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Abstract

For a square matrix A, let S(A) be an eigenvalue inclusion set such as the Gershgorin region,
the Brauer region in terms of Cassini ovals, and the Ostrowski region. Characterization is obtained
for maps ® on n x n matrices satisfying S(®(A) — ®(B)) = S(A — B) for all matrices A and
B. From these results, one can deduce the structure of additive or (real) linear maps satisfying
S(A) = S(®(A)) for every matrix A.
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1 Introduction

Motivated by pure and applied problems, researchers often need to understand the eigenvalues of
matrices. For example, in numerical analysis or population dynamics, a square matrix A satisfies

™ = 0 if and only if each eigenvalue has modulus less than 1; in stability theory of

lim,,— o0 A
differential equations, the solution of the system of differential equations ' = Az is stable if and
only if all the eigenvalues of A lie in the left half plane; in the study of quadratic forms a Hermitian
matrix is positive definite if and only if all the eigenvalues are positive real; see [2]. However, it is
sometimes difficult to compute the eigenvalues efficiently and accurately, due to reasons such as the
dimension of the matrix is too high, there are numerical or measuring errors in the entries, etc. So,
researchers consider eigenvalue inclusion sets; see [2, 5]. For instance, the well known Gershgorin
theorem asserts that the eigenvalues of a matrix lie in the union of circular disks centered at the
diagonal entries with radii determined by the off diagonal entries (see Section 2). These eigenvalue
inclusion sets give effective ways to estimate the location of the eigenvalues for matrices. To further
improve the estimate, one may apply simple transformations such as diagonal similarities to a

matrix to get better or easier estimates of the location of the eigenvalues of a given matrix.
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In this paper, we study maps on matrices leaving invariant the eigenvalue inclusion sets such
as the Gershgorin region, the Brauer region in terms of Cassini ovals, and the Ostrowski region
(see Sections 2, 3, and 4, respectively). The study of maps on matrix spaces leaving invariant some
properties, functions or subsets is known as preserver problems. Early study on the subject focused
on linear preservers; i.e., linear maps having the preserving properties; see [3] and its references.
Recently, researchers work on more general preservers; see [4] and its references.

In our study, let S(A) be an eigenvalue inclusion set for the matrix A. We characterize maps
® on square matrices satisfying S(®(A) — ®(B)) = S(A — B) for any two matrices A and B. It is
shown that such ® are real affine maps. From our results or proofs, one can deduce the structure

of additive or (real) linear maps satisfying the following:
S(A) =S(2(A4)). (1.1)

Note that if one just assumes that a map ® satisfies (1.1) for every matrix A, the structure of ®
can be quite arbitrary. For instance, one can partition the set of matrices into equivalence classes
so that two matrices A and B belong to the same class if S(4) = S(B). If ® sends each of these
classes back to itself, then ® satisfies (1.1) for every matrix A.

We will always assume that n > 2 to avoid trivial consideration. The following notation and
definitions will be used in our discussion.

M,,: the set of n X n complex matrices.
{En, E12, ..., Enn}: the standard basis for M,,.

P,,: the group of permutation matrices in M,,.

DU,,: the group of diagonal unitary matrices in M,,.

GP, ={DP:D e DU,, PecP,}: the group of generalized permutation matrices in M,

2 Gershgorin Regions

In this section, we consider preservers of the Gershgorin region of A = (a;;) € M,, defined by
G(A) = Up=1Gr(A),
where for k =1,...,n,

Gr(A)={n€C:|u—aw| <R} with Rep=) |agl.
ik

It is known that G(A) contains all the eigenvalues of A; one may see [2, Chapter 6] for general

properties of G(A).
Theorem 2.1 A map ® : M,, — M, satisfies
G(®(A)—®(B)) =G(A—- B) for all A,B € M, (2.1)

if and only if ® is a composition of maps of the following forms:



A1Qn
(1) A : for A € M,, with rows A1,...,A,, where Q1,...,Q, € GP, are such that

A?’LQ’VL
the (j,j) entry of Q; is 1 for j =1,... n.
(2) A— PAP'+ S, where P € P,, and S € M,,.

(3) A= (ars) — (Yrs(ars)), where s is either the complex conjugation map z — Z or identity

map z — z, and the latter always occurs if r = s.

It is easy to verify that maps of the form (1), (2), and (3) in the theorem indeed satisfy (2.1).
Hence the sufficiency of the theorem is clear. To prove the necessity part of the theorem, we need

some lemmas.

i2m/n

Lemma 2.2 Let w=¢ and

r= 1_wk~'e{1 n—1}ke{l,...,n} (2.2)
=1 by ) e . .
Suppose ;1 € C\T'. Then R € P, is such that the set of entries of the vector p(w,w?, ..., w") —
(w,w?, ..., w")R equals {(n — D)w? : 1 < j < n} if and only if R = I,,.

Proof. The sufficiency is clear. To verify the necessity part, assume that the kth entry of the
vector p(w,w?,...,w") — (w,w?,...,w")R equals pw® —w® with k # i. Then pw® —w’ = pw’ —w’
for some j € {1,...,n} so that u(w’/ — w*) = w! —w'. If j =4, then j # k and hence u = 0 =
(1—w")/(1—w);if j #4, then g = (1 —w*7)/(1 —w' 7). This contradicts the fact that u ¢ T'. [

The next lemma should be known to researchers on distance preserving maps. We include a

proof for completeness.

Lemma 2.3 Let V. = C*™. A map f : V — V satisfies (1(f(z) — f(y)) = li(x — y) for all
xz,y € V if and only if there is z € V and Q € GP,, such that f has the form

(1, ..y zm) — (fi(z1), . f(zm)Q + 2,

where f; is either the identity map p — p or the complex conjugation p — [i.

Proof. The sufficiency is clear. We consider the converse. We divide the proof into two

assertions.

Assertion 1 Let B={zx € V:/{i(z) <1} and £ ={zx € B: z # (u+v)/2 with different u,v € B}
be the set of extreme points of B. Then x € £ if and only if x has only one nonzero entry with
modulus 1.

Proof. Let x = (x1,...,zm) € B. We consider three possible cases.



