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1 Introduction

Let M, be the algebra of n x n complex matrices. The numerical range of A € M,, is defined
by
W(A)={z"Az : 2 € C" 2"z = 1}

and the numerical radius of A is defined by
w(A) =sup{|z| : z € W(A)}.

These concepts and their generalizations have been studied extensively because of their
connections and applications to many different areas (see e.g. Chapter 1 of [3]). There has
been considerable interest in studying those linear operators L which preserve the numerical
range or radius, i.e.,

W(L(A)) =W(A) for all A,

or

w(L(A)) = w(A) for all A.

For instance, one may see [1, 2, 4, 5, 6, 7, 9, 10, 11] and Chapter 5 of [12]. The purpose of
this note is to solve these problems on T, the algebra of n x n triangular matrices, and D,,,
the algebra of n x n diagonal matrices.

We will use {ey, ..., e,} to denote the standard basis for C", and use {E11, Fia, ..., Enn}
to denote the standard basis for M,,.



2 Preliminaries

In the following, we collect some basic results on W(A) and w(A) that are useful in our
study. One may see Chapter 1 of [3] for general background.

Proposition 2.1 [3, §1.2] Let A € M,,.
(a) W(A) = W (A",
(b) W(A) = W(U*AU) for any unitary U.
(c) W(AA) = AW (A) for any A € C.
(d) WM+ A) =X+ W(A) for any X € C.

Proposition 2.2 [3, §1.3] The numerical range of A € M, is always convex. In particular,

if A € My is unitarily similar to ()(\) )Z\) ), then W (A) is an elliptical disk with Ay and s
2

as foci, and length of minor axis equal to |b].

Proposition 2.3 [3, 1.2.9 and 1.2.10] If A € M,, is unitarily similar to A; © As, then
W(A) = conv{W(A;) UW (Ay)}. Hence, if A is unitarily similar to diag (a,...,a,), then
W(A) = conv{ay,...,a,}.

Proposition 2.4 [3,1.6.3 and 1.6.4] Let A € M,, and A\ € C. Then X is a non-differentiable
boundary point of W (A) if and only if A is unitarily similar to NI, ® Ay such that X ¢ W (A,).

Hence, if W(A) is an n-side convex polygonal disk with vertices Ay, ..., A\n, then A is normal
with eigenvalues \q, ..., A\p.

Proposition 2.5 [3, Problem 1 in §1.2] Let A € M,,. Then W(A) = {\} if and only if
A=

Proposition 2.6 (3, 1.2.11] Suppose B is a principal submatriz of A € M,,. Then W(B) C
W(A) and w(B) < w(A).

Proposition 2.7 [3, 1.6.1] Suppose A € M,, is nonscalar. Then tr A/n belongs to the
relative interior of W(A).

Proposition 2.8 [3, 1.2.5] Suppose A € M,, so that A+ A* has \; and \, as the largest
and smallest eigenvalues. Then

A, M) ={z+Z2:2€ W (A}



3 Linear Preservers of W (A)

This section is devoted to studying the linear preservers of W (A) on D,, or T,,. We begin
with the following relatively easy result.

Theorem 3.1 A linear operator L : D,, — D,, satisfies W(L(A)) = W(A) for all A € D,
if and only if there is a permutation matriz P such that L is of the form A — P'AP.

Proof. The sufficiency part is clear by Proposition 2.1. Conversely, suppose L is a linear
preserver of W (A) on D,,. First, we show that L(Ey;) = Ej; for some 1 < j < n. To this end,
let pn = €™ and A(t) = By 4 t(X)_y p" Ej;) for t > 0. Then W(A(t)) = W(L(A(t)))
is a convex polygonal disk with vertices 1,tu""2, ... tu*". By Proposition 2.4, we see that
L(A(t)) = B(t) € D, has eigenvalues 1,tu""2 ... tu®". Now, for any t;,t, € (0, 1), we have
A(ty), A(ta), (A(t)) + A(ta))/2 = A((t; + t2)/2) € D,, with eigenvalues 1,tu""2 ... tu®" for
t =t1,ty and (t1 + t2)/2, respectively. We conclude that B(t;), B(t2) and (B(t1) + B(tz2))/2
have the same properties, and hence B(t) = E;, ;, +t(> 0, p"t°E;, ;,) for some permutation
(j1,- -+, Jn) of (1,...,n). Taking the limit ¢ — 0T, we see that L(Ey,) = E;
argument, we can show that if r = 2,...,n, then L(E,,) = Ej, ;. for some 1 < j, < n. We
claim that j;, ..., j, are all different. If it is not true, i.e., L(E,,) = L(E,,) = Ej;, ;, for some
p # ¢, then L(Ey, + Eqg) = 2Ej, ;,. But then W(Ey, + Eq) = [0,1] # [0,2] = W(2E;, ;,)
by Proposition 2.3, which is a contradiction. Consequently, L(>"0 ;| s Ess) = >0y pusEj, .-
The result follows. O

