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1 Introduction

Let F be a field and F™*" the set of m x n matrices over F. Define a metric d on F™*™ by
d(A, B) =rank(A — B).

Two matrices A, B € F™*" are adjacent, denoted by A ~ B, if d(A, B) = rank(A — B) = 1.

This metric and adjacency relation give rise to an interesting geometrical structure on F™*™,

In mid 1940’s, Hua initiated the study of the fundamental theorem of the geometry of
matrices that concerns the characterization of maps ¢ : F™*"™ — F™*" Jeaving invariant the
adjacency relation, i.e., rank(¢(A) — ¢(B)) = 1 whenever rank(A — B) = 1. Hua also considered
the problem on matrices over a division ring, and his study generated considerable interest and
led to many interesting results; for example, see [8, 9, 11, 13, 18, 20].

Suppose F is the finite field F, with ¢ elements. Then the adjacency relation A ~ B in
F,” " defined above, i.e., A ~ B if rank(4 — B) = 1, gives rise to a graph G = (V,~) with
V = F,™*" as the vertex set and there is an edge joining A, B € V if and only if A ~ B.

We call G = (F,"*",~) a matriz graph, which is also called a bilinear forms graph in graph
theory. This graph has a lot of interesting properties. For example, it is easy to check that G
is a regular graph with diameter equal to min{m,n}; it is Eulerian if and only if ¢ is odd. We
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will give an easy constructive proof to show that G is Hamiltonian. Furthermore, we determine
the independence number, chromatic number and clique number of G; see Section 2.

Note that in graph theory literature, it is common to write G = (V, E') with V as the vertex
set, and F as the edge set consisting of all the unordered pairs of vertices v and v that are
adjacent.

Recall that for two given graphs G = (V,~) and G' = (V',~'), amap ¢ : V — V' is a graph
homomorphism if
¢(a) ~" ¢(b) in G’ whenever a ~bin G.

A graph homomorphism is called a graph endomorphism if G = G’. Thus, the fundamen-
tal theorem of geometry of F,”*" can be formulated in terms of graph endomorphisms on

(F,"*", ~). In [16, 17], the author characterized the graph endomorphisms on symmetric ma-
trix graphs and hermitian matrix graphs over a finite field. In Section 3, we will characterize
graph endomorphisms on matrix graphs using results in Section 2.

It is worth pointing out that in addition to the connection to the geometry of matrices,
matrix graphs also have nice combinatorial and algebraic porperties, and are useful in the
study of the group theory, design theory, association schemes, and coding theory, etc. For
example, see [20, 21, 22, 24].

We will always assume that 2 < m < n in our discussion unless specified otherwise. For the
case m > n > 2, one can consider the transposes of matrices to get similar results. The basic
definitions and results in graph theory can be found in [1, 4, 6, 5]. We denote by F™ the set of
n x 1 vectors over F, and denote by |X| the cardinality of a set X.

2 Graph properties

A graph G = (V,~) is connected if any two distinct vertices a,b € V are connected by
a path, i.e., a sequence of vertices vy,..., v, such that a = vy, b = v,,, and v; ~ v;41 for
i =0,1,...,m — 1. The number of edges in the shortest path joining two distinct vertices
a,b € V is the distance between a and b, which is denoted by d(a,b). For a connected graph,
the longest distance between two vertices is the diameter of G. The following observation are
well known (cf. [11, Lemma 3.3]).

Proposition 2.1. The graph G = (F,"*",~) (m,n > 2) is connected, where A ~ B &
rank(A — B) =1 for all A,B € F,/"*". The distance between two matrices A, B € F,™*" is
given by

d(A, B) =rank(A — B).

Consequently, the diameter of G equals min{m,n}.

The degree of a vertex v in a graph G is the number of vertices in G that are adjacent to
v, and is denoted by deg(v). A graph G is r-regular if every vertex of G has degree r. The

following result is known (cf. [2, Theorem 9.5.2]): The graph G = (quxn, N) is an r-regular

graph with r = (qmj)#~



A wvertex-cut of a graph G is a set S of vertices of G such that removing the vertices in
S and the edges incident to them from G results in a disconnected graph. A vertex-cut of G
with minimum cardinality is called a minimum vertez-cut of G and this minimum cardinality
is called the connectivity of G and is denoted by x(G).

A connected graph G with diameter d is distance-reqular if for any vertices u and v of G
and any integers ¢,j = 0,1,...,d, the number of vertices at distance i from u and distance j
from v depends only on ¢, j, and the graph distance between v and v, and is independent of the
choice of w and v. For G = (F,”"*", ~), It is well known that the graph G is distance-regular.
Therefore, by Theorem 1 of [3] and G is an r-regular graph with r = (¢™ — 1)(¢" — 1)/(¢ — 1),
we have (G) = (¢™ —1)(¢" —1)/(¢ — 1).

Let G be a nontrivial connected graph. A circuit C' of G that contains every edge of G
(necessarily exactly once) is an Fulerian circuit. A connected graph G is called Fulerian if
G contains an Eulerian circuit. It is well known (see for example [4, Theorem 3.1]) that a
connected graph G is Eulerian if and only if every vertex of G has even degree. Since G is an
r-regular graph with r = (¢™ —1)(¢" - 1)/(¢ — 1), G = (F,*",~) is an Eulerian graph if and
only if ¢ is odd.