Case 1 Suppose z has a single nonzero entry at the jth position with |z;] = 1. If u =
(ut,...,up),v = (v1,...,v,) € B satisfy = (u +v)/2, then z; = (u; + v;)/2. Since |z;| =1 >
lujl, |vj|, we see that u; = v; = ;. Because u,v € B, all other entries of v and v must be zero.
Thus, z = u = v. Hence z € £.

Case 2 Suppose z has a single nonzero entry at the jth position such that |z;| < 1. Then there
exists a 6 # 0 such that |z; + 6|, |z; — 0] < 1. We can then let u = (0,...,0,2; +6,0,...,0),v =
0,...,0,z; —6,0,...,0) € Bsuch that = (u+v)/2. Thus, = ¢ £.

Case 3 Suppose = € B has at least two nonzero entries, say, at the jth and kth positions
such that x; = pje'’i, x, = pre'™ and pj, pr € (0,1), where p; + pr < 1. Then there exists u =
(u1,. .., up) with two nonzero entries, namely, u; = de'®s and u, = —de'™* with min{p;, pr} >3 >0
so that  + u,z — u € B are different vectors and x = [(x + u) + (x — u)]/2 ¢ &.

Combining these three cases we see that x € £ if and only if « has only one nonzero entry with

modulus 1.

Assertion 2 The map g(x) = f(z) — f(0) is real linear and satisfies g(£) = &, and f has the
asserted form with f(0) = z.

Proof. By the result in [1], we know that g(z) = f(z) — f(0) is real linear. Note that g(z) =0
if and only if 0 = ¢1(g(z)) = ¢1(x), i.e., x = 0. Hence ¢ is a real linear injective map, and therefore
is bijective. As a result, g(B) = B. Clearly, + = (u + v)/2 for distinct u,v € B if and only if
g(x) = (g(u) + g(v))/2 with distinct g(u), g(v) € B. Thus, g(€) = €.

Let {e1, e2,. .., em} be the standard basis for C*™. Because g(€) = €, we see that g(e;) = pje,,
for some r; € {1,...,m} and p; € C with |pu;| = 1. Since £1(e; + ver) = l1(g(ej) + vg(er)) for
all v € R and j # k, we see that (r1,...,7,) is a permutation of (1,...,m). Now, g(ie;) = vjes,
for some s; € {1,...,m} and v; € C with |v;| = 1. Since ¢1(ej + viej) = Ci1(g(e;) + vg(iej))
for all v € R, we see that s; = r; and v; € {ip;, —ip;}. Thus, g has the form (x1,...,2,) —
(fi(x1),..., fm(zm))Q, where fi,..., fr, and @ satisfy the conclusion of the lemma. Thus, f has

the asserted form. OJ

Proof of Theorem 2.1. The sufficiency is clear, as remarked before. We consider the necessity.
Replacing ¢ by the map X — ®(X) — ®(0), we may assume that ®(0) =0 and G(®(X)) = ¢(X)
for all X € M, in addition to the assumption that G(®(A) — ®(B)) = G(A— B) for all A, B € M,,.
Let T" be defined as in Lemma 2.2.

@2m/n - There is a permutation matrix P

Assertion 1 Let D = diag (w,w?,...,w" 1) for w = e
such that P®(D)P! = D. Furthermore, if u € C\ T, then P®(uD)P' = uD.

To verify the assertion, note that G(®(uD)) = G(uD) = {uw’ : 1 < j < n}. Hence, ®(uD)
has digonal entries pw’ with j = 1,...,n, and all off-diagonal entries equal to zero. Thus, there is
a permutation matrix P such that P®(D)P! = D. We may assume that ®(D) = D. Otherwise,

replace ® by the map A +— P'®(A)P. Suppose u € C\ T'. Then

G(®(uD) — ®(D)) = G(uD — D) = {(p — Dw? : j =1,...,n}.



Thus, the vector of diagonal entries of ®(uD) — ®(D) equals u(w,w?, ..., w") — (w,w?,...,w")R
for some R € P, and the entries constitute the set {(u — 1)w’/ : 1 < j < n}. By Lemma 2.2, the
(4,7) entry of ®(uD) is pw’ for each j =1,...,n, i.e., ®(uD) = uD.

Assertion 2 Assume that P in the conclusion in Assertion 1 is I,. Then ®(Wj) C Wj for

k=1,...,n, where

Wi = ZajEkj SQ1y ey A1, Qg 1, -+ -, ap € C
J#k

Moreover, define @, : C*(n—1) _, ¢lx(n—1) by

(bk(aly ey AQk—1, k41,5 - - - )an) - (b17' . 'abk—hbk—l-l) .. abn)

if @3 ;2 ajExj) = 3221 bjErj. Then @y satisfies the conclusion of Lemma 2.3 with z = 0.

To prove the assertion, let A =3 ., a;Ey; € Wy, and ®(A) = B = (b;). Let p € (0,00) \ T
satisfy p|l —w| > >_, ) |agj| = Ri. Then ®(uD) = pD by Assertion 1. Moreover, since G(B) =
G(A) ={z€C:|z| < Ry},

min{plw’ —w!|:1<i<j<n}=p|l —w| >Ry >max{|bj|:1<j<n} (2.3)
Thus,
G(uD — B) = G(®(uD) — B(A)) = G(uD — A) = {pw? : j £k} U{y: by — puet| < Ry},

For i = 1,...,n, the (i,i) entry of uD — B equals pw’ — b;; is the center of one of the disks
in G(uD — A). Thus, pw' — b; = pw’ implies that plw® — w’| = |by| < pll —w| by (2.3). Tt

n—1

follows that ¢ = j and b; = 0. Thus, 4D — B has diagonal entries pw, pw?, ..., pw™ ', u. Since

G(uD — B) = G(uD — A), we see that only the kth row of B can have nonzero off diagonal entries,
Now, define ®j, as in Assertion 2. Since G(®(A1) — P(A2)) = G(A; — Ag) for any A;, Ax € Wy,
and ®(0) = 0, we see that £1(®y(u) — ®(v)) = 1(u — v) for all u,v € C*=1_ Thus, the last

statement of Assertion 2 follows.