By the same

1,J1°

As pointed out by Professor Jor-Ting Chan, Theorem 3.1 actually follows easily from
Theorem 4.1 in the next section, whose proof depends on the knowledge of the isometry for
the sup norm on C". Since the above proof of Theorem 3.1 is independent and not very
long, and it contains some basic techniques illustrating how to use geometrical properties of
the numerical range to study linear preservers, we include it in our discussion.

Theorem 3.2 A linear operator L : T,, — T,, satisfies W(L(A)) = W(A) for all A € T,
if and only if there is a unitary matrix D € D,, such that L is of the form A — D*AD
or A — D*A'D, where A" is the “transpose” of A with respect to the anti-diagonal, i.e,
A = D()AtDO with Do = Eln + E2,n—1 + -+ Enl-

Proof. By Proposition 2.1, W(D*AD) = W(A), W(A) = W(D§ADy) = W(DyAD,)
and W(A) = W(A"). Hence, if L is of the form A — D*AD or A — D*DyA'DyD, then
L(T,) =T, and W(L(A)) = W(A). The sufficiency part follows.

Conversely, let L be a numerical range preserver on T,,. By Proposition 2.5, W(A) = {\}
if and only if A = AI. It follows that L(I) = I. Furthermore, L(A) = 0 if and only if A =0,
and hence L is invertible.

We prove that L is of the asserted form by induction on n > 2. Suppose n = 2. Then
A € T, satisfies W(A) = [0,1] if and only if A = E;; for j = 1 or 2 by Proposition 2.2.
Thus we see that {L(E11), L(F2)} = {E11, Es}. Furthermore, by Proposition 2.2 again, we
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see that for A € Ty, W(A) is a circular disk centered at 0 with radius one if and only if
A = pEy5 with |u] = 2. Hence, L(E12) = poE12 for some g with |po] = 1.

Let D = Ei1 + pgFa. One easily checks that L is of the form A — D*AD or D*A'D
depending on L(E;) = E1y or L(Ey) = Ey.

Now, suppose n > 3 and assume that numerical range preservers on Ty with £ <n —1
are of the asserted form. Consider a numerical range preserver L on T,,. We show that L is
of the standard form by proving a number of assertions.

Assertion 1. There is a permutation matrix P such that L(A) = P'AP for any A € D,,.
Proof. This statement follows from Proposition 2.4 and Theorem 3.1.

By Assertion 1, we see that L(Ey;) = Ej; for some 1 < j < n. For 1 <k < n, let Vi
be the subspace of T,, consisting of matrices with the kth row and kth column equal to zero
row and column, respectively. Furthermore, let X(j) be the matrix obtained from X € T,
by removing the jth row and jth column. We have the following.

Assertion 2. Suppose L(Ey;) = Ej;. Then L(V;) C V;. Moreover, the mapping L :

T, 1 — T,_; defined by L(A) = L([tr A/(n —1)] @ A)(j) preserves the numerical range and
is of the asserted form by the induction assumption.

Proof. For any E,, € Vi, if A(n) = By + pE,, with |u| = 1, then 1 = w(A(p)) =
w(L(A(pw))). If the (4, j) entry of L(E,,) is nonzero, then we can find ¢ € C with |u| = 1 such
that the (7, j) entry of L(Ey; + pE,,) is a positive real number larger than 1. Consequently,
w(A(p)) =1 < w(L(A(n))), which is a contradiction. So, the (4, j) entry of L(E,,) must be
0. Now, if L(E,,) ¢ V;, then L(E1; + E,,) has a nonzero entry at the (j, k) or (k, j) position
for some k # j. But then the 2 x 2 submatrix B of L(Ey, + E,,) lying in the jth and kth
rows and columns will be an upper triangular matrix with nonzero (1,2) entry and with 1
as a diagonal entry. By Proposition 2.2, W(B) is a nondegenerate elliptical disk with 1 as a
focus. By Proposition 2.6, we have w(Ey; + Epy) = 1 < w(B) < w(L(Ey; + E,y)), which is
a contradiction. Hence, L(V;) C V; as asserted.