A cycle in a graph G that contains every vertex of G is called a Hamiltonian cycle of G. A
graph that contains a Hamiltonian cycle is called a Hamiltonian graph.

Theorem 2.2. The matriz graph G = (F,"*", ~) is Hamiltonian.

Remark 2.3. Since the graph G = (F,"*", ~) is connected, one can use Corollary 3.2 of [15]
to obtain this result. Here we give a constructive proof based only on the definition of the graph.

Proof. Let Fy = {0,1,23,...,24}, and Ay = Op,,n. Keeping all other rows to be zero, we
can change the first row of Ay from (0,...,0) to (z4,..., %) in ¢" — 1 steps by adding a rank
one matrix in each step. So, in ¢" — 1 steps (i.e., using ¢ — 1 edges in the graph), we get all
the matrices with arbitrary first row and other rows equal (0, ...,0). In other words, we have
a path with ¢" — 1 edges joining g™ vertices corresponding to matrices with arbitrary first row
and other rows equal (0,...,0).

Now, we extend the path constructed in the preceding paragraph as follows. Change the
second row to (0,--- ,0,1) by adding a rank one matrix (one more edge). In the next ¢" —1 steps
(edges), we change the first row from (g, ...,2zq) back to (0,...,0). So,in 1+ (¢" — 1) =¢"
steps, we get all the matrices with arbitrary first row, second row equal (0,...,0,1), and all
other rows equal to (0,...,0).

Next, we change the second row to (0,...,0,z3) if ¢ > 2, and then change the first row
from (0,...,0) to (x4,...,24). So, in another ¢ steps, we get all the matrices with arbitrary
first row, second row equal (0, ...,0,z3), and all other rows equal to (0,...,0).

We may keep changing the second row till we get (x4, ...,24) so that every change of the
second row always followed by a change of the first row from (0,...,0) to (z4,...,24), Or &
change from (z4,...,z,) to (0,...,0). Then in ¢*" — 1 steps, we will get all the matrices with
arbitrary first two rows, and other rows equal to (0, ...,0). Moreover, in the latest step, the first
row is either (0,...,0) or (z4,...,%,), and the second row is (z, ..., z,), which is a rank one
matrix. If m = 2, we can change this matrix to the zero matrix and complete the Hamiltonian
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cycle.

Suppose m > 2. We can work on the third row, fourth row, and so forth. After ¢™" — 1
steps, we go through all the matrices in F,”"*" and end with a matrix A. Moreover, the last
row of A is (z4,...,x,), and all other rows of A have the form (0,...,0) or (z4,...,%4). Thus,
the matrix A has rank one, and is adjacent to the zero matrix Ay. So, we may change the A to
the zero matrix Ay by adding a rank one matrix.

Hence, in ¢™" steps, we obtain a cycle of G which contains every vertex of G. Thus G is
Hamiltonian. O

Let K, be the complete graph of r vertices. Let G = (V,~). A subset A C V of r vertices
is called an r-cligue if the induced subgraph G[A] is a complete subgraph K, i.e., any two
distinct vertices in the subgraph are adjacent. A cliqgue A is maximal if there is no clique of G
which properly contains A as a subset. A clique is mazimum if there is no clique of G of larger
cardinality. In the geometry of matrices, we use the term mazimal set to indicate a mazimal
cliqgue. Let w(G) be the number of vertices in a mazimum clique of G, and it is called the clique
number of G.

Denote by GL,(F,) the set of n x n invertible matrices over F, and A the transpose matrix
of A€ F,™*". Let Ej;*" (Ey; for short) be the m x n matrix whose (i,)-entry is 1 and all

other entries are 0’s, and let e; be the i-th column of I. In F,”"*" (m,n > 2), let

n
Mi =3 2B a;€Fp, i=1,...,m, (2.1)
j=1

/\/j:{zyiEij:yiqu}7jzlv‘”?”' (22)
i=1

Let S1, Sz be two subsets of F,”"*" and A € F,”"*". We denote by
51+A:{X+AZX651}7 ASlz{AX:XGSl}, SlA:{XAXesl}
We first state the following lemma; see [9, 11, 20].

Lemma 2.4. In F,™*" (m,n > 2), all M;’s, Nj’s, i =1,...,m,j = 1,...,n, are mazimal

sets (i.e. mazimal cliques). Moreover, any mazimal set is of one of the following forms.
Type one. M = PM; + A, where P € GL,,(F,) and A € F,”"*" are fized.
Type two. M =N1Q + A, where Q € GL,(F,) and A € F,™*" are fized.

Remark 2.5. When m < n (resp. m > n), every mazimal set of the type one (resp. type
two) is a maximum clique of the matriz graph G = (quxn, N) while every maximal set of type

two (resp. type one) is a maximal clique but is not a mazimum clique. When m = n, every
mazimal set is a maximum clique.

In a graph G = (V, ~), an independent set (or stable set) of V' is a subset X of vertices such
that no two of which are adjacent. Let a(G) be the number of vertices in an independent set
of maximum cardinality, and it is called the independence number (or stability number) of G.



