices follows from
(3.6).
e The right side of (3.6) can be viewed as a measure of the distance between (Ay, ..., A)
and (B, ..., By) in the multiplicative sense, i.e., the deviation of

(AByY, .. AByY)  from (1., ]).

e In fact, (3.6) follows from the special case: If for some i € {1,...,k}, we have A; = B,
for j # i, then

R(G(Ay,...,Ay),G(By,...,By)) < R(A;, BH)Y*, k=2.3,...

Proof. We use induction. For & = 2 we know that A#B satisfies properties P1-P9. We
establish (3.6) when k = 2 with two proofs. The first one uses D4, and the second one uses
some of the properties P1-P9. Different readers may have different preferences for the two
proofs.

Proof 1. Using A#B = AY2UB'/? where U is any unitary that makes the right hand side
positive definite, we have
P(G(A1, A)G(By, Bo)™Y) = p(AYUAY? B, v B )
= p(B P APUA B V)

< |BPAUAY BV
< By 2AYPUAY By PV
= 1B 2AYIA B |

= {p(AB;")p(A:By )}

< {R(Ay, B)R(A,, By)}'/2.



Proof 2. For any positive definite A;, and B; (i = 1,2) we have

so by monotonicity and homogeneity

G(B1, By) < \/p(A7"B1)p~1 (A5 Bo)G(Ar, Ay).

Thus

p(G(Ar, A2) ' G(By, Ba)) < \[p(AT' Br)p (A7 B).
Now, using Proof 1 or Proof 2, we can show
p(G(A1, A))"'G(By, By)) < {R(A1, B1)R(As, By)}'/*.

As a result,
R(G(Ay, Ay), G(By, By)) < {R(Ay, B1)R(Ay, By)}'/2. (3.7)

Next, suppose that G(Xj, ..., X) is defined and satisfies properties P1 — P9, and (3.6).
We show that the sequence {77 (A)}°, in the proposed construction of G(Aj, ..., Ags1) is
convergent. By the special case of (3.6), we see that for each r > 1, we have

R(A;r+l)7Agr+l)) < R(A;T),Agr))l/k
for all (p,q) € S ={(1,2),...,(k,k+1),(k+1,1)}. So,

r+1 'r+1) (r)\1/k
1< J[ R(A H Al AR, (3.8)
(p,9)€S P,q9)ES
Again, we can use two different arguments to arrive at our conclusion.

Argument 1 Now, by the induction assumption, we have G.M. < A.M. for k matrices, and
hence

A(’"+1< ZA’" j=1,... k+1.

Z#J
Thus,
k1 k+1 k+1
AT <Y AT <Y A (3.9)
i=1 i=1 i=1
So, the sequence {(AY), . ,A,(Ql) 2, is bounded, and there must be a convergent subse-

quence, say, converging to (A, ..., Ap1). By (3.8) and (3.2), we have



and thus A; = - -+ = 4,4, i.e., the limit of the subsequence has the form (fl, e ,fl). Suppose
that there is another convergent subsequence converging to (B’ e ,l-?). By (3.9), we have
A> Band B> A, ie., A= B. Thus, the bounded sequence {(AS”, . ,A,(Ql)}jfil has only

one limit point; so it is convergent.

Argument 2 Let R, =[], es R(AJ), A)). Then (3.8) is equivalent to

1 < Ry < (R)YF, (3.10)

Take i # j (without loss of generality, ¢ > j). The multiplicative triangle inequality for R,
and the fact that R(X,Y) > 1 for any X,Y gives us

R(A, A <HR (A, AN ) < H R(AD, AD) = R,. (3.11)
k=j p,q)ES

We will show that the sequence Am is Cauchy to establish its convergence. To do this we

bound R(A"Y, A" and then convert it to a norm-wise bound via (3.4). Using (3.11) and
(3.10) we have

A)50), A7)

ANz, GAT L ADY)

J

RAT A = R(G(
R(G(

(
(

AN
—
B
=
Y
=

J#
I]:I%I/k
JF#i

R,
]%1/k

r—1

IN

IN

]%1/kr 1

VAN

Let Ry =1+ «a. Then Rl/k <1+ a/k™'. So by (3.4) we have

AT — AP < (RYYT - 1M <

where M = max{||4;|| : j=1,...,k+ 1}. Thus

EE: H[4§T4*1) ji:
r=1 r=1

That is, {AZ(T)} is a Cauchy sequence, and hence is convergent.

10



Now, we show that the newly defined G(Ay,..., Axy1) satisfies property (3.6). To this
end, take any positive definite matrices Ay,..., Ax.1 and By, ..., Byi1 and consider the
sequences

(A7 AT Y2 and (B, BY) )Y

r=1 r=1-

Then for any r > 1 and j € {1,...,k+ 1},

J

1/k
R(AYY BIY = R(G((A)igg), GUBM)izg) ) < {HR(A“’ B-““))} .