Now, suppose A € T,,_;. By Proposition 2.7, tr A/(n — 1) lies in the relative interior of

W (A). Note that W(L([tr A/(n—1)]@®A)) = conv {{tr A/(n—1)}UW (L(A))} by Proposition
2.3. If tr A/(n — 1) ¢ W(L(A)), then tr A/(n — 1) is a non-differentiable boundary point of
W(L([tr A/(n—1)]@ A)) = W([tr A/(n—1)]® A) = W(A), which is a contradiction. Thus,
tr A/(n — 1) € W(L(A)) and

W(A) = W([trA/(n—1)]@ A) =W (L(trA/(n—1)] & A))

= conv {{trA/(n — 1)} UW(L(A))} = W(L(A)).

Assertion 3. We have L(Ey) € {En, En} or L(E,,) € {E1, En}. Moreover, one of the
following operators will preserve the numerical range and map FEy; to Ei:

(a) A L(A), (b) A LAY, (¢) Ars L(A), (d) A L(AY.



Proof. Suppose L(Ey) = Ejj such that j # 1,n. Then the operator L defined in
Assertion 2 preserves the numerical range and is of the asserted form. Suppose [~/(B) =
DiBD;. Then L(E,,) = E,,. Suppose f/(B) = DiB'D;. Then L(E,,) = Fi;. Hence, the
first assertion is true. The second assertion follows readily from the first one.

By the above assertion, we may assume that L(F;;) = Ej;. Otherwise, replace it by one
of the three operators in (b) — (d).

Assertion 4. Suppose L(Ej;) = Eqy. Then L is of the form A — D*AD for some unitary
D e D,.
Proof. Define L on T,_; as in Assertion 2, i.e., L(B) = L([tr B/(n — 1)] @ B)(1). Then

by Assertion 2 L preserves the numerical range, and hence is of the form
(i) B— DiBD; or (ii) B— D;B'D;

for some unitary D; € D,,_;. In both cases, we assume that D; = I. Otherwise, replace L
by the map A +— Dy L(A)D? with D, = [1]@ D,. Thus, L is the identity map, or of the form
B+— B

Suppose n = 3. We show that (ii) cannot hold. If it does hold, then L(FEs) = E33 and
hence L(V3) = V3. By arguments similar to those in the proof of Assertion 2, we see that
the restriction of L from V5 to V3 induces a linear preserver of the numerical range on T5.
Thus, there exists p; with |py| = 1 such that L(aE; + bE 3+ cE33) = aFEyy + pbEis + cEa
for any a,b,c € C. Similarly, we can consider the restriction of L on V3 and conclude that
there exists po with |pe| = 1 such that L(aEy; + bE1s + cEq) = aEyy + pebEys + cEsg for
any a, b, c € C. Hence, for

A=a1Ey + ayFa + azEss + b1 By + by Eag + ¢1 B3,

we have
L(A) = a1 E1y + asEss + azEas + pobi Eis + by Eas + 01 Ers.

We may replace L by the mapping A — D*L(A)D with D = diag (u1,1,1). Then, we have
L(A) = a1 Evy + ag B33 + azEy + pb1 By + by Eys + ¢ Eo

with g = po/p1. Now, consider

0 1 1 0 1
A=10 1 1 and L(A)=10 0
0 0 O 0 0

— —= =

One can check that A+ A* has eigenvalues 3,0, —1. Since W(A) = W(L(A)), by Proposition
2.8 L(A) + L(A)* has 3 and —1 as the largest and smallest eigenvalues. Now det(L(A) +
L(A)* — 3I) = 0 implies that y = 1. Next, consider

0 144 i 0 i 1+
A=|0 0 1-i| and LA)=|0 0 1—i
0 0 0 00 0



One can check that A 4+ A* has eigenvalues /5,0, —v/5. Since W(A) = W(L(A)), by
Proposition 2.8 L(A) + L(A)* has £+/5 as the largest and smallest eigenvalues. However,
det(L(A) 4+ L(A)* —/5I) # 0, which is a contradiction. Thus, (ii) cannot hold.

Now, we see that condition (i) is valid. Then L(E,,) = E,, for p = q and (p,q) = (2, 3).
Considering the restriction of L on V, and V3, we conclude that L(FE3) = piEj, and
L(E13) = poEy3 for some puy, po € C with || = |u2] = 1. Again, we may replace L by the
mapping A — D*L(A)D with D = diag (y1,1,1). Then, we have L(E,,) = E,, for all p =g
and (p,q) = (1,2),(2,3), and L(E3) = uEy3 with g = ps/uy. Now consider

0 1 1 0 1
A=10 1 1 and L(A)=10 1
0 0 O 0 0

o T

Then A + A* has eigenvalues 3,0, —1. By Proposition 2.8, L(A) + L(A)* has 3 and —1 as
the largest and smallest eigenvalues. Since det(L(A) + L(A)* — 3I) = 0 implies that p =1,
we see that L is of the asserted form.