Theorem 2.6. When 2 < m < n, the independence number of G = (F,"*™, ~) is
(@) = ¢"mY, (2.3)

Moreover, let L = FEoy + Ess + -+ + Ep 1 + E1mm € F,™*™, and P be a matriz in F,"*"
such that f(x) = det(xI — P) is an irreducible polynomial in Fy[x]. Then the set

S={LA+ AP : A€ F,"*" with the last row equal to 0} (2.4)

is an independent set of quxn with |é~‘| = q"(M—l).

Remark 2.7. It is well-known that there exists an irreducible polynomial f(x) € Fylx] with
deg(f(z)) = n (¢f. [22, Theorem 7.7]), and there exists a P € GL,(F,) such that f(x) =
det(zI — P), for example, let P be the companion matriz of f(x). Moreover, if f(z) € Fy[x]
is irreducible and o is a root of f(x) in an extension field of F,, then a is a root of another
polynomial h(z) € Fy[x] if and only if f(z) divides h(x) (cf. [14, Lemma 2.12]).

Proof. Let S be an independent set of F,”"*". Note that the first m — 1 rows (columns) of
those matrices in & must be distinct. Else, there are two matrices A1, A> € S such that their

first m — 1 rows are identical so that A; ~ Ay. Thus, we have |S| < ¢(™~Y". We will prove
that

(1) S has ¢~ 1" elements, and  (2) S is an independent set of F,™*".

To prove (1), it suffices to show that LA; + A1 P # LAs + Ao P for any two matrices A, Ay €
g™ with zero last row. Equivalently, we need to show that LA + AP # 0 for any nonzero
A € F*™ with zero last row. Since det(z! — P) is irreducible, P is invertible. If LA = —AP,

then the first row of —AP is zero so that the first row of A must be zero. It follows that the
second row of LA is zero, and so is that of —AP, and hence the second row of A is zero. But
then the third row of LA is zero and so is that of —AP, and hence the third row of A is zero.
Repeating this argument, we see that A is the zero matrix. Thus, assertion (1) holds.

Next, we establish (2). Suppose there are two elements X, Y € S such that rank(X —Y) = 1.
Then there is A € F,”"*" with last row equal to zero such that X —Y = LA+ AP. Suppose the
k-th row of A is its first nonzero row, which is denoted by w. Then the first £ — 1 rows of AP
and the first k& rows of LA are zero. Moreover, the first nonzero row of X — Y is its k-th row,
which is wP. Since rank(X —Y') = 1, there exist ugt1,. .., un € Fy such that the i-th row of
X —-Y isu;wP for i = k+1,...,m. Therefore,

X -Y =LA+ AP =u%, AP,

where u = t[0,...,0, ug, Uks1,---,Un] With ux = 1. Multiplying !L to both sides of the
equation, and rearranging, we see that

A="L(u'ey — I,,)AP.

Consequently, removing the first £ — 1 zero rows and the last £(> 1) zero rows of A to get A,
we have

A=UAP,



and

Uk+1 -1 0 0
Uk+2 0 -1 .
U= waﬂ = Z = L g | €RTT
Uy —p 0 o --- -1
Uts1 O O - 0|

with N =m — k — ¢+ 1. Here we use the fact that v, = 1.

Now by the theory of matrix equation (cf. [7, Lemma 4.3.1]), the linear system A = UAP

has a non-trivial solution A € ]FqN *™ implies that

[ g P =P 0 -0

U/k+2tp 0 —t.P . .

I-U@P=1- : : : )
Upp—p P 0 0 -

(U e1® 0 0 -0

has determinant 0. Taking Schur complement, we see that

- 4 —1

I P 0 -~ 0
Uk+2 ‘P
0o I P : .
O=det | I —upp1 P+[PO -~ 0] |: ' -
0 0 p ‘
I I ] Um—L+1 P
Thus we have
N
O=det | I—) B('Py
j=1
with 8; = (—1)"ug; for i = 1,..., N. Hence, an eigenvalue A of P in an extension field of F,,

which is a zero of
det(zI — 'P) = det(z] — P) = f(x),

is a zero of the polynomial g(x) =1 — Zjvzl B;x? of degree N =m —k — £+ 1 < n (because
m < n and k,¢ > 1). On the other hand, f(z) is irreducible implies that f(x) divides g(z),

which is a contradiction. Then we have proved that S is an independent set of F,™"". O

Example 2.8. Let f(z) = 23 + 22 + 1 be an irreducible polynomial in Fa[x] such that f(z) =

1 1 0
0
1 0 O

det(xI — P), where P = o

.AssumeLz{? 1} and

S={LA+ AP : A € Fo**3 with the last row equal to 0}.



Then

3 1 00 00 1 10 1
SZO, ) ; )
olo ot vl e o]
1 1 0 01 0 11 1 0 1 1
1t ool l1to 1|1 1oll1 11

is an independent set of Fo?*3.

A c-coloring is a partition of the vertices V = X; UX,U---U X, such that X; N X; = (0 for
all i # j and each X; is an independent set. In such a case, the members of X;, are “painted”
with the color ¢ and adjacent vertices will receive different colors. We say that G is c-colorable.

