A GEOMETRIC CHARACTERIZATION OF
INVERTIBLE QUANTUM MEASUREMENT MAPS

KAN HE, JIN-CHUAN HOU, AND CHI-KWONG LI

ABSTRACT. A geometric characterization is given for invertible quantum measure-
ment maps. Denote by S(H) the convex set of all states (i.e., trace-1 positive opera-
tors) on Hilbert space H with dimH < oo, and [py, p2] the line segment joining two
elements p1, p2 in S(H). It is shown that a bijective map ¢ : S(H) — S(H) satisfies
o([p1, p2]) C [P(p1), P(p2)] for any p1,p2 € S if and only if ¢ has one of the following
forms
MphM* MpT M*
P tr(MpM*) o P tr(MpT M*)’

where M is an invertible bounded linear operator and p” is the transpose of p with
respect to an arbitrarily fixed orthonormal basis.

1. INTRODUCTION AND THE MAIN RESULT

In the mathematical framework of the theory of quantum information, a state is a
positive operator of trace 1 acting on a complex Hilbert space H. Denote by S(H) the
set of all states on H, that is, of all positive operators with trace 1. It is clear that S(H)
is a closed convex subset of T (H), the Banach space of all trace-class operators on H
endowed with the trace-norm || - ||1;. In quantum information science and quantum
computing, it is important to understand, characterize, and construct different classes
of maps on states. For instance, all quantum channels and quantum operations are
completely positive linear maps; in quantum error correction, one has to construct the
recovery map for a given channel; to study the entanglement of states, one constructs
entanglement witnesses, which are special types of positive maps; see [11]. In this
connection, it is helpful to know the characterizations of maps leaving invariant some
important subsets or quantum properties. Such questions have attracted the attention
of many researchers; for example, see [1, 2, 4, 6, 8, 9, 10].

In this paper, we characterize invertible maps ¢ : S(H) — S(H) that satisfies

o([p1, p2]) € [p(p1), #(p2)]  for any p1, p2 € S(H),

where [p1, po] = {tp1 + (1 —t)p2 : t € [0,1]} denotes the closed line segment joining
two states pp, p2. In other words, we characterize maps on states such that for any
p1,p2 € S(H) and 0 <t < 1, there is some s with 0 < s < 1 such that

o(tpr + (1 —t)pa) = 56(p1) + (1 — 5)p(p2).
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This question is motivated by the study of affine isomorphisms on S(H); see [2]. Recall
that an affine isomorphism on S(H) is a bijective map ¢ : S(H) — S(H) satisfying

O(tpr+ (L —t)p2) = td(p1) + (1 —t)d(p2)  for all t € [0,1] and py, py € S(H).
Evidently, we have the implications (¢) = (b) = (a) for a bijective map ¢ : S(H) —
S(H) for the following conditions.

(a) ¢([p1, p2]) C [d(p1), d(p2)] for any p1, po € S(H).
(b) ¢(lpr, p2]) = [#(p1), P(p2)] for any py, ps € S(H).
(c) ¢ is an affine isomorphism.

It was shown in [2] that an affine isomorphism ¢ : S(H) — S(H) has the form
p—=UpU* or p—Up'U*, (1.1)

where U is a unitary operator and p! is the transpose of p with respect to a certain
orthonormal basis for H. Note that unitary similarity transforms correspond to evo-
lutions of quantum systems, and many maps that leave invariant subsets or quantum
properties of the states have the form described in (1.1). One may be tempted to con-
jecture that maps on states satisfying (a) or (b) above also have the forms described
in (1.1). However, this is not true as shown by our results. It turns out that the maps
satisfying condition (a) and (b) are closely related to quantum measurements.

Recall that in quantum mechanics a fine-grained quantum measurement is described
by a collection {M,,} of measurement operators acting on the Hilbert space H corre-
sponding to the system satisfying ) M} M,, = I. Let M; be a measurement oper-
ator. If the state of the quantum system is p € S(H) before the measurement, then

. Mj;pM )
the state after the measurement is tr(z\Z—pA};) whenever M;pM?> # 0. If M; is fixed,

M;pM*
we get a measurement map ¢; defined by ¢;(p) = L ) from the convex subset

tr(M; pM
Su(H) = {p : MjpM} # 0} of the (convex) set S(H) of S]tates into S(H). If M; is
invertible, then ¢, : S(H) — S(H) is bijective and will be called an invertible mea-
surement map. Observe that a measurement map ¢, satisfies (a), (b), and is not of the
standard form (1.1) in general.