Assertion 3 The map ® has the asserted form.
By Assertion 2, we may compose the map ® with maps of the form (1) — (3) described in the

theorem and assume that
(I) @(uD) = puD whenever € C\T, and (II) ®(X) = X whenever X € U}_, Wj,.

Under conditions (I) and (II), we will show that ®(A) = A for each A € M,,. First, we consider
the special case when A = uD + B with p € C\ I and B € W), where G(A) consists of n disjoint
disks with at most one of them having positive radius. Suppose ®(A4) = C' = (¢;5). Let v > 0 be



such that v,vu ¢ T’ and G(vuD — A) = G(u(v — 1)D — B) consists of n connected components.
Then ®(vuD) = vuD by (I), and

GvpD —C) =G(®(vuD) — ®(A)) = G(vuD — A) = G(u(v — 1)D — B)

consists of n circular disks with only one of them having positive radius. Considering the centers
of the n disks, we conclude that the diagonal entries of vuD — C equal u(v — 1)w’ for j =1,...,n.
Similarly, since G(C') = G(A) consists of n disks, we see that C' has diagonal entries lying in
{pw? : j =1,...,n}. Suppose the cj; = paw” such that k # j. Then the vector of diagonal entries
of ®(vuD) — ®(A) equals vu(w,w?, ..., w") — p(w,w?, ..., w")R for some R € P,,, and has entries
which constitute the set {u(v — 1)w/ : 1 < j < n}. It follows that the vector v(w,w?,...,w") —
(w,w?,...,w")R has entries in {(v — 1)w’ : 1 < j < n}. By Lemma 2.2, we see that cj; = pw?.
Since G(C) = G(A), we see that only the kth row of C can have off-diagonal entries. Since
G(®(A)—®(B)) = G(A— B) = {pw’ : 1 < j < n}, we see that ®(A) — ®(B) is a diagonal matrix,
which is uD. It follows that ®(A) = uD + ®(B) = uD + B.

Next, we consider a general matrix A = (a;;) € M,. Suppose ®(A) = C = (¢;5). Let p €
(0,00) \ T be such that G(uD — A) consists of n disjoint disks. Moreover, we can choose pu > 0
such that p|l —w| > >7%_(Jajj| + |cjj|) so that pwl — c¢jj # pwk — agg for any j # k. Since
®(uD) = uD, G(uD — C) = G(®(uD) — ®(A)) = G(uD — A). By our choice of u, we see that

pwd — Cjj = pwd — aj; so that c;; = aj; for j = 1,...,n. Furthermore, since

G ND+ZakjEkj_C =GP /LD—I—ZakjEkj —(I)(A) =G MD+ZakjEkj_A 5
J#k J#k J#k

we see that

Gy, uD-l—ZakjEkj—C' :{,uwk—ckk}.
7k

Thus, ag; = cy; for all j # k. Since k is arbitrary, we see that C' = A as asserted. O

Corollary 2.4 Let ® : M,, — M,,. The following conditions are equivalent.

(a) The map ® is real linear and satisfies

G(®(A4)) =G(A) for all A € M,

G(®(A4)) =G(A) for all A € M,

(¢) The map ® has the form in Theorem 2.1 with S = 0.



Proof. The implications (¢) = (a) = (b) are clear. We focus on (b) = (¢). Clearly, X € M,
satisfies G(X) = {0} if and only if X = 0 and thus ®(X) = 0 if and only if X = 0 since
G(®(A)) = G(A) for all A € M,,. For any B € M,, since G(®(B)+P(—B)) = G(®(B—B)) = {0},
it follows that ®(—B) = —®(B). Therefore, G(®(A— B)) = G(®(A) +P(—B)) = G(P(A) — ®(B))
for all A, B € M,,. Thus ® has the asserted form in Theorem 2.1. Since ®(0) = {0}, we see that

S =0 in case condition (2) in Theorem 2.1 holds. The conclusion follows. O

Corollary 2.5 A (complex) linear map ® : M,, — M, satisfies
G(®(A)) = G(A4) for all A € M,

if and only if it is a compositions of maps of the forms in (1) or (2) described in Theorem 2.1 with
S=0.

It is clear that one can have the column vector version of Gershgorin regions. This is the same

as considering G(A?), and we can prove analogous results on preservers.

3 Brauer Regions
In this section, we consider preservers of the Brauer region of a matrix A = (a;j) € M,, defined as
C(A) = Ur<i<j<nCij(A),

with
Cij(A) ={p € C: (1 — ayu)(n — ajj)| < RiR;}

is a Cassini oval, with R; =) ki la;j| as defined in Section 2. The values a;; and a;; are the foci
of the oval. One may see the discussion of the Cassini oval in standard references; for example,
[2, Chapter 6] and Wikipedia. The following facts can be easily verified and will be used in our

discussion.

Lemma 3.1 Let A = (ai;) € My,

(a) The set C(A) consists of a collection of isolated points if and only if A has at most one row
with nonzero off diagonal entries. In such case, C(A) coincides with the spectrum of A.

(b) If |aii — aj;|*> > 4R;R;, then Cij(A) consists of two closed convex regions, each of which
contains a focus. Consequently, if |a; — aj;|*> > 4max{|Rg[* : 1 < k < n} whenever i # j, then
C(A) consists of n disjoint connected regions, each of which contains a diagonal entry of A.

(c) Suppose ayy, is an isolated point of C(A). Then either C(A) is a collection of isolated points
so that (a) holds or the kth row of A has only zero off diagonal entries.

Theorem 3.2 A map ® : M,, — M, satisfies

C(®(A) — ®(B))=C(A—B)  forall A,B € M,



if and only if one of the following holds.
(a) n =2 and ® has the form

Ao p arl u71(a12)> PleS or AP ail uty(ag) P+ s,
vT2(as21) a2 v1a(a12) a

where S € My, P € Py, u,v € C satisfy |luv| = 1, and 7; is the identity map or the conjugation
map for j =1,2.
(b) ® has the form described in Theorem 2.1.

Proof. The sufficiency is clear. We consider the necessity. We may replace ® by the map
A— ®(A) — ®(0) and assume that C(A) = C(P(A)) for any A € M,,.