Let x(G) be the smallest possible ¢ for which there exists a c-coloring of G, which is called the
chromatic number of G. It is well-known that

X(G) 2 w(G), and x(G) > —— (2.5)

Vi
a(G)

The chromatic number and the independence number of a graph are two important quan-
tities. In general, it is difficult to determine the chromatic number or the clique number of a

graph. For G = (F,*™, ~) these quantities can be shown to be equal to gmax{mn}

Theorem 2.9. Let m,n > 2 be integers and G = (quxn,w). Then the chromatic number

and the cliqgue number of G are the same, and

X(G) = w(G) = ¢*, where k = max{m,n}. (2.6)

Proof. Without loss of generality, we assume that 2 < m < n (when m > n > 2, using the
transposes of matrices we can transform into the situation 2 < m < n). Then k = max{m,n} =
n. By the geometry of matrices (cf. [9, 11, 20] and Lemma 2.4), every maximum clique of G is
of the form PM; + A when n > m and is of the forms PM; + A or N1Q + A when m = n,
where P,Q € GL,,,(F,) and A € F,"*" are fixed. Thus w(G) = |M;| = ¢". By (2.5), we have

x(G) = ¢".

By Theorem 2.6, let T = {Tl, ooy Tynem-1) } be an independent set of G which has maximum
cardinality. Then rank(T;—T;) > 2 forall ¢ # j. Let S; = T+X;, where X; € My, i=1,...,¢".
Then Sy,...,Sy» are ¢" independent sets of G which has maximum cardinality, and S;NS; = 0
for all ¢ # j. Since |[S; U8 U+ US| = g™, {S1,...,84n} is truly a partition of F,™*",
which means that the map ¢ : F,™*" — F,, given by c|s, = X;, is well defined. Therefore,

it is a ¢"-coloring of G. By the definition of chromatic number, we get x(G) < ¢". Thus,
X(G) =w(@) = ¢ o

3 Graph endomorphisms on finite matrix graphs

In this section, we characterize the graph endomorphisms of the matrix graph G =

(quxn, N). For finite graphs, a bijective graph homomorphism is a graph isomorphism, and
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a bijective graph endomorphism is a graph automorphism. In the language of the geometry of

matrices or the preserver problems, we determine the adjacency preserving maps on F,™*".

For G = (]quxn,w), recall that a mazrimal set is equivalent to a maximal clique; an

adjacency preserving map (resp. adjacency preserving bijective map) on F,™*" is the same as
a graph endomorphism (resp. graph automorphism) on G. The following result is useful in our
discussion.

Lemma 3.1. [6, Lemma 1.4.1] The chromatic number of a graph G is the smallest integer r
such that there is a graph homomorphism from G to K.

A finite graph G is called a core if every graph homomorphism from G to itself is a graph
automorphism. A subgraph T' of finite graph G is called a core of G if it is a core and there
exists some graph homomorphism ¢ : G — I'. Every finite graph G has a core, which is an
induced subgraph and is unique up to isomorphism (cf. [6, Lemma 6.2.2]).

Theorem 3.2. Let m,n be integers > 2 and G = (F,"*",~). Then a subgraph of G is a core

of G if and only if it is a mazimum clique of G. In particular, G itself is not a core.

Proof. Let k = max{m,n}. Suppose that M is a maximum clique of G. Then clearly M is
a core and M| = w(G) = ¢* (cf. Lemma 2.4). By Theorem 2.9, x(G) = ¢* = w(G). Since M
is a complete subgraph K », Lemma 3.1 implies that there is a graph homomorphism ¢ from

G to M. Thus, M is a core of G, and G is not a core. On the other hand, by [6, Lemma 6.2.2],
any two cores of G are graph isomorphic. Hence every core of G is a maximum clique of G. O

Corollary 3.3. Let m,n > 2 be integers and G = (quX",N). If M is a maximum clique of
G, then there exists a graph homomorphism (or adjacency preserving map) ¢ from G to M, and

@ is a proper colouring of G, i.e., ¢ partitions F,"*" into | M| classes such that no adjacent
vertices are in the same class.

For A = [a;;] € F,™*" and a map o : F, — Fy, we write A = [af;]. The Hua’s theorem
on the geometry of rectangular matrices over a division ring [8, 23, 9] can be viewed as the

algebraic description of graph automorphisms of the matrix graph G = (quxn, N):

Hua’s Theorem Let m,n > 2 be integers and G = (quxn, N). Then ¢ is a graph automor-
phism of G, i.e., p : F,™" — F,/™"" is a bijective map such that rank(X —Y) = 1 implies
that rank(p(X) — p(Y)) =1 for all X,Y € F,""*", if and only if there is an automorphism o
of Fy, invertible matrices P € M,,(Fq) and Q € M, (F,) such that one of the following holds.

(1) ¢ is of the form
0(X)=PX°Q+p(0) foral X eF, " (3.1)

(i) m =n and @ is of the form

o(X)=PX°Q+¢(0) foral X eF,*" (3.2)



For general graph homomorphism, we will prove the following.

Theorem 3.4. Let m,n > 2 be integers and G = (quxn,w). Then ¢ is a graph endomor-
phism of G if and only if one of the following holds.

(a) The image ©(F,"*™) is a mazimum clique of G, and ¢ is a q*-coloring where k =

max{m,n}, i.e., the partition of F,™*"

k
q

U{e™'(B] s Bi e o7}

where =1 [B;] = {X € F,/™*" : o(X) = B;} is the inverse image of B;.