So,

D) )y T ) ) Yk " )
[T RAT, By ™) < TT (TTRA", By =TI R(A", B").
j=1 =1 \izi ‘

At the limit (A,...,A) and (B, ..., B), we have

o k+1
R(A, B)* < [ R(A;, B;).

=1

On taking (k + 1)th roots we have the bound in (3.6).

Finally, consider properties P1-P9. These properties can be easily proved by induction
and the fact that they are known to be true for k = 2. To illustrate that we prove
P3: For k > 2 we have G(Ay,...,Ay) = G(4;,, ..., A;,) for any permutation (iy,...,1d) of

(1,...,k).

We know that the result is true for £ = 2. Now let us assume it is true for k£ and prove it
for k+1. Let (i1, ..., ix41) be any permutation of (1,...,k+1). Let B; = A;;,j = 1,...,k+1.
We will prove by induction that B;T) = Ag) fory=1,....,k+1and r=2,3,.... The result

is true for r = 1 by assumption. Now assume the result for some r > 1 and prove it for r+ 1.

B")

r—+1
By Dis)
Az(‘r )l#
)

J

I
Q Q@

 )its)
Ani )msﬁi]‘)
(r+1)

J

((
((
((

[
=~ Q

Now that we have shown that Bj(.r) = Ag) for j=1,....,k+1and r = 2,3,..., it follows
that
(B,...,B) = lim (B",...,BY))) = lim (A, ..., A" Y= (4,... A).

r—00 r—00 77 et

Thus

G(Ail,...,A ):B:A:G(Al,...,Ak+1>

lg+1

11



as desired. O
Since G(Ay, ..., Ay) is order preserving, it also preserves positive definiteness. In fact, if
Ay, ..., Ay are positive definite and Ay (A;)] < A; < Apax(A4;)1 for i =1,... k, then

1/k

k 1/k i
(H >\min<Ai)> 1 S G(Al, N ,Ak) S (H )\max(Ai)> I.

Now extend the definition of the geometric mean to the case of positive semidefinite
matrices according to the standard procedure mentioned in Section 1. Then the extended
geometric mean satisfies P1 P10 as well as P6'.

Theorem 3.3 For any positive semidefinite matrices Ay, ..., Ay
k
ran(G(Ai, ..., Ap)) = [ ran(4;), k=2,3,.... (3.12)
i=1

Proof. Take positive definite A;. (i = 1,2,...,k;e > 0) such that 4, | A; (i =1,2,...,k)
as € | 0. Notice that by P10

G(Are,. . Are) 2 k(AT + o+ A DT

By definition the left hand side converges to G(Ay, ..., Ax) while it is known [1] that the

right hand side converges to the so-called harmonic mean H(Ay,. .., Ax) of Ay, ..., Ay and
that

ran(H(Aq, ..., Ay)) = O ran(A4;).

Since the order relation for a pair of positive semidefinite matrices implies the inclusion
relation of their ranges, we have

ran(G(Ay, ..., Ag)) D Qran(Ai).

To prove the reverse inclusion, notice that by P6’ we have for any orthoprojection )
G(RQAIQ, ..., QAQ) > QG(Ar,..., AQ.
By taking as @ the orthoprojection onto ker(A;) and noting QA;Q = 0, by P2 we can see

G(07 QA2Q> R QAkQ) =0 2 QG(AD S 7Ak)Q

which implies that
ker(A;) C ker(G(Aqy, ..., Ag)).

By taking the orthogonal complements of both sides, we are led to the inclusion

ran(A;) Dran(G(Ay, ..., Ag)).

12



Since the same is true for each A; in place of A;, we can conclude
k
() ran(A;) D ran(G(Ay, ..., Ax)).
i=1

This completes the proof. |

The next result states that certain statements about G(A;, A2) extend immediately to
G(Aq, ..., Ag) for k > 3. Denote by P, the set of r x r positive semidefinite matrices.

Theorem 3.4 Let ¢ : P, — P,, be monotone, continuous from above, and continuous in
the interior of P,. Suppose

G(o(X), ¢(Y)) = ¢(G(X,Y))

is positive semidefinite (respectively, negative semidefinite or zero) for any X,Y € P,. Then
50 18

G(o(4)) — d(G(A)) (3.13)
forany A= (Ay,..., Ar) € P* and any k > 2, where ¢(A) = (¢(Ay), ..., 0(Ar)).