Case 1 Suppose n = 2. For any p € C, we have C(®(uFE12)) = C(uFE12) = {0}. It follows
that ®(uFE12) = fi(u)E12 + fa(p)Eor with f1(p) fa(p) = 0. Similarly, for any v € C, C(®(vEs)) =
C(vE21) = {0}, we see that ®(vEs1) = g1(v)E12+92(v) E21 with g1(v)g2(v) = 0. Since C(®(uE12)—
®(vE21)) = C(pnE12—vEs9) is a circular disk centered at the origin with radius /|uv|, ®(uFE12) # 0
and ®(vE9;) # 0 whenever puv # 0. Now for any pg, ps € C,

C(®(p1 Er2) — ®(pakh2)) = C(u1E12 — paEr2) = {0}.
We see that

(1) ©(uEr2) = f(p)Erz forall p € C,  or  (2) ®(puEr2) = f(p)E2 for all p € C.

We may assume that (1) holds. Otherwise, replace ® by the map A — ®(A)!. It will then follow
that ®(vEs) = g(v)E2 for all v € C.

Note that C(®(uFE12) — ®(vEy)) = C(uE12 —vEy) = {z € C: |2%| < |uv|}. Thus, we see that
|f(n)g(v)| = |pv|. In particular, f(u) = 0 if and only if = 0, and g(v) = 0 if and only if v = 0.

Since C(®(E11)) = C(E11) = {1,0}, we see that ®(E;;) has diagonal entries 1,0 and at most
one nonzero off diagonal entry. Since C(®(E1;)—P(X)) = ®(E11—X) = {1,0} for X € {E12, Ea },
we see that ®(F11) = E11 or ®(FE11) = E. We may assume the former case holds. Otherwise,
we may replace ® by the map A — P®(A')P! with P = Ej5 + F2;. Then we have ®(F11) = E11,
O(uE12) = f(u)Ei2 and ®(vEs) = g(v)Ea. Now one may use the facts that C(®(uEr1) —
O(F1) = {1 — 1,0}, C(B(uEn) — B(F1z)) = {1,0}, and C((uBn) — B(Ex)) = {40} to
conclude that ®(uFE7;) = pkEy;. Similarly, we can argue that ®(uFa) = uEas.

Up to this point, we may assume that for j € {1,2} and p € C, ®(uEj;) = pE;; and there are
two functions f,g € C — C such that ®(uE12) = f(u)E12 and ®(vEs) = g(v)FE2, with v € C.
Now suppose ®(A) = (b;;) for A = (a;j). Since C(®(A) — ®(ai;Eij)) = C(A — ai;Eij) = {a11, a2}
for (i,7) € {(1,2),(2,1)}, we see that bja = f(ai2) and by = g(a21). For i € {1,2}, since
C(®(A) — ®(uEy)) = C(A — uEy;) for all u € C, we see that by = a;;. Thus,

B(A) = ( an f(a12))

glaz1)  age
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such that |f(a12)g(a21)| = |ai2a91].

Now, for any p1, us € C, since C (®(Fa1 + p1FE12) — ®(uaFr2)) = C(Fa1 + 1B — peE12), we
see that |uf(u1) — uf(u2)| = |p1 — p2| if w = g(1). By Lemma 2.3, we see that uf = 71 is the
identity map or the conjugation map.

Similarly, using the fact that C(®(E12 + v1 E21) — ®(v9FE9)) = C(E12 + v1E9 — 19 E91), we can
show that vg = 79 is the identity map or the conjugation map, where v = f(1).

Combining the above arguments, we get condition (a).

Case 2 Suppose n > 2. We prove condition (b) holds by establishing several assertions. We will

assume I is defined as in Lemma 2.2.

Assertion 1 Let D = diag (w, w?,...,w" !, 1) for w = ¢?™/™. Then there is a permutation matrix
P such that P®(uD)P? has (j,j) entry equal to pw’ for j =1,...,n, for any p € C\T.

The verification to this assertion is identical to that of Assertion 1 in the proof of Theorem 2.1.

In the following, we will always assume that D is defined as in Assertion 1, and the matriz P

in the conclusion is the identity matriz.

Assertion 2 For k € {1,...,n}, if

Wy = ZajEkj:al,...,ak,l,akﬂ,...,anG(C R
ik
then (I)(Wk) - Wk
For any u > 0 and k € {2,...,n}, since

C(®(uD + Ep1)) = C(uD + Ep1) = {pw’ : 1 < j <n},

we see that ®(uD + FEj;) has diagonal entries paw, ..., uw"™ 1 4, and there is at most one row of
®(uD + Ej1) with nonzero off diagonal entries by Lemma 3.1(a). Note that

C(®(uD + Exy) — O(D)) = C(uD + Epy — D) = {(u— 1w/ :1 < j < n}.

Suppose A = >0 5a;E1; # 0. Since C(®(A)) = C(A) = {0}, we see that all diagonal entries
of ®(A) equal zero and there is at most one row of ®(A) with nonzero off diagonal entries. Let
p > 0 be sufficiently large so that the (j, j) entry of ®(uD + Ej) is pw? for sufficiently large pu > 0.
Then

C(@(D + Fra) — B(A)) = C(uD + Fya — A)

is the union of {uw’ : 1 < j < n,j # k} and the Cassini oval with two connected regions containing
the foci pw and pw”, which is two disconnected regions. Thus, ®(uD + Ej;) — ®(A) has nonzero
off diagonal entries in row 1 and row k. Since this is true for all £ € {2,...,n}, we see that the
only nonzero row of ®(A) is row 1. Furthermore, we see that for sufficiently large u, ®(uD + Ej1)

has nonzero off diagonal entries at row k for k € {2,...,n}.



Now, for k € {2,...,n}, let A= 3%, a;Ex; # 0. Since C(®(A4)) = C(A) = {0}, we see that

®(A) has zero diagonal entries and has at most one nonzero row. Since
C(®(uD + Epi) — ®(A)) =C(uD + Eppy — A)

for m € {1,...,n}\ {k} and sufficiently large i, we see that the kth row of ®(A) is nonzero.

Combining the above arguments, we see that Assertion 2 holds.