(b) The image ©(F,"*™) is not a mazimum clique of G, and ¢ is a graph automorphism.

In the language of the geometry of matrices, the result can be restated as follows.

Theorem 3.5. Let m,n > 2 be integers and ¢ : F,/"" — F, ™" a map. Then ¢ has the
property that rank(X —Y) = 1 implies rank(o(X)—p(Y)) = 1 if and only if one of the following
holds.

(a) Any two matrices in o(F," ™) are adjacent; there is a mazimum clique M of G such
that o(F™ ™) = M, and ¢ is a proper colouring of G = (F™ ", ~).

(b) There are two non-adjacent matrices in o(F,™*"); ¢ is bijective. Moreover, ¢ is of the
form (3.1), or ¢ is of the form (3.2) provided m = n.

One may see [10, 12] for other formulations of graph isomorphisms between matrix graphs.
To prove our main theorem, we establish some auxiliary results which are of independent
interest.

Remark 3.6. In [19], the author studied Hua’s fundamental theorem of geometry of matrices
on FAS division ring. Suppose that D is an EAS division ring such that D # F9 and D # Fg,
m,p,q = n > 3. He characterizes the adjacency preserving map ¢ : D™*"™ — DPX4 ynder
the assumption that ¢(0) = 0 and there exists Ag such that rank¢(Ag) = n (c¢f. Theorem 4.2
and Corollary 4.6 of [19]). None of these assumptions is needed in our result. Moreover, the
result of [19] does not treat the degenerate case whereas ours give the complete description for
matrices over finite fields.

Lemma 3.7. Let M and M’ be two distinct type one (resp. type two) mazimal sets of ™ "
(m,n > 2) as defined in Lemma 2.4 such that MO M’ # 0. Then M N M = {A} for some
A € F,™" and there is an invertible matriz P (over F,) such that M = PM; + A and
M =PMsy+ A (resp. M =N1P+ A and M' = NyP + A).

Proof. Suppose M and M’ are type one maximal sets and A € M N M’. Then there exist
linearly independent vectors z1,x2 € F,™ such that

M={A+z1ly:yeF, " yand M' ={A+ 2y :y eF,"}.



Extend {x1,z2} to a basis of F,"", say, {z1,%2,...,Zm}. Let P =[z1 z2 --- x,]. Then
M=PM;+ A andM’:P./\/lg—l—A,

which implies M N M’ = {A}.

If M and M’ are type two maximal sets, one can get the results by considering the trans-

poses of matrices in F,™*". O

Corollary 3.8. [9, 11, 20] Let A and B be two adjacent matrices in F,™*" (m,n > 2). Then
there are exactly two maximal sets that contain both A and B.

Corollary 3.9. [9, 11, 20] Let M and M’ be two distinct mazimal sets of the same type in
F," (m,n>2). f MOM' #0, then MNM'| =1.

By Corollary 3.11 and Proposition 3.14 of [20], or by Lemma 3.7 and Corollary 3.9 of [11],
we have

Lemma 3.10. [11, 20] Let M and M’ be two mazimal sets of different types in F,"*"
(myn>=2). fMNM #0, then MNM'|=q.

Recall that d(A, B) = rank(A — B), and we always assume that 2 < m < n in our discussion
unless specified otherwise.

Lemma 3.11. Let ¢ : F,"*" — F,™"" be an adjacency preserving map. If M is a type one

mazimal set, then o(M) is also a mazimal set and |p(M)| = |M| = ¢"*. If M’ is a type two
maximal set, then there exists a unique mazimal set containing (M’). Moreover, we have

d(A,B) = d(¢(A), p(B)) forall A,B € F,/™*". (3.3)

Lemma 3.12. Let ¢ : F,"*" — F,*" be an adjacency preserving map. Let A € F,*",
P e GL,,(F,) and Q € GL,(F,). Assume that there are distinct numbersr,s € {1,...,n} such
that

p(PM;Q + A) = p(PM;Q + A) or  @o(PN:Q+ A) = o(PN,Q + A).

Then there exists a mazimum clique M in F,"*" such that for any P’ € GL,,(F,) and Q' €
GLR(FQ);

e(PPM;Q +A) =M and o(P'N,;Q +A)C M (3.4)
foralli=1,...,m, j =1,...,n. Furthermore, the inclusion in (3.4) becomes equality when
m=n.

Proof. Case 1. There are distinct numbers r, s € {1,...,m} such that

O(PM,Q+ A) = o(PM,Q + A) = M.

Recalling 2 < m < n, M is a maximum clique in F,"*", i.e., M is a maximal set with
M| = ¢™. Without loss of generality, we assume r =1,s =2, A=0,P =1,,,Q = I, and

P(My) = M = p(My).
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For any given P’ € GL,,(F,), Q" € GL,(F,;) and j € {1,...,n}, since PN;Q' N M; =
{VE1;Q" : v € F,} =8 and PN;Q N My = {yE5;Q": v e€F,} =Sy, we have
©(S1) € p(P'N;Q') Np(My) C p(P'N;Q) N M
and
P(S2) € p(P'N;Q) Np(M2) C (P'N;Q') N M.