Proof. Our proof is by induction on k. Assume that we have the result for £ > 2 and
we wish to prove it for k + 1. Then for any A = (Ay,..., A1) € Pl and ¢ > 0, let
A. = (A1 +¢€l, ..., Agyq +el). By the induction assumption,

T(p(A)) = T(p(Ar+el),...,¢(Ap +el))

(G((o(As +el)izr), - .., G(((Ai + €] )izrr1)))
((G((As +el)iz)), - .-, O((G(Ai + €1)izrr1)))
= ¢(T'(A.)).

[terating this we have
T (p(AL)) > (T (As)), r=1,2,....

For any § > 0, we have T"(¢(Ac) + (L, ..., 1)) > T"(¢(Al)). So,
T (p(A) +6(1,....1) > o(T"(AL), r=1,2,.... (3.14)

Letting  — oo, we have T"(¢(Ac) + 0(1,...,1)) — G(¢(Ae) +0(1,...,1)). Note that each
coordinate in 77 (A.) is larger than or equal to €/, and hence belongs to the interior of P,.

By continuity of ¢ on the interior of P,, we see that the right side of (3.14) converges to
?(G(Ae)) as r — oo. Hence, G(p(A.) +0(1,...,1)) > ¢(G(A:)), and

G(6(A)) = lim G(&(A) + (1., 1)) = 6(G(A).

Now, by the monotonicity of ¢ and G, we conclude that G(¢(A4)) > ¢(G(A)). O

There are several inequalities one can derive from this result.

13



Let ® be a positive linear map such that ®(I) is positive definite. Clearly ® is mono-
tone, continuous from above (and continuous on the set of positive definite matrices just as
mentioned for the geometric mean in Section 1). Then it is known that

(7 V)20 2=2 = (47) am) 20

(see, e.g., [3, Corollary 4.4 (ii)]). Note that the assertion Z = Z* is essential. So now, by
definition D2, it follows that ®(G(X,Y)) < G(®(X), ®(Y)). Thus by Theorem 3.4,

O(G(A)) < G(P(A)) (3.15)

for any A = (A, ..., Ag) € PF with k > 2.
If we take

6(X) = ﬁlxxxx

where \; denotes the ith largest eigenvalue, then we obtain the fact that for any p x p positive
definite matrices Ay,..., Ay and any 1 <r <p

1/k

[A(G(s-woo ) < TT (T

=1

and
1/k

ili)\i(G(Al, LAY > ﬁ (ﬁ Ai(A,)>

i=r \l=1

We could partition a positive semidefinite matrix X as

X X12)
X = ( L
X1y Xoo

and take ;
(X — XX X, O) _ (SX O>
$(X) = ( 0 o) L0 0/

That is, Sx denotes the Schur complement. It is known [9] that the generalized Schur
complement can be characterized by

SA:maX{X:A2<)O( 8)} (3.16)

This implies the monotonicity and the continuity from above of the map A — S4. Since

All A12 SA 0 Bll B12 SB 0
— > = >
A (Aa A22>—(0 0)’ and B <B;<2 322>—(o 0)'

14



using monotonicity, we have

G(A,B):A#BZ(%A 8)#(503 8):(5/”8&53 o) (3.17)

Now, by the inequality (3.17) and the extremal representation (3.16), we have
Scap) = G(Sa, Sp).

Thus for any positive semidefinite Ay, ..., Ay we have

Here let us pause to show that the Schur complement is useful for giving a representation
of certain geometric means. For simplicity, with the orthoprojection

(3 )

let us abuse the notation X;; - P for the matrix
(5" o)
0 0/
Let us show that for positive semidefinite A
A#P =552 . p (3.18)

Now, by D2 the geometric mean G(A, P) is the solution of the extremal problem

maX{XZO: (321, )Fi) 20}

It is easy to see that positive definite X satisfies the inequality on the left hand side if and
only if X = PXP and X? < A. Then by the extremal representation (3.16) of the Schur

complement this implies X2 < S, - P. Since the square-root function preserves the positive
semidefinite order, we have

X<sy*.p

The matrix Xy = Si/z - P satisfies the conditions PXyP = X and X2 < A. This proves the
asserted relation.
Notice that for positive definite A

SA = (A_l)l_lla

we can write

A#P = (A Y] P (VA>0). (3.19)
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If we take ¢(A) = C,(A), be the ¢-th multiplicative compound of an n x n matrix A

(1 < ¢ <n), then D3 in Section 2 shows that C (G(A;, A2)) = G(C,(A1), Cy(A2)); thus for
any A= (Aj,..., A) € P¥ with k > 2 we have

Recall the ¢th additive compound A, is defined by

AL (A) = ting CalA+ 1) = Cu(A)

t—0 t

Let

(5 )20 =gy 7).