In this paper, we show that, up to the transpose, bijective maps on states satisfying

(a) or (b) are precisely invertible measurement maps. The following is our main result.

Theorem 1. Let S(H) be the convex set of all states on Hilbert space H with
2 < dimH < oo. The following statements are equivalent for a bijective map ¢ :
S(H) — S(H).
a) ¢([p1, pal) € [0(p1), G(p2)] for any py, p2 € S(H).

(a) ¢
(b) ¢(lpr, p2]) = [¢(p1), ¢(p2)] for any py, ps € S(H).
(c) There is an invertible bounded linear operator M € B(H) such that ¢ has the

form
M Mg
tr(MpM™) P e (MpT M)

where p’ is the transpose of p with respect to an orthonormal basis.
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It is interesting to note that condition (a) is much weaker than condition (b). For
example, condition (a) does not even ensure that ¢([p1,ps]) is a convex (connected)
subset of [p(p1), d(p2)]. It turns out that the two conditions (a) and (b) are equivalent
for a bijective map, and the map must be a measurement map or the composition of
the transpose map with a measurement map.

The proof of Theorem 1 is done in the next few sections. In Section 2, we will
establish the equivalence of (a) and (b) using a result of Pales [12]. Then we verify the
equivalence of (b) and (c). We treat the finite dimensional case in Section 3. Using the
result in Section 3, we complete the proof for the infinite dimensional case in Section 4.

2. THE EQUIVALENCE OF THE FIRST TWO CONDITIONS

The implication of (b) = (a) is clear. We consider the implication (a)=-(b).

Assume (a) holds. We will prove that ¢([p, o]) = [¢(p), ¢(o)] for any quantum states
p,o. If p= o, it is trivial. Suppose p # o.

Note that p,0 € S(H) are linearly dependent if and only if p = 0. So, if p,o
are linearly independent, then ¢(p), (o) are linearly independent as ¢(p) # ¢(o) by
the injectivity of ¢. Let HT (H) be the real linear space of all self-adjoint trace-class
operators on H. As ¢ is injective, we must have ¢(]p, o) C]o(p), ¥ (0)[ for any p,o €
S(H), where |p,03]= [p,0] \ {p, o} is the open line segment joining p,c. So by Pales’
result [12, Theorem 2|, there exists a real linear map ¢ : HT (H) — HT(H), a real
linear functional f : H7T (H) — R, an operator B € ‘HT(H) and a real number ¢ such
that

o) = LT g
flp) +c
hold for all p € S(H). Thus, for any p,o € S(H) with p # o and any ¢ € [0, 1], there
exists s € [0, 1] such that

fp)+c>0 (2.1)

o) = (o) = LB (Yo + B
¢(tp+ (1 —t)o) = sé(p) + (1 — s)p(0) OET: +(1 )—f(g) -
On the other hand, by the linearity of ¢ and f, we have
_ Yp+(1—t)o)+ B
o(tp+ (1 —t)o) = i (1= to) ¥ o
_ Y(p) + B L V(o) + B

fltp+(1—t)o)+c
Write A\, = f(tp+ (1 —t)o) + ¢, we get
s t 1-s 1—t
(f</0) te o )\t,p,U)Op(p) tE (f(a) +te o Atp,o
As p # o, ¢(p) and ¢(o) are linearly independent. This implies that ¢(p) + B and
(o) + B are linearly independent, too. It follows that
t s 1-1¢ 1—s

Tt (A-to)rc fore ™ Tt (-0o)  To)+c

ftp+ (1 —t)o)+c

(o) + B) = 0.
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Clearly, s is continuously dependent of ¢ such that lim; ,o s = 0 and lim;_,; s = 1. Hence
we must have ¢([p, a]) = [¢(p), #(0)]. Thus, condition (b) holds. O

Denote by Pur(H) = {zr ®@ x : « € H,||z|| = 1} the set of pure states in S(H). The
following lemma is useful for our future discussion.

Lemma 2.1. If condition (b) of Theorem 1 holds, then ¢ preserves pure states in
both directions, that is, ¢(Pur(H)) = Pur(H) .