On the other hand, for any distinct nonzero matrices X € §; and Y € S, we have rank(X —
Y) = 1. It follows that ¢(X) # ¢(Y). Therefore,

[p(P'NGQ) N M| = [p(S1) Up(S2)| =2¢ -1 > q. (3.5)
Applying Corollary 3.9, Lemma 3.10 and Lemma 3.11 we get

o(PN;Q)YC M, j=1,....n. (3.6)

Now replacing the roles of {Mj, Ms} with {N7,N>} and applying similar arguments as
above, we can get o(P'M;Q') = M for all i = 3,...,m. Thus (3.4) holds.

Case 2. There are distinct numbers r, s € {1,...,n} such that
©(PNQ + A) = o(PN;Q + A) =: M.
Then |M’| = ¢™ since ¢ |ppr,g+4 is injective. Without loss of generality, we assume r = 1,s =

2, A=0,P=1,,Q = I, and
P(N1) = M’ = p(N2).

Using the same arguments as (3.5), we can get |o(P’M;Q")NM'| >qforalli=1,...,m.
Clearly, all o(P'M;Q’), i =1,...,m, are maximum cliques in F,”"*". Since M’ is a ¢"-clique,
there is a maximal clique M such that M’ C M. Since |p(P'M;Q") N M| > ¢, Corollary 3.9
and Lemma 3.10 imply that

e(PPM;Q)=M, i=1,...,m.

Similar to the proof of (3.6), we can prove that p(P'N;Q’) € M, j = 1,...,n. Hence (3.4)
holds.

When m = n, by |p(P'N,;Q" + A)| = |[M| = ¢", the inclusion in (3.4) becomes equality.
This completes the proof. O

Theorem 3.13. Let ¢ : F,/"*" — F,™*" (m,n > 2) be an adjacency preserving map. Suppose
that there are two distinct type one mazimal sets M and M’ such that M N M’ # ( and
(M) = p(M'). Then p(F,*") is a mazimum clique.

Remark 3.14. By Remark 2.5, when m < n (resp. m > n), every mazximal set of the type
one (resp. type two) is a maximum clique, while every mazimal set of type two (resp. type one)
is not a mazimum clique. When m = n, every mazimal set is a maximum clique.

We only prove the case of 2 < m < n. Whenm > n > 2, define ¢ : F,/”*™ — F,"*™ by
P(X) = to(*X). Then'M and M’ are type two mazimal sets with nonempty intersection such
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that (! M) = (! M’). By Lemma 3.12 and Lemma 3.7, there exist distinct type one maximal
sets P and P' with nonempty intersection such that (P) = (P’). By the case n > m > 2 of

Theorem 3.13, (F,"*™) is a mazimum clique, so p(F,"*™) is a mazimum clique.

Proof. By Remark 3.14, we only prove the case of 2 < m < n. From now on, we assume
that 2 < m < n. Then n = max{m,n}.

Let M and M’ be two distinct type one maximal sets such that M N M’ = {41} £ 0
and (M) = p(M’). By Lemma 3.7, M = PoM; + A; and M’ = PMs + Ay, where P is
invertible. It follows from Lemma 3.11 that (M) and ¢(M’) are maximum cliques.

We only consider the case that ¢(M) is a type one maximal set. Note that we can replace
©(A) with ‘@(A) and a similar argument works when ¢(M) is a type two maximal set. Then

there exists P» € GL,,,(F,) and Ay € F,"*" such that p(M) = P,M; + Ay. Replacing ¢ with
the adjacency preserving map

X — Pyt p(PLX + Ay) — Ay), ¥V X €™,

we have

©(M1) = My = p(May). (3.7)

Denote by Ry, = {4 € F,™*" : rank(A4) < k}. By Lemma 3.12, we have p(PM;Q) = M,
and ¢(PN1Q) C M, for any P € GL,,,(F,) and Q € GL,,(F,). It follows that

p(R1) = M. (3.8)

We claim that
P(R2) = M. (3.9)

To prove (3.9), it suffices to verify that o(T") € M for any T € Ry with rank (T') = 2. Note
that 7' can be written as T = P(E1; + FEa2)Q for some nonsingular matrices P € F,™"*™ . Q €
F,"*". Without loss of generality, we assume P = I,,, and @ = I,,. Then

T = FEq1 + Eas.

Since M1 + E11 € Ri and NV} + E1; € R4, we have
oMy + FE11) =My and (N + Ep) C M. (3.10)
For any i € {2,...,m}, by
lp(M; + E1n) N M| 2 [o(M; + En) NN+ Bl 2 [(Mi + En) 0 (M + En)l =g

we have either
ﬁp(Mi—FEn) = M (3.11)

or ¢(M; + E11) is a type 2 maximal set. Similarly, for j € {2,...,n}, by
[p(Nj + Enn) Np(My + En)| 2 [N + En) N(My + En)l =g

12



we have either
PN+ En) € My (3.12)

or o(Nj + Eq1) is a type 2 maximal set.
Case 1. (3.11) or (3.12) holds for some ¢ € {2,...,m} or j € {2,...,n}. Then we have

©(M; + E11) = My = (M1 + E11)

or
o(Nj + E11) € My with p(N1 + Eip) € M,

respectively. If p(M; + E11) = My = ¢(M; + Eq1), then applying Lemma 3.12 we have
(Mo + Eq1) = M. Since T € Ms + Eqq, we get

o(T) € M. (3.13)