Since the multiplicative compound preserves the positive semi-definite order we have

W = lim CQ(K +t]) - CQ(K) > 0.

t—0 t -

One can check that
_ Ag(A) Ay(G(A, B))
X=(aictanm am) )

is a principal submatrix of the positive semidefinite matrix W, and so X is itself positive
semidefinite. Thus,
G(Ag(A), Ag(B)) = Ag(G(A, B)).

So taking ¢ = A, we have
G(Ag(A)) = Aqg(G(A))

for any A = (Ay,..., A;) € P¥ with k > 2.
To conclude this section, we observe that our geometric mean satisfies the following
functional characterization.

Proposition 3.5 The function G in Definition 3.1 is the only family of functions fy : P¥ —
P,, k=2,3,... that satisfies

2. fr maps any k-tuples of positive semidefinite matrices to a positive semidefinite matrix
and it is monotone and continuous from above.

3. fr maps any k-tuples of positive definite matrices to a positive definite matriz and it
18 CONLINUOUS.

4o fe((A)i)) = frulfemr((Ai)iar) - from1((Ai)in)) for k=3,... n,.

16



This can be viewed as a functional characterization of . Unfortunately, the fourth
condition, which certainly is desirable, does not seem to be essential for a geometric mean.

One may wonder whether the properties P1-P9 are sufficient to characterize the geometric
mean of more than two matrices. They are not sufficient, at least in the case of 2 x 2 matrices,
as we show in Section 6.

We note that Dukes and Choi have proposed a geometric mean in the case £k = 3 in
unpublished notes [4]. Their mean is the same as ours, but their convergence proof is very
different, not entirely clear, and appears to apply only to the case k = 3.

4 Other definitions of geometric means

In this section we show that extensions of some scalar definitions of the geometric mean
and the definitions of the geometric mean of more than 2 positive definite matrices in the
literature fail to satisfy at least one of the properties P1-P9, and that some even fail to
satisfy one of the minimal properties P1-P6.

First let us see whether any of definitions D1 — D5 of G(A, B) in Section 2 extend easily
to 3 matrices. Since three of more positive definite matrices may not be simultaneously
diagonalizable by invertible congruence, it is not possible to use D1 for extension. It is not
clear how to extend the definitions D2 and D3, but definition D4 suggests that we define the
geometric mean G, (A, B,C) to be AY3UBY3V (/3 where U and V to be unitary such that
AYBUBY3V /3 is positive definite. However, AY3UBY3V C'/3 > 0 depends on the choice
of U, and V. This is most easily seen when A, B, C' are all diagonal, and (U, V) = (P, P*)
where P is a permutation other than the identity.

The definition D5 generalizes to £ > 2 very naturally, and satisfies many, but not all of
the desired properties. We dedicate the next section to it.

Let us now consider some other potential geometric means that generalize the scalar
(commutative matrix) case. One may define

log(A o oe(A
Gea:p(Ah...,Ak):eXp{og( 1)+ + Og( k)}

k

This definition satisfies many of the conditions, but, even in the case £ = 2, it is not
monotone — because the exponential is not monotone on the space of Hermitian matrices,
that is, X > Y # X > ¢V,

There are Hermitian matrices X > Y such that exp(X) % exp(Y)!. Let

X,=Y,=Y, Xb,=X-Y, and Y, = 0.

!Consider /
3 01\ (21 3/2 0\ _
ceans (00) - (2 3)= (8 1) oy
Then P FYER
exp(X)=e <E_i1 e+i1>, while exp(Y)z( 0 1).
2 2

17



Then X; > V) and Xy > Y, Let A; = exp(2X;) and B; = exp(2Y;), for ¢ = 1,2. Then,
because 2.X; and 2Y; commute and the exponential is monotone on IR, we have A; > B;, for
1 =1,2. However,

exp {log(Al) + log(As)

2 } = exp(X) Z exp(Y) = exp {bg(Bl) + log(Bs) } .

2
One may try to define the geometric mean recursively in terms of # by
Gree(A, B, C) = (A4 BY?) 4 C*°.

The right hand side appears not be symmetric in A, B, and C and indeed it is not. Here is
an example. Let us consider 2 X 2 matrices and let

1 0
P=(y o)
Recall that from (3.19) we have

A#P=(AH]? P VA>o.

1 0

Now,takeB:]andC:P:(o 0

) . Then

Grec(Av B’ C) = Grec(Aa I? P)
(A4/3#I4/3)#P2/3
= (AVPHD#P
A2/3#P
(AL P

A similar calculation yields
Grec<A7 Ca B) = <A74/3)1711/4 - P.

S0 Gree(A, B,C) = Gree(A,C, B) if and only if (A"¥3)1{* = (A%3)1/*, but this is not
generally true. Here is an example:
2 1
~2/3 _
= (1)

2T (exp(X) — exp(Y))z = 2%~ — €32 — 1 = —0.045...