Proof It is clear that S(H) is a convex set and its extreme point set is the set Pur(H)
of all pure states (rank-1 projections). For any P € Pur(H), if $~(P) € Pur(H), then
there are two states Q, R € S(H) such that Q # R and ¢ '(P) = tQ + (1 — t)R. As
o([p, o)) C [d(p), d(o)] for any p, o, there is some s € [0, 1] such that P = ¢(¢~*(P)) =
O(tQ + (1 —t)R) = sp(Q) + (1 — s)p(R). Since ¢(Q) # ¢(R), this contradicts the
fact that P is extreme point. So ¢! sends pure states to pure states. Similarly, since
o([p,a]) 2 [6(p), ¢(0)] for any states p, o, one can show that ¢ maps pure states into
pure states. Il

3. PROOF OF THEOREM 1: FINITE DIMENSIONAL CASE

In this section we assume that dim H = n < oco. In such a case, we may regard
HT (H) the same as H,,, the real linear space of n x n Hermitian matrices. Since the
implication (¢) = (b) obviously holds, we needs only prove the implication (b) = (c).
We divide the proof of this implication into several assertions. Assume (b) holds.

Assertion 3.1. ¢(1) is invertible.
Let gzﬁ(%) =T. In order to prove T is invertible, we show that ¢ maps invertible states
to invertible states. Note that ¢ has the form of Eq.(2.1), that is, for any p € S(H),

o(p) = %. Since H,, is finite dimensional, the linear map ¢ and the linear functional

f are bounded. So ¢ is continuous. ¢! is also continuous as ¢ preserves line segment
and hence has the form of Eq.(2.1). Thus ¢ maps open sets to open sets. Denote by
G(S(H)) the subset of all invertible states. G(S(H)) is an open subset of S(H). In fact,
G(S(H)) is the maximal open set of all interior points of S(H). To see this, assume
that a state p is not invertible; then there are mutually orthogonal rank-one projections
P, (i=1,2,...n), an integer 1 < k < n and scalars t; > 0 with Zle t; = 1 such that
p =Yk ;P For any ¢ > 0 small enough so that o <min{ti, ty. .., 1}, let

9 9

e =S (ti— )P+ X (55— P
p Z-l( 2k) + j—k+1(2(n . k)) J
Then p. is an invertible state and
€ €
SRR SIS 5 . S——
Hp P Ht — 7,712]f + jfk-‘rlz(n_k) €

It follows that for any state p and any € > 0, there is an invertible state o such that
pe{reSH) |7 — ol <e}. So the trace norm closure of G(S(H)) equals S(H).
Thus G(S(H)) is the set of all interior points of S(H). Since ¢ preserves the open sets,
we have ¢(G(S(H))) € G(S(H)). So ¢ preserves the invertible states. In particular,
¢(£) is invertible. 0
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By Assertion 1, there is an invertible operator R € B(H) such that ¢(£) = RR*. Let
S = R™': then the map ¢ : S(H) — S(H) defined by

S¢(p)S*
tr(Se(p)S*)

is bijective, sends line segments to line segments in both directions, i.e., ¢([p,0]) =
[3(p), d(o)], and satisfies (L) = L.

Assertion 3.2. ¢ maps orthogonal rank one projections to orthogonal rank one pro-
jections.
If{Py,...,P,}is an orthogonal set of rank one projections satisfying Py +- - -+ P, = I,
then there are t; € [0,1] (¢ = 1,...,n) with ¥ ¢, = 1 such that
I -1 ~
—=0() =9

n

(P1+...+Pn)
n

) =t (P1) + - + tad(P) > tid(P)

foreachi =1,...,n. Because ¢(P;) is a rank one orthogonal projection and I /n—t;¢(P,)
is positive semidefinite, we see that 1/n > t; for i = 1,...,n. Taking trace, we have

1= tr([/n) = iti'

Thus, t; = -+ =t, = 1/n. So, I = 3" #(P;). This implies that {$(P,),...,d(P.)}
is an orthogonal set of rank one projections. Hence, ¢ sends orthogonal rank one
projections to orthogonal rank one projections. U
By [12, Theorem 2] again, ¢ has the form of Eq.(2.1), that is,
; v(p) + B
o(p) = —5— 3.1
) flp)+c 3

holds for any p € S(H), where ¢ : H,,(C) — H,,(C) is a real linear map, H,,(C) is the
real linear space of all n x n hermitian matrices, B € H,,(C), f : H,(C) — R is a real
linear functional and c¢ is a real constant with f(p) +¢ > 0 for all p € S(H).