Now we assume that (N + E11) € My with (N7 + Ej1) € M;. Clearly,
(M2 + E11) N (N1 + Eqp)| = [(Ma+ En) N (N + En)| =g¢.
Therefore, |(Msz + E11) N [(M + E11) U (N + En)]| = 2¢ — 1 > g. It follows that
[ (M2 + E11) N [N+ En) U + En)l)| > g
We have

¢ (Ma + En1) N[N + En) U (N + En)l)
O(Ma + E11) N[pN1 + E11) U p(Nj + En1)]
(P(MQ +E11) li,

NN

thus |@(Ms + E11) N My| > g. Since p(Msy + Eq1) is a maximum clique, Corollary 3.9 and
Lemma 3.10 imply that ¢(Ma + E11) = M. Similarly, we have (3.13).

Case 2. p(M; + E11) and p(N; + Eq1) are type 2 maximal sets for all ¢ € {2,...,m} and
j€{2,...,n}. Then m = n. Hence every maximal set is a maximum clique with cardinality
q". Consequently, ¢ maps a maximal set onto a maximal set.

Since [(M; + E11) N (N + E11)| = ¢, we have |o(M; + E11) N p(N; + E11)| = ¢ and hence
@(Ml—i—Ell):@(M—’—Ell) ::Na ivj:27"'7n' (314)
Suppose n > 3. Then (3.14) and Lemma 3.12 imply that o(M; + E1;) = N for all

i=1,...,n. Thus p(M;) = p(M; + E11) = N, a contradiction to (3.7). Therefore, we must
have m =n = 2.

Note that N3 + F12, M1 + E12 C Rq. It follows from (3.8) that
O(Na + Er2) = (M + E12) = p(My + E11 + Er2) = M. (3.15)
Since |(Ma + E11 + E12) NR1| = q and |(Ma + E11 + FE12) N (Ns + Eq1)| = g, we get
©(Mg + E1q + E12) = My (3.16)
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or

P(Ma + Eiq + Eiz) = N. (3.17)

If (3.16) holds, then by (3.15) and Lemma 3.12 we get (N2 + E11 + E12) = M. It follows
that o(T) € My since T € Na + E11 + Es.

From now on we suppose that (3.17) holds. We prove that there is a contradiction as follows.

Since |[(N1 + E11 + E12) N (M; + E11 + E12)| = g for i = 1,2, we have
¢WN1 + By + Er2) = M,y (3.18)

or

oWN1+ By + Erz) =N, (3.19)

If (3.19) holds, then p(Ns + E11 + F12) = ¢(Ns + E11) = N and Lemma 3.12 will lead to
p(My + Eq1q + E12) = N, which contradicts with (3.15). Hence we must have

©(N + E12) = (N1 + Eq1 + Ei2) = M.

Thus by (3.15) and Lemma 3.12, we get

QO(MQ + E12) = Ml. (320)

By Nl - Rl and (38), (,O(N1) = Ml. Since (,0(./\/12 + EH) = N, |Q0(M2 + Ell) N @(N1)| =
INNM;| = q. Choose R and invertible @1 such that N' = M1 Q1+ R. Without loss of generality,
we assume ()1 = I>. Then

where 0 # r € Fy (by (3.8)). Hence,

N:J\G—I—Rz{[x r]:x,yelﬁ‘q}.
y 0

Since |(Maz + E11) NN = IN N M| = q and [p(Mz + E11)| = [N| = ¢%, we have
o(Ma+Er)NN) =NNM; =M +RNM; =N N M; +R. (3.21)

Thus, we can suppose that

10 T T
® ol ™l o0 o for all x € IFy, (3.22)

where 7 : F, — F, is a bijection. Then by p(Ms + E11) = N and (3.22), it is easy to see that

10 *
0 l ] _ [ I* g ] for all 2,y € F,. Moreover, y # 0 < y* # 0. (3.23)
oy y
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We assert that

0 1 stor
© = 0 o for all s € IFy, (3.24)

0 1
where p : Fg — F, is a bijective map. In fact, by (3.8) we can assume that ¢ [ 0 ] =
S

noogn
l 80 SO 1 for all s € Fy, where i and n are some functions on F,. By (3.23) we get

1 0 1)* 0 1 1 0
= (s+ 1) where (—1)* # 0. Since ~ ,
s+1 -1 (-)* o0 0 s s+1 -1
moogn +1)*
we have l SO 80 ] ~ (i 1)3 8 . Hence s" = r and p is bijective. Thus (3.24) holds.

For any x,y € F,, by (3.20) and (3.24) we can assume that

0 1
© — 7. Moreover, z # 0 < z # 7. (3.25)
T Yy 0 0

1 0 a r 0 1
By (3.23) and (3.25), we can let = where b # 0, and =
i s 531wt 0= [2 7o [0 1]

1 0 0 1
© oz where z # r. Then ~ , but “or and © are not
0 0 11 11 b 0 0 0

adjacent, a contradiction. Therefore, (3.17) cannot happen. Thus we always have (3.13). Then
we have proved (3.9).