Taking = = [1, —1]7, we have

Thus exp(X) # exp(Y).

18



Then (A*2/3)i{2 = /2 while (A*4/3)i{4 = /5.
Another idea that has been used in the scalar case to prove the arithmetic-geometric
mean inequality is to define

G4rec(A7 Ba 07 D) = (A#B)#(C#D)
and then define G34 to be the unique positive definite solution X to
Gurec(A, B, C, X) = X.

This fails because G, itself is not symmetric in its arguments. Take 2 x 2 positive definite
matrices A and B, and P as above, then

Guree(A, B, P, P) = (A#B)#(P#P) = (A#B)#P
= ((A#B) )" P =(AT%B ), P
while
Gurece(A, P, B, P) = (A#P)#(B#P)

= (A7 PHB TP

= (A Hu(BHu) P
Again these two are not the same since

(A7 #B ) < (A (B~ H)"?

and typically equality does not hold; for example, consider

-1 __ 4 0> _1_(8 2)
A—(OlandB—22.

In this case ((A™1)11(B~")11)Y? = 4v/2, but (A'#B")1; = 2(v/3 + 1) by Corollary 2.2.
There is a special case when G4, is a permutationally invariant function of its arguments:

Proposition 4.1 If A, B,C, D are positive definite nxn matrices such that A#B = C#D =
G. Then
(A#C)#(B#D) = (A#D)#(B#C) = G. (4.1)

Proof. First observe that if A#B = G then B = GA™'G. Secondly, for any positive definite
matrices X, Y

(XY V(XY 1) = (XHY ) (X#Y) ™ = 1.
So now
G [(A#C)#(B#D)G
= G Y(A#GD'G)#(GA™'G#D)|G~Y/?
— (G—1/2AG—1/2#G—l/QGD—lGG—l/Q)#(G—1/2GA—1GG—1/2#G—1/2DG—1/2)
— (G—l/ZAG—1/2#G1/2D—1G1/2)#(Gl/QA—lGl/Q#G—l/ZDG—l/Q)
= [
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For the last equality we have used the second observation with X = G~/24G~'/? and
Y =GYV2DGY2. O

Trapp proposed two possible definitions for Gz [10], and we will define them below.
Anderson Morely and Trapp extended them to k matrices with k£ > 3 in [2]. For two positive

definite matrices, define A : B = (A~' 4+ B~1)~! which is twice the harmonic mean of A and
B. For three positive definite matrices A, B, C, define the symmetric means

P(A,B,C) = (A+B+C)/3
Py(A,B,C) = [A:(B+C)+B:(C+A)+C:(A+ B)]/2,
®3(A,B,0) = 3(A ' +Bt+CH
and define
®, (A, B,C) = (9,(A, B,C), (A, B,C), ®3(A,B,()) .

Then the sequence {®’, (A, B, C)}>2, will converge to a triple of matrices with all components

equal. This common limit is called the upper AMT mean and is denoted by G,.,(A, B, C).
Furthermore, define

Gamt

(A,B,C) =G,

amt

(A_l, B—l7 C—l)—l

as the lower AMT mean, and Go,.¢(4, B,C) = G/,.,(A, B, C\#G,..(A, B,C) as the AMT

mean. Unfortunately, none of the three functions satisfies P2 — joint homogeneity. Take

2 1 11
A:(l 1),B:<1 2),0:12.

Numerical computation shows that G,.;, Gune, Game for (A, B, C) are:

(1.1587 0.5793> (1.1507 0.5754) (1.1547 O.5774>
0.5793 1.1587/7 \0.5754 1.1507 /)7 \0.5774 1.1547)°

where as the corresponding means for (A, B,8C') are:

<2.3030 1.1393) <2.2996 1.1376> <2.3013 1.1385>
1.1393 23030/ \1.1376 2.2996 /" \1.1385 2.3013/°

So,
G3(A, B,8I) # 2G3(A, B, 1)

for any of these three AMT means. Nevertheless, we will give some computational formulae
related to them in the last section.
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5 Kosaki mean

Kosaki [7] proposed a definition of the geometric mean of k positive definite matrices, which
after later modification of the integral form by Kubo and Hiai, resulted in the following
definition. Let

k
o;>0(=12...,k) and > o;=1

j=1
For A; >0 (j=1,2,...,k) define
k Sk
Aj—l} {HA].J }d)\l---d/\k,
=1 j=1

1
A7...,A;Oé,...,OZ défi
( 1 k 1 k‘) H‘];:]_ F(Oéj>/A {

k7

where

k
A {0 =0 (h=1,2,.,0), YN =

j=1

The Kosaki mean on k positive definite matrices is

GL(Ar.. A = (An..., Agl/k,... 1/k) (5.1)