Next we consider the two cases of dimH > 2 and dimH = 2 respectively.

Assertion 3.3. Assume dimH > 2. The functional f in Eq.(3.1) is a constant on
S(H), that is, there is a real number a such that f(p) = a for all p € S(H).

For any normalized orthogonal basis {e;}! |, let P, = ¢; ® e¢;. We first claim that
fle; ®e;) = f(e; ®e;) for any i and j. Since & preserves the rank one projections in
both directions, there is a rank one projection ); = x; ® x; such that

- i®e;))+ B
T Qv =Q; = ¢(F;) = 1?((;2661)):—- o

So
(e, @e)+ B=(f(e; ®e;)+c)(x; @x;).
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Asg(fy=Land L =1%" ¢ ®e;, we have

n | | _¢(Zzln€l®e’)+B lelw(ez(@el)—{—nB
i=1 f(Zz 1n61®61)+c Zlﬁ:li (61®€Z)+nnc

Then
I _ s dei®e)+B) 3L (U(ei®e)+ B) (32)
n %(Z?:l flei®e;) +c) Yo (fles®e)+c) '

On the other hand, by Assertion 3.2, we have

:é Z¢ez®ez Zl/}ilzeez

Thus we get

. v(e; ® e;) —I—B
2: e (3.3)

X el +c
Let A; = ¢(e; ® e¢;) + B and a; = f(e; ® ¢;) + ¢. Then Eq.(3.2) and Eq.(3.3) imply that
A+ A+ ...+ A, A A A,

I =n( )= —+—+... +—.
a,+as + ...+ ay, aq a9 Qp

Note that A; = a;Q;, where QQ; = qg(ez- ® e;) = x; @ x;. Therefore, we get that

a +a + ...+ a, Uy a a an
1Q1 + Q5 Qny _ Q1 | Q2 | auQn
ar+as+ ...+ ay aq as an,

I =n(

It follows that

n(CLlQ1+a2Q2+---+anQn
a+as+ ...+ ay,

):Q1+Q2++Qn

Since {Q;}-, is an orthogonal set of rank one projections, we see that

al—l—ag—i—...—l—an
n

= a] — a2 = ... = Qp.

This implies that there is some scalar a such that f(e; ® e;) = a holds for all i. Now for
arbitrary unit vectors x,y € H, as dimH > 2, there is a unit vector z € H such that
z € [z,y]*. Tt follows from the above argument that f(z ® z) = f(2 ® 2) = f(y @ y).
So f(z ® x) = a for all unit vectors = € H. Since each state is a convex combination of
pure states, by the linearity of f, we get that f(p) = a holds for every state p. O

Assertion 3.4. Assume dimH > 2. ¢ has the form stated in Theorem 1 (c).
Every state is a convex combination of some pure states, i.e. convex combination of
some rank one projections. Therefore, by Assertion 3.3, we have

Y(p) + B

d(p) = o

holds for all p. Then by the linearity of v, it is clear that ¢ is an affine isomorphism, i.e.,
for any states p, o and scalar A with 0 < A <1, ¢(Ap+ (1= A)o) = Ap(p) + (1 — X)¢p(0).
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By a result due to Kadison (Ref. [2, Theorem 8.1]), ¢ has the standard form, that is,
there exists a unitary operator U € B(H) such that ¢ has the form

p(p) =UpU*forall p or p Up'U* for all p.
Now recalled that ¢ is defined by ¢(p) = S¢(p)S*/tr(S¢(p)S*). If ¢ takes the first

form, then we have
¢(p) = tr(S(p)S*)S ™ d(p)(S*) " = tx(Sh(p)S*) S UpU*(S*) .
As 1= tr(g(p)) = tr(S¢(p)S*)tr(S™UpU*(S*) 1), so

1
(S1UpU*(S*)71)

tr(S6(p)S7) = =

Letting M = S™U, we get ¢(p) = ﬁ% for all p, that is, ¢ has the first form stated

in (¢) of Theorem 1.
Similarly, if gz~5 takes the second form, then ¢ takes the second form stated in (c) of
Theorem 1. Il

Assertion 3.5. Condition (c¢) of Theorem 1 holds for the case of dimH = 2.