Assertion 3 Suppose A = (a;j) and ®(A) = (b;;). Then for k € {1,...,n}, we have

(i) boe = ape  and (i) Y beiBr = | Y ag;Eiy
j#k J#k

Step 1 We prove (i). Since C(uD —A) = C(®(uD) —P(A)) = C(uD — ®(A)) for all sufficiently
large p1 > 0, we see that ®(A) has (j,j) entry equal to aj;. See Assertion 3 in the proof of Theorem
2.1.

Step 2 We prove (ii) for the special case when A = (a;;) has two rows with nonzero diagonal
entries such that C(A) consists of n — 2 distinct points and a Cassini oval consisting of two discon-
nected components. Without loss of generality, we assume that the first two rows of A have nonzero
off diagonal entries. Since ®(A) = (b;;) satisfies bj; = a;; for j € {1,...,n}, C(A) = C(®(A))
and C(®(uD + En) — ®(A)) = C(uD + Epy — A) for m € {1,...,n} and sufficiently large
u, we see that only the first two rows of ®(A) have nonzero off diagonal entries. Moreover, for
k=12, C(®(A) — (3,24 akjErj)) = C(A— 3,41 arjEr;j). Thus by Assertion 2, the kth row of
D(A) — DD, 21, anjErj) equals zero, e, 7.y b Erj = (325 44 arjEj)-

Step 3 We prove (ii) for the case when A = (a;;) € M, has a single row with nonzero off
diagonal entries. Without loss of generality, we may assume the first row of A has nonzero off
diagonal entries. Let X € M, have two nonzero rows such that X = uD + 2#1 ayjEv; + Eyj,
peC\T', k#1,and ®(X) = (y;;). By Steps 1 and 2, we see that y; = x;; foralli € {1,...,n}, only
rows 1 and k of ®(X) have nonzero off diagonal entries, and that >, ,; y1;E1; = ®(3_; .41 a1;E1j).

Because

C(D(A) = (X)) =C | (bij) — | kD + > _y1;Er;+ > ukjBrs | | =C(A-X)
i#1 i#k
consists of n distinct points for sufficiently large p > 0, we can conclude that ®(A4) — ®(X) has
only 1 row with nonzero off diagonal entries. Since C(®(A)) = C(A) implies that ®(A) has only
1 row with nonzero off diagonal entries, it follows that this row must be row 1 or row k. As this
result holds for any k € {2,...,n}, we see that only row 1 of ®(A) has nonzero off diagonal entries,

and hence only row k of ®(A) — ®(X) has nonzero off diagonal entries. Therefore the first row of
P(A) — &(X) equals zero, i.e.,

ZbUEU = Zylelj =0 Zalelj

j#1 #1 i#1
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Step 4 We prove (ii) for a diagonal matrix A = (a;;). If ®(4) = B

ajj = bjj for all j € {1,...,n} as in the previous two cases. Since C(B)

= (bsj), then we can show
= C(A) does not contain
a disk with positive radius, we see that B has at most one row with nonzero off diagonal entries.
If B has such a row, then we can find X € Wy so that B — ®(X) has two rows with nonzero off
diagonal entries. But then C(A — X) = C(B — ®(X)) contains a disk with positive radius, which
is a contradiction. Hence, we see that ®(A) = A if A is a diagonal matrix.

Step 5 We prove (ii) for a matrix A = (a;;) € M, with at least three rows having nonzero
off diagonal entries. Let ®(A) = B = (b;;) and k € {1,...,n}. We are going to show that
> ik Okj = P30 24 akjEyy). To this end, let X = (z;;) € M, be such that X has exactly two
nonzero rows indexed by k and k', where the off diagonal entries in these two rows are the same as
those of A = (aij). Moreover, the diagonal entries x11, ..., 2y, are chosen so that

(1) C(X) consists of n — 2 distinct points and a Cassini oval consisting of two connected
components,

(2) C(P(X)—P(A)) = C(X — A) consists of n — 2 distinct points and a Cassini oval consisting

of two connected components which include {xgr — agr} and {xpp — aprp }-

Since we have proved the result for the special cases covering the case for X, if ®(X) =Y = (v;;),
then

Z YkjErj = @ Z rpjEyj | =@ Z akj B
7k 7k 7k
By (2), we see that

Z Yk Er; = Z brj Ej-

J#k i#k
It follows that
Z blchkj =0 Z akjEkj
i#k k#j
Since this is true for any k € {1,...,n}, the conclusion of the Assertion 3 holds.

Assertion 4 Condition (b) in the theorem holds.
By Assertion 2, we may define @, : C1x(n=1) _, ¢1x(n=1) py

Qr(ar, ... ap—1,a811,---,0n) = (b1, bp—1,bp1,- -+, bn)

if @030, ajEkj) = > ;44 bjEkj. We claim that £1(®1(a) — ®1(a’)) = li(a — d') for any a =
(ag,...,ap),d = (ab,...,al) € Cx(m=1 " To see this, consider A, = Z?ZQ a;E; + Ey; and

r'n

A" =30, alEr;. By Assertion 3 and the fact that C(®(Ay)) = C(Ag), Ri(®(A))Re(P®(Ax)) =
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R1(Ag)Ri(Ag) = £1(a). Also, since C(®(Ag) — ®(A")) = C(Ar — A’), by Assertion 3 we have

lti(a—d) = Ri(Ap — A)Rip(Ag)
= Ri(®(Ax) — ©(A) Ry (@(Ar))
51(@1(60 — <I>1(a’))€1(<1>k(1, 0, e ,0))

By Assertion 3, R (®(Ag)) = Ri(P(E)1)). Thus, for k € {2,...,n},
01(®r(1,0,...,0)) = Ri(®(Er)) = l1(a — d')/l1(P1(a) — P1(d")) = v > 0.

Since C(@(Egl) _q)(Ekl)) = C(Egl _Ekl) = {Z (S C: ’Z‘ S 1}, we have 1 = RQ(‘I’(EQI))Rk(‘I)(Ekl)
for k € {3,...,n}. (Here we use the fact that n > 3.) Thus, v = 1, and

l1(a—a') = l1(P1(a) — P1(a))).