= w62

The reason for denoting this mean by G rather than G will become apparent later. An
attractive feature of (5.1) is that if the A; commute then we have a weighted geometric mean:

(Al,...,Ak;Oq,...,Ozk):A(fl---Agk. (53)
Let us show that in the case & = 2 this is indeed equal to #. We have the integral identity

SR (P Y N § CORD A () o
0 {Aa7t+ (1= N)bt}ats (o +5) |

With @ = 8 =1/2 and T'(1/2)* = 7, so for any C' > 0

! /01 e+ @ -N) A2 (1=

™

01/2 —
Thus
A#B _ A1/2(A71/23A71/2)1/2A1/2

— 71T/01 {/\B—1 + (1 - A)A—l}—l{)\—lm (1 )\)—1/2}(1)\.
= GE(A B).
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It is easy to show that G- satisfies properties P1-P6. Some manipulation of integrals
shows that G satisfies P7 (homogeneity), at least in the case k = 3.

However, numerical computation shows that G} does not satisfy the determinant identity
P9, nor self duality P8. Incidentally, when n = 2 and k = 3, G}; does satisfy P9, but it still
does not satisfy P8.

There is an easy way to modify G} so that the result is self dual. Define

Gr(A,B,C)=GR(A, B, )™,

and set

The resulting geometric mean still satisfies conditions P1-P7, and by construction P8 also.
However, numerical computation (below) shows that the new G still does not satisfy the
determinant identity.

How did we compute Gk (A, B,C)? We computed G} (A, B,C) as follows. First, since

GL satisfies congruence-invariance
GL(A, B,C) = CV2GL(C™V2ACV? o= 2 BC—Y2 )O3,

We can reduce the double integral representation of G to a single integral in the special
case that C' = I:
I'(2/3) —2/3

G?((A, B,I)=H(A,B) = W /Ol[u(l B u)]72/3 (uAil +(1- U)Bfl) du.

The resulting integral can be numerically evaluated using Gauss-Jacobi quadrature with
weight function u=2/3(1 — u)~%%. Golub and Welch show how to compute the nodes and
weights stably [5].

Do numerical errors invalidate our computations? We believe not, for the following
reasons. Firstly we used well conditioned matrices, so there would be little error in computing
A7l and B~ Tt is known that for positive definite matrices and 0 < u < 1, (uA~! + (1 —
u)B~1)~1 is at least as well conditioned as the worse conditioned of A and B, thus it too is
well conditioned, and we can expect to make only very small errors in the required matrix

computations?. What about the accuracy of the quadrature? The program delivered answers
correct to about 15 digits when A and B were chosen to be scalars. For 3 x 3 matrices, as
we increased p, the number of nodes used in quadrature, we noticed that the computed

integrals appeared to converge, and in the end had a relative difference of about 10714 —

21t follows from [6, Cor 13.6] that if C'is an n x n positive definite matrix, the X, the inverse computed
using the Cholesky factorization and unit round off u (see [6, §2.2] for a precise definition) satisfies

|X — C 72 < 8n*5k(0)||C™|2u + O(u?).

In Matlab u &~ 2 x 10716, so provided that K(C), the condition number of C, and ||C~!|| are not too large,
one can be sure that the computed C'~! is indeed close the true inverse.
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that is, they agreed to about 14 significant figures. We have not performed a careful error
analysis because the above results suggest that our computations are more than accurate
enough to demonstrate that G does not satisfy the determinant identity P9.

Here is a counter-example to the determinant identity: Let

30 1 2 0 1
A=|0 2 1|, and B=|0 3 1
11 1 11 1

Both these matrices have integer inverses, and for any u € [0, 1], the linear combination

uA™! + (1 — u) B! has condition number less than 30. Then using Gauss quadrature with
40 nodes on MATLAB one gets

1.71456842623973  —0.02781758741820 0.61882347867050
Gk(A,B,I)= | —0.02781758741820  1.71456842623973  0.61882347867050
0.61882347867050  0.61882347867050  0.79431436889448

which has determinant 0.99999964649328, not 1. (Incidentally, when we used any number
of nodes between 12 and 40, the computed determinant of G (A, B, I) agreed to 14 decimal
digits.)

Since G satisfies the determinantal identity, but G'x does not (by numerical computation),
if follows that G # G. In the next section we restrict attention to 2 x 2 matrices. We
show Gk does satisfy the determinant identity, but that never-the-less G # G, even in this
special case.

6 Formulae for the 2 x 2 case

We would like to be able to define a geometric mean on k£ > 2 matrices without invoking
a limiting process. However, even for some special 2 x 2 matrices, finding the closed form
analytically does not not seem to be easy as shown in the example below.