Assume that dimH = 2. Denote by So = S(H) the convex set of 2 X 2 positive
matrices with the trace 1. Then the map ¢ : Sy — Ss is a bijective map preserving
segment in both directions satisfying gg(%lg) = %_[2. Let us identify Sy with the unit
ball (R?); = {(z,y,2)T € R® : 22 + y* + 22 < 1} of R3 by the following way. Let
7: (R3); — S, be the map defined by

1 1 z T — 1y
T p— —
(@y,2) H2]2+2(:zc+z‘y —2 )

7 is a bijective affine isomorphism. Note that v = (z,y, 2)7 satisfies 2% + ¢y + 22 = 1 if
and only if the corresponding matrix 7(v) is a rank one projection, and 0 = (0,0,0)”
1

if and only if the corresponding matrix is m(0) = /. The map ¢: S, — S, induces a

map ¢ : (R?); — (R3); by the following equation

3p) = 5T+ w(dx ()

Since q~5 is a segment preserving bijective map and 7 is an affine isomorphism, the map ng)
is a bijective map preserving segment in both directions, that is, (ﬁ([u, v)) = [(ﬁ(u), gzg(v)]
for u,v € (R®);. So ¢ maps the surface of (R?®); onto the surface of (R3);. Since
¢(31) = 11, we have that ¢((0,0,0)T) = (0,0,0)7.

Applying the Pales’ result [12, Theorem 2| to ¢, there exists a linear transformation
L : R?® — R3, a linear functional f : R® — R, a vector uy € R? and a scalar » € R such

that f((z,y,2)T) +r >0 and

L((x7 Y, Z)T) + o

A2 = g ) o
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for each (z,y,2)" € (R3);. Since ¢((0,0,0)T) = (0,0,0)”, we have ug = 0 and r > 0.
Furthermore, the linearity of f implies that there are real scalars ry,ry, r3 such that
f((z,y,2)T) = riz+roy +r32. We claim that 7, = ry = r3 = 0 and hence f = 0. If not,
then there is a vector (zg, yo, 20)” satisfying 22 +y32 + 22 = 1 such that f((zo,v0, 20)7) =
r1To + royo + 1320 # 0. It follows that

. L((xo, Y0, 20)")
1= o, Yo, 2 = o
1((z0, Yo, 20)" )| ||r1x0—|—7“2yo+7‘32’o+7“

I

and thus
IL((0, Yo, 20)") || = 10 + rayo + r320 + 7
Similarly
IL((=%0, =0, —20)")|| = =120 — rayo — r3zo + 7.
By the linearity of L we have rixg + royo + 17320 + 7 = —r129 — 2o — 7320 + . Hence

r1To + T2y + 1320 = 0, a contradiction. So, we have f = 0, and thus ngS = % is linear.
Now it is clear that ¢ is an affine isomorphism as 7 is an affine isomorphism. Applying
a similar argument to the proof of Assertion 3.4 and the Kadison’s result, one sees that
¢ has the standard form. Thus, Theorem 1 (c) holds. g

By Assertions 3.4 and 3.5, we get the proof of Theorem 1 for finite-dimensional case.

4. PROOF: INFINITE DIMENSIONAL CASE

In this section we give a proof of our main result for infinite dimensional case. Similar
to the previous section, we need only establish the implication (b) = (c). We begin
with two lemmas.

Let Vi, V5 be linear spaces on a field F, v : F — F a nonzero ring automorphism. An
additive map A : V; — V5 is called a v-linear transformation if A(Az) = v(\) Az for all
x € Vi. The following lemma is similar to [7, Lemma 2.3.1].

Lemma 4.1 Let Vi, V5 be linear spaces on a field F, 7,v : F — F nonzero ring auto-
isomorphisms. Suppose A : Vi — V5 is a T-linear transformation, B : 'V}, — V5 is a
v-linear transformation, and dimspan(ran(B)) > 2. If ker B C ker A and Az and Bx
are linearly dependent for all x € V', then T = v and A = \B for some scalar .