Next, suppose n > 4. We claim that (ii) cannot hold. If it does hold, then L(FEy) = E,,
and hence L(V3) = V,,. By arguments similar to those in the proof of Assertion 2, we see
that the restriction of L from V5 to V,, induces a linear preserver of the numerical range on
T, 1. By induction assumption, the induced map is of the asserted form. However, we have
L(Ey) = Eyy and L(E;j) = E,_jion—j+2 for j = 3,...,n, which is a contradiction. Thus,
condition (i) must hold.

Now, L(Vy) = V3 and the restriction of L on Vj induces a linear preserver of the
numerical range on T, ;. By induction assumption, the induced map is of the asserted

form. Since L(E;;) = E;; for i,j > 3, we conclude that there exist p; € C with || =1
and X = [u1] ® I,,_2 so that the induced map is of the form A — X*AX for all A € T,,_;.
Similarly, we can conclude that there exist ps € C with |us| = 1 and Y = [us] @ I,,_o so that
the map induced by the restriction of L on V3 is of the form A — Y*AY for all A € T,_;.
Notice that we have L(FE14) = 1 FE14 by the induced map on Vy and L(E14) = psEr4 by the
induced map on V3. Thus p; = o, and the result follows. a

4 Numerical radius preservers
First of all, we consider the numerical radius preservers on D,,.

Theorem 4.1 A linear operator L : D,, — D,, satisfies w(L(A)) = w(A) for all A € D,, if
and only if there is a permutation matriz P and a unitary matric D € D,, such that L is of
the form A DPAP!.

Proof. Note that L preserves the numerical radius on D,, if and only if the induced map
L on C" defined by L((p1,...,mn)") = (v1,...,vp)", where LX) miEyy) = X5 viEyj,

Jj=1



preserves the sup norm. It is well-known that a linear isometry L of the sup norm on C"
must be of the form v — DPwv for some unitary D € D,, and permutation matrix P. One
can check that the corresponding map L on D, is of the form A — DPAP". a

To characterize numerical radius preservers on T,,, we need the following characterization
of scalar matrices, which is of independent interest.

Proposition 4.2 A matriv A € T, is a scalar matriz if and only if for any B € T,, there
is w € C with |p] = 1 such that w(A + uB) = w(A) +w(B).

Proof. For each A € M,, define
Sa={reC":z"zx=1and |[z"Az| = w(A)}.

Then it is clear that for any A, B € M,, there exists p € C with |u] = 1 such that
w(A+ puB) = w(A) +w(B) if and only if S4 N Sp # 0.

Suppose A = AI. Then Sy N Sp # 0 for any B € T,,. Hence there is u € C with |u| =1
such that w(A + puB) = w(A) + w(B).

Conversely, suppose A € T,, is such that Sy NS # D forall Be T,. For1 < j <n
and B = E;;, we have Sp = {pe; : p € C, |u| = 1}. Since S4 N Sp # 0, we conclude that
the (j,7) entry a; of A has modulus w(A). Furthermore, the (j, k) entry of A must be 0 for
k > j. Otherwise, we can let B be the 2 x 2 principal submatrix of A lying in the jth and
kth rows and columns, and conclude that a; is a focus of the nondegenerate elliptical disk

W(B). It follows that |a;| < w(B) < w(A), which is a contradiction.
Finally, consider B = E; for 2 < j < n. We have

Sp = {mer + pye; : | = |yl = 1/V2}.

Since Sy N Sp # 0, we have |a; + a;|/2 = w(A) = |a1| = |a;|. It follows that a; = a; for all
2<73<n. O

We are now ready to state and prove the following result on numerical radius preservers.
Theorem 4.3 A linear operator L : T, — T, satisfies w(L(A)) = w(A) for all A € T,
if and only if there is a unitary matriz D € D,, and a complex number & with || = 1 such

that L is of the form A ED*AD or A ED*A'D, where A’ is the “transpose” of A with
respect to the anti-diagonal, i.e, A’ = DoA'Dy with Dy = E1p, + Egpo1 + -+ + Ep.