In the subsequent discussion, we use the map

@(X)E( T22 —1312> foer(xn I12>'

—T91 T11 To1 T22
The map O(+) is linear, involutive, and anti-multiplicative, i.e.,
O(aA + BB) = aO(A) + O(B), ©%*(A) = A, ©(AB) = ©(B)-O(A). (6.1)
Important is the relation that

O(A)
det(A)

det(©(A)) = det(A) and A '= invertible A, (6.2)
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in particular,

ATt =0(A) (V det(A4) =1).
Further the following relation holds; for A > 0

O(AP) = O(A)P (p€R), in particular O(A)™' =0O(A™).

Example 6.1 If

2 1 11
A:<1 1), B:(l 2), and C =1,

then numerical computations show that

G(A,B,C) = ¢1§ (? ;)

which is equal to ¢(A + B + C) with ¢ > 0 satisfying det c(A+ B + C) = 1.
To prove the result analytically, let (Ag, By, Cy) = (A, B,C), and for r > 1
Ary1 = B#C,, By = CA,, Cr = A#B,.
We prove by induction that there are «,., 3, > 0 such that

Ar = OérA + ﬁrB + ﬁrca
B, = 57“14 +a,.B + ﬁrC7
Cr - ﬁrA + BTB + OéTC.

Clearly, ap = 1 and [y = 0. Suppose that the relations are true for r. Since
det(A4,) = det(B,) = det(C,) =1,

we have, Proposition 2.1,

Ar+1 = (Br + Cr)a
\/2 +u(e(B,)-C,
1
BT’+1 = (Cr + Ar)a
\/2 +1r(6(C,) - A,
1
Cr+1 = (Ar + Br)-

Since

tr(0(A) - A) = tr(6(B)-B) = u(6(C)-C) = 2



and

by the induction assumption

tr(0(B,) - C,) = tr({3.6(A) + O(B) + ,0(C)}{BA + 8B + 0,C})
= 6r(2ﬁr + Bﬂr + 3ar> + @r<3ﬁr + Qﬁr + 3051") + ﬁr(gﬁr + 3ﬁr + 2ar)
= 3a?+ 10,8, + 1133

similarly,

tr(0(C,) - A,) = 3a2 + 10a,.3, + 1152,

and
tr(0(4,) - B,) = 3a2 + 10a,.3, + 1152,

Therefore we have
(0(B,)-C,) = t(6(C,) - A,) = tr(6(A,) B,) = 7.

Then by definition and the induction assumption

A B, + C, (26:)A + (o + Br) B + (o + 5,)C
r+1 == BT’#OT == - \/ﬁ
\/2 +t(6(B,)-C,) W
and similarly
Cr+ A, r+ B ) A+ (26,)B + (o + 5,)C
Br+1 = Cr#Ar = = (Cl{ 5> (26—’_) (O[ B)
\/2+tr<®(Cr) L A) V2E
Ar+Br 7’+ TA+ r+ T‘B—"_QT’C
o aup _ (@ t5) &’;Tﬁ (26,)C
¢2 +r((4,) - B,) ”r
Therefore with
N _ 26, 20,
L= AT, V2 + 302 + 100, 8, + 1152
057‘ + T a’l’ + T
Bry1 = 4 = b

V2% 24 302 + 100, 5, + 1152
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we have

Ar+1 = ar+1A + ﬁrJrlB + ﬁrJrlCa
Br+1 = ﬁr—i—lA + a’r—i—lB + /87”+107
Cry1 = BriA+ BB+ aaC

This completes the induction. Since A, B, C are linearly independent and

G(A,B,C) = Tllrglo A, = rli_)r& B, = rllrglo C,,
we can conclude that
Tllrglo oy = TILIgO 0, = «
and
G(A,B,C)=a(A+ B+ 0C).

Since det (G(A, B, C’)) =1, the value « is determined by

a?det(A+B+C) =1,

so that

1 1 2 1

This completes the proof. O

o =

Next, we prove some formulae for the other geometric means on three 2 x 2 matrices that
may be useful for future study.

Proposition 6.2 If A, B,C > 0 are 2 x 2 and such that det(A) = det(B) = det(C) = 1,
then for the Kosaki mean the following holds:

GL(A,B,C) = aA+ B+~C

where
1 /\1 . (/\1)\2)\3)72/3
= dXidAadA
C T T(1/3)% Jag detOnA + MaB + N0 1S
1 Az - (A1 AgAg) 723
= dX1dAad )
p T(1/3)3 Jas det(M A+ XB + AC) 207
1 Ag - (>\1A2)\3)_2/3
= dA1dXod 5.
7T T(1/3) Jag det(MA + AoB + Ag0) 1208
Moreover,
* (A, B T(A, B
Gr(A,B,C) = Gi(4,B,C) and Gg(A,B,C) = Gk(4,B,C)