Proof As ker B C ker A, for every x € Vi, there is some scalar A, such that Ax =
A Bx. If Bx # 0, then there exists y € V; such that Bx, By are linearly independent.
Then A\, (Bx + By) = A(z +y) = \;Bx + A\,By. This implies that A, = A1y = Ay.
Moreover, for any a € F, we have A\,, = A\,. If Bx = 0, then Az = 0. Thus it follows
that there exists a scalar A such that Az = ABx holds for all z € V;. So, A = AB and
T = . O

Lemma 4.2 Let S(H) be the set of all states on Hilbert space H with dim H = oo,
and ¢ : S(H) — S(H) a bijective map. If ¢ satisfies that, for any t € [0,1] and
p,0 € S(H), there is s € [0, 1] such that

o(tp+ (1 —t)o) = s¢(p) + (1 = 5)¢(0),
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then, ¢ is continuous and there is an invertible bounded linear or conjugate linear op-
erator T such that
Tex @ Tx

W for all unit vectors x € H.
x

¢(r @ x) =

Proof We complete the proof by checking several assertions. First we restate Lemma
2.1 as:

Assertion 4.1. ¢ preserves pure states (rank one projections) in both directions.

Assertion 4.2. For any x; ® x; € Pur(H) with {z1,z5...,2,} linearly independent,
let

F(xy,...,x,) =C(21,...,2,) UFy(x1,...,2,),
where C(xy,...,2,) = cov{zr; ®z; :i=1,2...,n} is the convex hull of {z; ® x;}I,,

Fo(xy,...,xn) = {Z€S(H)\C(xy,...,x,) : there exists some
W e S(H)\ C(zy,...,x,) such that [Z, W] NC(z1,...,z,) # 0}

Let Hy = span{zy,...,z,}. Then we have

Obviously, C(x1,...,z,) C S(Hy) ® {0}. If Z € Fy(xy,...,x,), then there exists
some W € S(H)\ C(x1,...,2,), t; >0 with > t; =1 and ¢t € (0, 1) such that

Y timi @z =tZ+ (1—t)W.

i=1
Let Py € B(H) be the projection from H onto Hy. As > tix;Qu;—tZ = (1—t)IW >0
and (I — Py) Y i tix; @y = Y oty @ (I — By) = 0, we see that (I — Py)Z =
Z(I — Py) = 0, which implies that PyZ P, = Z and hence Z € S(H,) & {0}.

Conversely, assume that Z € S(Hy) @ {0}. Since C(z1,...,x,) C S(Hy) ® {0}, we

may assume that Z is not a convex combination of {z; ® x;}I ;. Because {x;}!', is a
linearly independent set, there exists an operator S € B(H,) such that {e; = Sx;},
is an orthonormal basis of Hy. Then, consider

i=1 i=1 i=1
It is clear that for sufficient large a; > 0, Y 1", a;e; ® ¢, — SZS* > 0, and hence,
W =>%",ax; ®x; —Z > 0. This entails that

Yot @x; 1 74 tr(W) ( w )
D i D it >y @i tr(W)”
that is, Z € Fy(z1,...,x,) C F(xy,...,2,). This finishes the proof of Eq.(4.1). O

Assertion 4.3. For any finite-dimensional subspace Hy C H, there exists a subspace
H; with dim H; = dim H, such that

¢(S(Ho) @ {0}) = S(H1) @ {0}.
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Assume that dim Hy = n. Choose an orthonormal basis {z;}! , of Hy. Then by
Assertion 4.1, there are unit vectors u; € H such that ¢(z; ® =;) = u; ® u;. It
is clear that {u;}, is a linearly independent set. Let H; = span{u;}!,. Then
dim H; = n, and by Eq.(4.1) in Assertion 4.2, we have F(xy,...,z,) = S(Hy) @ {0},
F(uy,...,u,) = S(Hy)®{0}. Since the bijection ¢ preserves segments and pure states
in both directions, it is easily checked that ¢(F(x1,...,2,)) = F(ui,...,u,), and the
conclusion of Assertion 4.3 follows. U

Assertion 4.4. For any finite dimensional subspace A C H, there exists a subspace
H), C H with dim Hy = dim A and an invertible linear or conjugate linear operator
My : A — Hj such that

QaMapM{Qn
PrpPy) =

for all p € S(A), where Py and @) are respectively the projections onto A and H,.
Moreover, the M, can be chosen so that My, = My,|a, whenever A; C As.