Proof. The sufficiency part is clear. We consider the necessity part. Let L be a numerical
radius preserver on T,,. If L(A) =0, then 0 = w(L(A)) = w(A), and hence A = 0. Thus L

is invertible. Furthermore, L' also preserves the numerical radius.
Let A= L(I). Then for any B € T,, there exists ;1 € C such that

w(A + uB) = w(l + puL ' (B)) = w(Il) + w(L (B)) = w(A) + w(B).
Thus L(I) = &I for some £ € C by Proposition 4.2. Since w(I) = w(&I), we see that || = 1.
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We may assume that & = 1; otherwise, replace L by the mapping A — £1L(A). We
show that L actually preserves the numerical range on T,,. The result will then follow from
Theorem 3.2.

Suppose there exists A € T, such that W(L(A)) # W(A). Then (i) there exists p €
W(L(A))\W(A), or (ii) there exists u € W(A)\W(L(A)). Suppose (i) holds. Since W(A) is
convex and compact, there exists a circle with sufficiently large radius centered at a certain
A € C so that W(A) lies inside the circle, but p lies outside the circle. Hence, for any

z € W(A), we have |z — A\| < |u — A|. Consequently,
w(A—= M) < |p— N <w(L(A) = A]) = w(L(A - X)),

which is a contradiction.
If (ii) holds, we can apply the same argument to L™! to get a contradiction. Thus, we
have W(A) = W(L(A)) for all A € T,, as asserted. O

5 Remarks

In general, linear preservers on T,, may not have nice structures. For example, for spectrum
preservers, invertibility preservers, etc., one can only have some information about the di-
agonal entries, but have no control on the strictly upper triangular part. Nonetheless, it is
worth noting that linear preservers of numerical range and radius on T,, have nice structure.

By Theorem 2.2 in [10], L preserves the numerical range on the matrix space V.= M,,, T,
or D, if and only if the dual transformation L* preserves the state space defined by

S={CeV:trC =12> |trC"A| whenever A € V satisfies || A|| < 1}.

Similar idea has been used in [7]. In any event, one can get a corollary on the dual linear
transformation for each linear preserver of W(A). For V.= M,, or D,,, there is a simple
description of S, namely, it is the collection of trace one positive semidefinite matrices in V.
However, for V = T,,, there does not seem to have an easy description of S.

There are many generalizations of the numerical range and numerical radius. It would be
interesting to consider the corresponding preserver problems on T,, and D,,. For example,
one may consider the k-numerical range and radius preservers on T,, (cf. [4, 9, 11]).

One may also consider extending the results to infinite dimensional context, for instance,
to nested algebras.

Acknowledgement

Research of the first author was supported by an NSF grant of USA. This research was
done while he was visiting the University of Toronto supported by a faculty research grant
of the College of William and Mary in the academic year 1998-1999. He would like to thank
Professor M.D. Choi for making the visit possible and the staff of the University of Toronto
for their assistance. The second author was supported by a grant from the Ministry of Science
of Slovenia. This research began when the first two authors were visiting the University of
Coimbra after the LPP99 workshop at University of Lisbon in the January of 1999. Both of
them would like to thank the colleagues of the two universities for their warm hospitality.

8



References

1]

2]

8]

[9]

[10]

[11]

[12]

J.T. Chan, Numerical radius preserving operators on B(H), Proc. Amer. Math.
Soc. 123 (1995), 1437-1439.

J.T. Chan, Numerical radius preserving operators on C*-algebras, Arch. Math.
(Basel) 70 (1998), 486-488.

R.A. Horn and C.R. Johnson, Topics in Matrix Analysis, Cambridge University
Press, New York, 1991.

C.K. Li, Linear operators preserving the higher numerical radius, Linear and Mul-
tilinear Algebra 21 (1987), 63-73.

C.K. Li, Linear operators preserving the numerical radius of matrices, Proc. Amer.
Math. Soc. 99 (1987), 601-608.

C.K. Li and N.K. Tsing, Linear operators that preserve the c-numerical range or
radius of matrices, Linear and Multilinear Algebra 23 (1988), 27-46.

C.K. Li and N.K. Tsing, Duality between some linear preserver problems: The
invariance of the C-numerical range, the C'-numerical radius and certain matrix
sets, Linear and Multilinear Algebra 23 (1988), 353-362.

A.W. Marshall and I. Olkin, Inequalities: Theory of Majorization and Its Applica-
tions, Academic Press, 1979.

M. Omladi¢, On operators preserving the numerical range, Linear Algebra Appl.
134 (1990), 31-51.

V. Pellegrini, Numerical range preserving operators on a Banach algebra, Studia
Math. 54 (1975), 143-147.

S. Pierce and W. Watkins, Invariants of linear maps on matrix algebras, Linear
and Multilinear Algebra 6 (1978), 185-200.

S. Pierce et.al., A survey of linear preserver problems, Linear and Multilinear Al-
gebra 33 (1992), 1-129.