= det(GL(A, B, ) \/det(G(A, B,C))
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Proof. For simplicity, write

1
oA, As) = 137 (MA2As) "2 BdA dAod)s.
Then
GH(A,B,C) = /A MA™ £ 0B+ AC ) do (A, Ao, Ag). (6.5)

Since in the present case

we have
GH(A,B,C) = /A OMA + MoB + AC) " do (M, Ao, As)
As det/\(gfj—i/-\i\f;::;iC) do(h; da, do).
Next
Gi(A,B,C) = Gi(A™,B7,C7)7 =GL(6(A),0(B),6(C) "
- oGk BN = LTy
Finally
(A, B.C) = GE(A, B, C)#Gr(A, B,C) = —GKABC)
Vdet(G (A, B,C))
This completes the proof. O

The formula for G given in Proposition 6.2 shows that G satisfies the determinant
identity (P9) when A, B,C are 2 x 2 and have determinant 1. Since Gk can be shown to
satisfy joint homogeneity (P2), it follows that G satisfies P9 for all A, B,C' > 0 (assumed

2 x 2). Thus, both Gk and our new G satisfy conditions P1-P9, but they are not equal.
Here is an example. Take

a=(i 1) 5= 5) o= 1)

Then numerical computation shows that

0.9319 0.6636

0.6636 1.5456

G(A,B,C) = ( 0.6628 1.5444

) . Gk(A B,C) = <0.9320 0.6628) .

Finally, we give a closed formula for the AMT means of 2 x 2 positive definite matrices
A, B, C each of which has determinant 1. Since these means are not jointly homogeneous
this proposition does not yield a formula for general triplets of positive definite matrices.
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Proposition 6.3 Let A,B,C > 0 be 2 x 2 and such that det(A) = det(B) = det(C) = 1.

Then
(A4, B,C) = %Auz . (A—l/?BA—l/Q)l/?’ ) 1211/2,

G+
det(A)!/3

amt

where A, B (and C') are the matrices in the first step of the iterations

A = ;(A + B+ C),
~ 1
B = §{A; (B+C)+B:(C+A)+C:(A+B)}
C = 3(A:B:0)
Moreover,
Giu(A B, C) Gl
G4, B,C) = T and  Gom(A, B,C) = e
B = (Gl 4. B.0) S Y T
Proof. First, note that
C = 3(A'+B 4o
-1
= 3(6(4) +6(B) + 6(C))
= 5 (A+B+0C) = L i
~ det(A+B+C)  det(A)

Next, we show that if C' = pA with p > 0, then

G+

amt

(A, B,O) — p1/3A1/2 . (A—I/QBA—1/2)1/3 X AI/Q.
This is true because

G—i—

amt

(A,B,C) = AYV?.GH

amt

([’A—1/2BA—1/2’p[> . AL/2
and I, A"Y2BA~'2 pI are commuting, and thus

G+

amt

(I,A*1/2BA*1/2,/)[) _ p1/3<A71/2BA71/2)1/3‘

Combining the above observations, we get the formula for G{,,,(A, B, C).

Let (4, By) = (A, B). Then

1
det(A1)1/3

(A, B,C) = A2 (472, A 2) P Ay,

28
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First notice that

and
2B = (A+B+C)—AA+B+C)"A-B(A+B+C)'B-C(A+B+C)'C.
Replacing A, B,C by A~', B~!,C~1, by (6.4) we have
(A—l 4 B—l +C_1) . A—I(A—l 4 B—l +C_1>_1A_1
_Bfl(Afl 4 Bfl 4 Cfl)lefl o Cfl(Afl + Bfl 4 071)71071
= O(A+B+C)—-06(A)6(A+B+C)'e(A)

—O(B)O(A+ B+ C)'e(B) —6(C)0(A+ B+ 0)'0(0)
= 20(B)).

Therefore by (6.6) and (6.4)

G (AT, BT C7H T
_ 1 1/2 ~1/2 —1/2\1/3 12171
= {det(@(Al))l/?)@(Al) (@(Al) O(B1)O(Ar) ) (A1) }
Gl (A B, C)
. 4 -1 amt ) ) .
= O BT Gat(agaa. B.0)
hence
+ (A B + (A B
Goi(A, B,C) = G‘””j(’ O Ga(A,B,C) = Comld,B,C)
det(Gamt(A7 B7 C)) \/det(Gj{mt(A, B, C))
This completes the proof. O

As explained at the end of Section 2, by Proposition 6.3 one can write Gy, (A, B,C) in
a form aA + BB + yC. But the explicit formulas for «, 3, are quite complicated. For the
matrices in Example 6.1 we can show

Gie(A,B,C) = Gamil(A,B,C) = \}g(f ,) = G(4.B,0)
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