So, @1 satisfies the conclusion of Lemma 2.3. Similarly, we can show that &, satisfies the conclusion

of Lemma 2.3 for k € {2,...,n}. Consequently, ® has the asserted form. O

As with the Gershgorin discs, it is clear that one can have the column version of Cassini ovals

by considering C'(A?). However, there is no extension for
Ciji(A) = {p € C: [(n — aii)(n — ajj)(p — are)| < RiRj Ry}

or higher dimensions.

Note that we cannot deduce the structure of additive preservers of C'(A) using Theorem 3.2 as
in Corollary 2.4 because C(A) = {0} does not imply that A = 0. Nevertheless, we can apply a
similar proof to characterize additive preservers of C'(A) and then deduce the results on (real or

complex) linear preservers of C'(A).

4 Ostrowski Regions
In this section, we consider the Ostrowski region of A € M,, defined by
O¢(A) = Up_, Oc i (A),
for a given & € (0, 1), where
Oci(A) = {p € C: | — agr| < Rip(A)P*Ri(AN'%}, ke {1,...,n}.
One may see the discussion of the Ostrowski region in [2, Chapter 6].
Theorem 4.1 Let £ € (0,1). A map ® : M,, — M, satisfies

O¢(P(A) — ©(B)) = O¢(A - B) for all A, B € M,
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if and only if there exist P € P, and maps v;; : C — C, where 1;; is the identity map and for
i # 7, Vij has the form z — vz or z — v;;Z for a norm one complex number v;;, such that one of
the following holds.

(a) (§&,n) = (1/2,2) and the map ® has the form in Theorem 3.2 (a).

(b) There is S € M, such that the map ® has the form A = (a;j) — P(¢ij(aij)) Pt + S.

(c) € =1/2 and there is S € M, such that ® has the form A = (a;;) — P(¢ij(aij))'Pt+ S.

Proof. The sufficiency is clear. We consider the proof of the necessity. The proof for the case
when n = 2 is similar to that of Theorem 3.2. So, we assume that n > 2 and O¢(®(A) — ®(B)) =
O¢(A — B) for all A,B € M,. Replacing ® by the map X — ®(X) — ®(0), we may assume
that Og(®(A)) = Og(A) for all A € M,. Let D = diag(w,w?,...,w" 1) with w = 27/,

Furthermore, let I' be defined as in Lemma 2.2.

Assertion 1 There is a permutation matrix P such that one of the following holds for any p € C\T".
(1) P(I)(EU)Pt = uijEZ-j and P<I>(,uD + Eij)Pt = uD + UijEij with Ui, Vij € C satisfying

|uij| = |vij| =1 whenever 1 <i,j <n and i # j.
(ii) P@(Eij)Pt = uijEji and P(I)(/JD + Eij)Pt = uD + ’l)ijEji with Ujj,Vij € C satisfying
|uij| = |vij| =1 whenever 1 <i,j <n and i # j.

To prove the assertion, let u € C\I'. Suppose v € C is such that v,vu ¢ I'. Since Og(®(vuD)) =
O¢(vpD) = {vpw’ : 1 < j < n}, there is a permutation P (depending on p and v) such that
PO(vuD)P' = vuD + F, where F has zero diagonal entries and R;j(F)R;(F') = 0 for all j =
1,...,n. We will show that condition (i) or (ii) holds. Once this is done, we conclude that P is
independent of the choice of ;1 and v by examining ®(E;;) for 1 <i,j < n.

For simplicity, we assume that P = I,,. Otherwise, replace ® by the map X — P!®(X)P. For
pairs (i, j) with ¢ # j consider V;; = ®(uD + E;;). Since O¢(Vij) = O¢(nD + Eij), we see that Vj;

has diagonal entries paw, . .., pw™ 1, u. Since ®(vpD) and vuD have the same diagonal entries, and
Oc(®(vpD) — Vij) = Oe((v — DD — Eyj) = {(v — Dy’ : 1< j <},

the vector of the diagonal of the matrix (vuD — V;;)/u equals v(w,w?, ..., w") — (w,w?, ..., w")R
with R € P,,, and has entries in {(v — 1)w? : 1 < j < n}. Since v € C\ T, it follows from Lemma
2.2 that V;; = uD + Fj; such that Fj; has zero diagonal and Rk(Fij)Rk(FZ%) =0fork=1,...,n.
For pairs (i,7) with ¢ # j let U;; = ®(Eyj). Since O¢(Us;) = O¢(E;;) = {0} we see that for
k=1,...,n, R(Uij)Rp(U};) = 0 and Uj; has zero diagonal entries. Moreover, Og(Vi; — Uji) =
O¢(uD + E;; — Ej;) contains non-degenerate circular disks centered at pw' and pw’. Considering

the disk with center pw’, we see that either

o Ri(U;) #0 = Ri(Uj;) and Ri(V;) # 0 = Ri(Vj;) or

* R;(Uij) = 0 # R;(U};) and Ri(V];) = 0 # Ri(V;).

Suppose Ry (Uz) # 0 = Ry(Ut,). If Uy has a nonzero (k, j) entry with j > 2, then the jth row
of Uyy is zero as R;(U12)R;(Ufly) = 0. Since Og(Vj1 — U1j) = Og(uD + Ej1 — E4j) contains a unit
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disk centered at pw?, either Rj(Vjtl)Rj(Ulj) #0=R;(Vj) = Rj(Ufj) or Rj(Vﬁ)Rj(Ufj) #0 =
Rj(V}t ) = R;j(U1;). In the former case, O¢(E1; — E12) = O¢(U1j — Ui2) contains a non-degenerate
circular disk; in the latter case, O¢(uD + Ej1 — E12) = O¢(Vj1 — Up2) contains a non-degenerate
circular disk centered at pw?. In both cases, we have a contradiction.

By the above paragraph, only the second column of Ujs can be nonzero. Now, suppose Ujo has
a nonzero (k,2) entry with k& > 2. Then Ry (Ui2) # 0 = Ri(U},). Since O¢(Vin — Urg) = Og(pD +
Ej1 —E1},) contains a unit disk centered at pw”, either R (Vi) Ri(Uik) # 0 = Ri(Vi1) = Ry (U}, or
Ry,(Via) Ri(UL,) # 0 = Ri(Vi) = Ry (Usy). Tn the former case, Og(uD~+ Egy — E12) = O¢(Vi —Ula)
contains a non-degenerate circular disk centered at pw”; in the latter case, O¢(Er — Er2) =
O¢(Ur, — Ui2) contains a non-degenerate circular disk. In both cases, we have a contradiction.
Thus, we conclude that Uyo = ui2E12 for some nonzero uis.