Let Hy be a finite dimensional subspace of H and let {ej,es,...,e,} be an or-
thonormal basis of Hy. By Assertion 4.1 there exist unit vectors {us, ug, ..., u,} such
that ¢(e; ® ;) = w; ® u;. Let Hy = span{uy,ug,...,u,}. By Assertion 4.1 again,
dim H; = n = dim Hy. It follows from Assertion 4.3 that, for any p € S(H), PoypPo = p
implies that Pi¢(p) Py = ¢(p). Thus ¢ induces a bijective map ¢q : S(Hy) — S(Hy) by
oo(p) = &(PopFo)|m,. Applying Theorem 1 for finite dimensional case just proved in
Section 2, we obtain that there is an invertible bounded linear operator M : Hy — H;
such that ¢y has the form

. MpM* = Mp" M*
P tr(M*Mp) P tr(M*MpT)’
where p? is the transpose of p with respect to the orthonormal basis {ej, e, ..., ¢e,}.

In the last case, we let J : Hy — Hy be the conjugate linear operator defined by
JOOO &Ge)) = D &y, and let M’ = MJ. Then, M’ : Hy — H, is invertible
conjugate linear and ¢g(p) = % for all p € S(Hy). Therefore, the first part of
the Assertion 4.4 is true.

Let A;, i = 1,2, are finite dimensional subspaces of H and M;s are associated opera-
tors as that obtained above way. If A; C A, then, for any unit vector x € Ay, we have

Meelhe _ gy @ g) = Mez@Max 14 follows that M2 and Myz are linearly dependent.

| M7z (| M2z
By Lemma 4.2 we see that Ms|x, = AM; for some scalar A. As trgz\ﬁ})pf?%};p) = tr?ﬁ%p),
we may choose My so that Ma|y, = M;. O

Assertion 4.5. There exists a linear or conjugate linear bijective transformation 7T :

H — H such that

TeQTx
e ©2) = T

for every unit vector € H and T|, = M, for every finite dimensional subspace A of
H.
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For any = € H, there is finite dimensional subspace A such that z € A. Let Tx =
Myx. Then, by Assertion 4.4, T : H — H is well defined, linear or conjugate linear.
And by Assertion 4.1, T" is bijective.

Note that Pales’ result (Theorem 2 in [12]) holds true for the infinite dimensional
case. Since ¢ preserves segment, by [12, Theorems 1-2], there exists a linear operator
I':HT(H) — HT(H), a linear functional g : HT (H) — R, a scalar b € R and some
operator B € HT (B) such that

I'p+ B

o(p) = 4.2

=55 (12
for all p € S(H), where HT (H) denotes the set of all self-adjoint Trace-class operators
in B(H) and g(p) +b > 0 for all p € S(H). O

Assertion 4.6. The functions g, I' in Eq.(4.2) are bounded and hence ¢ is continuous.
Note that, for any py, ps € S(H) and any ¢ € (0, 1), there exists some s(t) € (0, 1)
such that

P(tpr + (1 = t)p2) = s(t)d(p1) + (1 — s(t))d(p2).
Combining this with Eq.(4.2), one gets
tFp1+(1—t)Fp2+B . I'py+ B 1 s Ips + B
tg(p1) + (1 = t)g(p2) +b g(p1) +b 9(p2) +b°

Note that different states are linearly independent. Comparing the coefficients of I'p;
in Eq.(4.3), one sees that

(4.3)

B t(g(p1) + )
s(t) = tg(p1) + (L —t)g(pa) +0° (44

It follows that s(t) — 1 whent — 1. If p=>""  t;p; € S(H) with p; € S(H), one can

get some p; so that ¢(p) = (3o tipi) = D21y pid(pi), where 300 & =300 pi = L.
Similarly we can check that

i — ti(g(p:) +0)
b tig(e) +

Suppose that p, p; € S(H) with p = >0 t;p;, where t; > 0 and > .-, t; = 1. Then
o(p) = ¢(Zfik1 tipi) .
= BT 1) Tl (- S ) Sl ()
= sd(Xi (sg)pi) + (1 = 50) (L (ot )Po)-

(4.5)