If R1(U2) =0 # Ry (Ul,), we can use a similar argument to show that Uja = u12F2; for some
nonzero ujs.

Applying the above argument to U;;, we see that U;; = u;jE;j or wi; Ej; for pairs (4, j) with
i # ],

Interchanging the roles of U;; and Vj; in the above proof, we see that V;; = puD + v;; E;; or
puD + vi; Ej; for pairs (4, j) with @ # j.

Now, suppose Uiz = u12E12. Since O¢(Vj1 —Ui2) = O¢(uD+ Ej1 — Eq2), we see that Vi1 = pD+
vj1 Ej1 with \u12\5|vj1](1_5) = 1forall j =2,...,n. Next, by the fact that O¢(Vj1 —Uy;) = O¢(uD+
Ej1—Ey;), we see that Uy; = ug; Ejx, such that [ug;|(=9|v;1|¢ = 1 for all (j, k) with j # k, j > 1 and
k€ {1,...,n}. In particular, there is u; such that |uy;| = |u;| for all k # j. Since O¢(U1; — Uj1) =
O¢(Erj — Ej1), we see that Uj; = uj1 By with max{|uq;|¢|uj |09, Jug;| 0O uj|¢} = 1 for j =
2,...,n; since O¢(Vij — Uj;) = O¢(uD + E;j — Ej;), we see that ]vij\§|uj¢|(1*5) =1= |vij](1*5)|uﬁ]5
for all pairs (i,7) with ¢ # j. It follows that |u;;| = |vi;| = 1 for pairs (¢,j) with ¢ # j. Thus,
condition (i) holds.

Suppose Uja = u12FE21. We can use a similar argument to show that condition (ii) holds.

Assertion 2 There exist functions ;; as described in the theorem such that the following holds.
(I) If conclusion (i) of Assertion 1 holds, then P®(vE;;)P' = v;;(v)E;j for all i # j and v € C.
(IT) If conclusion (ii) of Assertion 1 holds, then £ = 1/2 and P®(vE;;)P' = v;;(v)Ej; for all

i # jand v € C.

To prove the assertion, let P satisfy the conclusion of Assertion 1. For simplicity, assume that

P=1,.

(I) Suppose condition (i) in Assertion 1 holds. Consider ®(vE;;). Since
O&(@(VEZ]) —uD — UrsErs> = Og(q)(VE”) — CI)(MD + Ers)) = Of(l/Eij —uD — Ers)

for any pairs (r,s) with r # s, we see that ®(vE;;) = vE;;. Let ¢;; : C — C be such that
(v Eij) = ij(v) Eij.
We claim that |;;(v1) — ¥i;(v2)| = |11 — 1| for any vq, 5 € C. Note that

Og(@(ylEZ‘j—FEﬁ)—(/LD—!—UTSETS)) = Og(@(leZ‘j—FEﬁ)—(ID(/LD-FETS)) = Og(l/lEZ‘j—i-Eji—MD—Ers)
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for any pairs (r,s) with » # s. It follows that ®(v1E;; + Ej;) = vEi; + vj;:Eji. By the fact that
Og(@(l/lEij + Eji) — CI)(VlEij)) = {O}, we see that v = Wj(ul). Now,

O¢(Yij (1) Eij + vjiEji — ¢ii(12) Eij) = Og(®(1 Eij + Eji) — ®(v2Eij)) = O¢((1 — 12) Eij + Eji).

We get the desired conclusion. By Lemma 2.3, v;; has the asserted form.

(IT) Suppose condition (ii) in Assertion 1 holds. We can use a similar argument to that in the
proof of (I) to conclude that ®(vE;;) = 1;;(v)Ej; for all (¢,7) with i # j. Now,

O¢(¥12(2) 21 — ¥31(1) Ers)) = Og(®(2E12) — ®(E31)) = O¢(2E12 — E31).

Thus, |2|1=9 = |2|¢ and hence & = 1/2.

Assertion 3 The map has the asserted form.

To prove the assertion, we may assume that condition (I) in Assertion 2 holds. Otherwise,
replace ® by the map A — ®(A"). For simplicity, we assume that P = I,, and v;; is the identity
map for all pairs (i,7). We will show that ®(A) = A for all A € M,,. Note that if p € C\ T with

sufficiently large magnitude, we will have

05((1)(‘4) —puD — U’V’SET’S) = Og(@(A) - (I)<ND + Ers))
(4.1)
= 05(14 —uD — Ers) = O&(VEZ‘J' + By — uD — Ers)

We consider 5 special cases before the general case.

Case 1 Suppose A = Z}l:l d;FE;; is a diagonal matrix.

Assume ®(A) has a nonzero entry at the (p,q) position for some p # ¢. Since O¢(P(A)) =
O¢(A) = {d1,...,d,}, we see that the pth column of ®(A) is zero. But then we can choose a
suitable y1 € C\ T so that O¢(®(A) — uD — vgpE,p) contains a non-degenerate disk centered at the
p diagonal entry of ®(A) — uD — vy, Eyp, where as O¢(A — pD — Egp) = {d; — pw’ : 1 < j < n},
which is a contradiction. Thus, ®(A) is a diagonal matrix. Since Og(¢p(A) — puD — viaE12) =
O¢(A — uD — Ey) = {dj — pw? : 1 < j < n} for any p € C\T, we see that (4) = A.

Case 2 Suppose A = vE;; + Ej,; with v # 0 and @ ¢ {j,k}.

For notational simplicity, we assume that (i,7) = (1,2) so that A = vE19 + Eo; or (4,5, k) =
(1,2,3) so that A = vEj9+ E3;. It is easy to adapt the arguments to the general case. Assume ®(A)
has a nonzero (p,q) entry with p # ¢ and (p,q) € {1,...,n} x {3,...,n}. Taking (r,s) = (¢,p) in
(4.1), we see that Og(P(A) — uD —vgpEqp) = Oc(A—pD — Egp) has pw? as an isolated point. Since
O (A) — uD —vgp Eyp has nonzero (p, ¢) position, the gth column of ®(A) has only one nonzero entry
at the (¢,p) position equal to vgp. But then Og(uD — ®(A)) contains a non-degenerate circular
disk centered at pw?, whereas pw? is an isolated point of O¢(uD — A), which is a contradiction.
Similarly, if ®(A) has a nonzero (p,q) entry with (p,q) € {k,...,n} x {1,2} with k¥ = 3 or 4
depending on A = vEj9 + F91 or A = vEj9 + E3;. Taking (r,s) = (¢,p) in (4.1), we see that
O¢(®(A) — uD — vgpEyp) = O¢(A — nD — Eyp) has pw? as an isolated point. Thus, the pth row of
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®(A) has only one nonzero entry at the (g, p) position equal to vg,. But then using ®(uD) = pD,
we see that O¢(uD — ®(A)) will contain a non-degenerate circular disk centered at pw?, whereas
O¢(uD — A) does not, which is a contradiction. Thus, ®(A) only has a nonzero entry at the (p,q)
positions with (p, q) € K, where K = {(1,2),(2,1)} or K = {(1,2),(2,1),(3,1),(3,2)} depending on
A=vEjs+FEy or A=vE;3+Es. If A=vE 9+ FEs, then Og(P(A) —vE12) = Oc(A—vE2) = {0}
and Og¢(P(A) — Eg1) = O¢(A — Eo1) = {0}. We conclude that ®(A) = vEjs + Eo. Suppose
A =vEj2+ Es31. Since O¢(®(A) — X) = O¢(A—X) for X € {0,vE12, Ea3, nD + Eq2} for a suitable
e C\T, we see that ®(A) = A as asserted.

Case 3 Suppose A = uD + R, where R has nonzero off diagonal entries in at most one row and
satisfies p|l —w| > 2 or p = 0.

For simplicity, assume that the nonzero off diagonal entries of A = uD + 2?22 ayjFq; lie in the
first row.

For p|1 —w| > 2 since (I) holds, we see that ®(uD + E;;) = uD + v;; E;; with |v;;| = 1 for pairs
(4,7) with i # j. Suppose ®(A) = (yi;). Since Og(P(A) — P(uD + E;j)) = O¢(A — uD — E;;) for all
pairs (7,7) with i # j, we see that y;; = 0 for ¢ > 1 and i # j. Moreover, since O¢(®(A) — P(vE; +
E31)) = O¢(A —vEyj — Eo) for all v € C by Case 2, we see that y1; = aij for j =2,...,n.

Now, suppose 1 = 0. Since O¢(®(A) —P(Eij)) = Oc(A—Ej;) for all pairs (4, j) with i # j, we see
that y;; = 0 for i > 1 and i # j. Moreover, since O¢(®(A) — ®(vEy; + Ea1)) = Oc(A—vEy; — Eo)
for all v € C by Case 2, we see that y1; = aq; for j =2,...,n.

Case 4 Suppose A = a;;Ej; + Zk# a;, Eij, with aj; # 0 and R;(A) # 0.

We may assume without loss of generality that (i,5) = (1,2), a21 # 0, and R;(A) # 0. Let
B(A) =V = (yrs).

There is a choice of p for which Og (Y —pD) = O¢(A—puD) yields ypr, = agp, = 0for k =1,...,n.

We must have y,.; = 0 for » > 2 because
O¢ (Y — (uD + vEy,)) = O¢ (A = (uD + vEy,))

which shows that the latter set will have a degenerate circular disk at —pw” whereas, if y,.s # 0,

the former will have a non-degenerate circular disk at —pw” for v # y1,,. Now if yo1 # 0 then

05 Y — Z alkElk = Og A— ZalkElk = O{ (a21E21) = {0}
k#1 k#1

which implies y1x = aqg for all k¥ # 1. Similarly, if y12 # 0 then yor = ao for all k # 2. Now if
yo1 = 0,912 # 0 then yo1 = a1 # 0 will be a contradiction. Thus yo; = 0 implies y12 = 0, which
implies O¢ (Y) = {0} # O¢ (®(A)), again a contradiction. Hence we have ®(A) = A.

Case 5 Suppose A = (a;;) has exactly two indices ¢ and j with R;(A) # 0 and R;(A) # 0.
For simplicity, assume that ¢ =1 and j = 2. Let ®(4) =Y = (y;;). By an appropriate choice
of 1 and using Og(Y — puD) = O¢(A — uD), we get that yir = agi for K =1,...,n. As before, if
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yrs # 0 for 7 > 2 and r # s, then O¢(Y — uD) = Og(A — pD) implies R, (Y") = 0. Now
O¢ (Y — (uD + Evp)) = Og (A= (uD + Evr)) -

The latter set has a degenerate circular disk at a,.—pw” whereas the former set has a non-degenerate
circular disk centered at that point. Thus we must have y,.s = 0 for r > 2 and r # s.

Now, using essentially the same arguments as in Case 4 yields ®(A) = A. Again, generalizing
to any i and j with i # j, we have ®(A) = A for all A with both R;(A) # 0 and R;(A) # 0.

General Case We complete the proof by now taking A = (a;;) to be arbitrary. Let ®(4) =Y =
(yij). As before, we can get ypi = ar by using pD with an appropriate choice of p.
If Ri(Y") # 0 then using

05 Y — | uD+ Z arj Ej = Og A— | uD+ Z arjEj
J#i J#
we get that the y,; = ay; for all j # k since the latter set has a degenerate circular disk centered

at app — ,uwk.
If R(Y?) =0 then using

Oc |Y — | uD +vEy + Z arj B = O¢ A— | uD+vEy; + Z ay;Ey;
J#i J#i

where @ # j and v # a;;, we conclude that y,; = ap; for all j # k since the latter set has a

degenerate circular disk centered at agy, — pw". ]

One can use a similar proof to obtain the structure of additive preservers of O¢(A), and then

deduce the results on linear preservers.
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