Thus there exist scalars q(k) > (0 with Zle qi(k) = 1 such that

)

k

Sk(b(Z(Z] 0 Zsqu
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According to Eq.(4.4), Eq.(4.5), and keeping in mind that ¢ is a linear functional, a
simple calculation reveals that

t

(S ) 9 (Do) +0)
S = : = — .
Tk tjxg(zi;l(ﬁmw—zﬁzl Ik (i P (4.7)
(Z?:l tj)(g(Zf:ﬂZk — )pi)+b)
— j=1"
o 9(p)+b ’
t; . b t; . b
o (7)) +0) (g )(g(ei) +0) s
7 - k t; ) - k t; ' 9 .
Zz‘:l(zfvzl % )g(pi) +b g(zz:1(2§:1 t )pi) + b
and

g(p) +b
(k

Observe that siq; ) is independent of k. Since Zle t; — 1 as k — oo, we must have
s, — 1 as k — 0o. Eqs.(4.6)-(4.9) imply that

i ti(g(ps) +b) 1

—~ g(p)+0
and
¢(§:tmi) = i(%)d)(m). (4.10)
In particular, we have a -
g(il tip) = i () 7

We assert that sup{g(p) : p € S(H)} < co. Assume that sup{g(p) : p € S(H)} = 0.
Then, for any positive integer 7, there exists p; € S(H) satisfying that g(p;) > 2°. Let
Po = Do) 9:Pi Ok = S i, then oy, — po, and

k k

g9(ox) = Z %Q(Pz’) > Z 1=k

i=1 i=1
Since g(p;) > 0, by Eq.(4.11), we have g(po) > g(ox) > k for every k, contradicting to
the fact that g(py) < oo. Now the fact g(p) + b > 0 for all p entails that there exists
a positive number ¢ such that sup{|g(p)| : p € S(H)} = ¢. Thus g is continuous on
HT (H) and

llgll = ¢ < 0. (4.12)

Since
ITpll < ||Tp+ Bl + |Bl| < |ITp+ Bt + 1Bl = g(p) + b+ || B]| < c+ b+ || B]|

holds for all p € S(H), it follows that T"is || - |[¢|| - || continuous from HT (H) into
itself. Hence, if p,, p € S(H) and || - ||tp-limy 00 pr = p, then || - [|-limy, 00 ¢(pn) = ¢(p).
However, convergence under trace-norm topology and convergence under uniform-norm



INVERTIBLE QUANTUM MEASUREMENT MAPS 13

topology are the same for states [15]. Hence we have || - ||¢-limy, 00 #(pn) = 0(p), ie.,
¢ is continuous under the trace-norm topology. O

Assertion 4.7. The operator T in Assertion 4.5 is bounded.
For any finite dimensional subspace A C H, let M, be the invertible linear or conju-

gate linear operator stated in Assertion 4.4. Then for any p € S(H) with range in A,

Tp+B _ QAMApMiQna Th
906 = Tu(Mapdry) - U8

we have

Lp+ B = A\,QaMypMiQx,

where

__g(p)+b
P tr(MapM3)
For any 0 € S(H) with range in A and o # p, and for any 0 < ¢ < 1, by considering
tp+ (1 —t)o one gets

/\p = )\tp+(17t)0' = )\O"

This implies that there exists a scalar d > 0 such that A\, = d for all p with range in A.
Use Assertion 4.4 again, it is clear that d is not dependent of A. Thus, the equation

tr(MapMy) = d~'(g(p) + D)

holds for all finite rank p € S(H). In particular, for any unit vector = € A, by Assertion
4.6, ||g|| < oo and we have

[Mpz|* = d ™ (g(z ® z) +b) < d7 (llgl + [B]) < oo,

which implies that || My < +/d=1(||g|| + |b]). It follows that, for any unit vector z € H,
we have |[Tal| < /@ (gl + o) and hence |IT]| < v/ (Tgl + oI

The proof is finished. u

Now we are in a position to give a proof of the main theorem for infinite dimensional
case.

Proof of Theorem 1: infinite dimensional case. Similar to the finite dimensional
case, we need only to show (b) = (c).

Assume (b). By Lemma 4.2, there is a bounded invertible linear or conjugate linear
operator T such that ¢(z ® =) = :ﬂa}@;ﬁf = ﬂfj‘%ﬁg* for all unit vectors x € H. Let p
be any finite rank state. Then there exists a finite dimensional subspace A of H such

that the range of p is contained in A. By Assertion 4.4 in the proof of Lemma 4.3, we

_ (QAMN)p(QAMA)*  _  TpT*
have ¢(p) T tr((QAMA)p(QAMA)*) — tr(TpT*

S(H) and, by Lemma 4.3, ¢ is continuous, we get that ¢(p) = % for all states p

as desired, completing the proof. Il

7 Since the set of finite-rank states is dense in
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