Now we can use a simple induction on k to verify
P(R) = My (3.26)

for 3 < k < min{m, n}. Assume (3.26) holds for k — 1 with k& > 3. Then for any rank k matrix
X e quxn, there exist nonsingular matrices P, Q) such that X = P(E1; + -+ + Epx)Q. Since
PM;Q+ X — PEpiQ C Ry_q for i = 1,2, we have p(PM;Q+ X — PEQ) = My fori=1,2.
Applying Lemma 3.12 we have p(PMQ + X — PEy,Q) = M;. It follows that ¢(X) € My
since X € PMQ + X — PEy,Q. Hence ¢(F,”™") is a maximum clique. o

Lemma 3.15. Let ¢ : F,™*" — F,™*" be an adjacency preserving map such that o(F,™*™)

is not a mazimum clique. Assume that M, M’ are two distinct type one mazimal sets with
MM #0. Then (M), o(M') are two distinct mazimal sets of the same type which are
mazimum cliques.

Proof. Let M and M’ be two distinct type one maximal sets with M N M’ # (. Then
M={zgly+A:yeF,"tand M' = {z1'y+ A:y e F,"} with z9, 21 € F,”* being linearly
independent and A € F,"*". Let M"” = {z2y+ A:y € F,"}, where 2o € F,”* and w9, z1, T2
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are pairwise linearly independent. Then M"” # M, M" £ M’  and MNM' N M" ={A} £ 0.
It follows from Lemma 3.11 and Theorem 3.13 that o(M), p(M’) and ¢(M"') are three distinct
maximal sets. Clearly, there are two of them being of the same type. Without loss of generality
we assume that ¢(M’) and o(M”) are of the same type. We prove that ¢(M), o(M’) and
©(M’) are of the same type as follows.

Case 1. p(M’') and p(M") are type one. Assume NV = {2%; + A : 2z € F,"} and
N® = {zlyy + A:x € F,”} with y1,y2 € F,”" being linearly independent. Then NV and
N are type two maximal sets. Suppose i € {1,2}. By Lemma 3.10 we have [N N M| =
INOAM| = INDAM”| = q. Let N be a maximal set containing ¢(N®). It is easy to see
that [NONp(M)] = g, WO Np(M)] 2 g and N7 Np(M”)] > g. Since p(M') # p(M”),
by Corollary 3.9, NV and N®" must be type two. Since both N@ and N@" are type two
maximal sets, we get |[N(®| = \./\/'(i)*|, i = 1,2. Since ¢ is an adjacency preserving map
and (N @) € N we have [N = IND| = |NDT|, and hence (N @) = N7
i = 1,2. Now by Lemma 3.12 and Theorem 3.13, we must have NO" % N ®" Otherwise,
NO® = N@F implies that o(F,™*™) is a maximum clique, a contradiction to the conditions.
By |[N®" N p(M)| > ¢ and Corollary 3.9, ¢(M) must be type one. Therefore, p(M), (M’)
and ¢(M") are of the same type.

Case 2. p(M') and p(M") are type two. Then Lemma 3.11 implies that m = n. Let
P(X) = 'p(X). Then 7 is also an adjacency preserving map from F,"*" to itself such
that ¢ (F,"*") is not a maximum clique. Since ¥(M’) and (M”") are type one, by Case

1, (M), »(M’) and (M”) are of the same type. Consequently, ¢(M), p(M’) and p(M")
are of the same type. O

Lemma 3.16. Let ¢ : F,"*" — F,""*" be an adjacency preserving map such that o(F,™*™)
is not a maximum clique. Then

©(A) # o(B) for any A,BeF," " with d(A,B) = 2. (3.27)

Proof. Without loss of generality we assume that ¢(0) = 0.

We first claim that ¢(X) # 0 for all X € F,”*" with d(X, 0) = 2. To prove the claim, notice

a1
as ] with linearly independent ay
0

that there exists an invertible matrix P such that X = P

T+ oy

—z+ s ] tx € Fq"}. Then M is a type one maximal set
0

containing X and M N PM; # (. By Lemma 3.15, ¢(M) and ¢(PM;) are two distinct

maximal sets of the same type such that their cardinality is ¢", and (M) N p(PM;) # 0.

and ap in F,". Let M = {P

g + aq

Let C = P 0 ] Since M N PM; = {C} and X ~ C, p(X) ~ ¢o(C) ~ ¢(0) = 0. If

0
©(X) =0, then o(M) N p(PM;) = {¢(C),¢(X)}, which contradicts to Corollary 3.9. Thus,
©(X) # 0 and the claim holds.
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Now, let A,B € F,"*" with d(A, B) = 2. Define ¢(X) = p(X + A) — ¢(A) for all X €
F,”*". Then ¢ : F,”*" — F,”*" is also an adjacency preserving map such that ¢ (F,™*") is
not any maximum clique and (0) = 0. By the above claim, o(B) — p(4) = (B — A) # 0.
Thus (3.27) holds. O

For 2 < k < m, we let
X
Ly, = { [ . 1 : X €F,/ " and 0 € 1Fq<m—’f>m} : (3.28)

Lemma 3.17. Let ¢ : F,™*" — F,""*" be an adjacency preserving map such that o(F,™*™)
is not a mazimum clique and ¢(0) = 0. Then

(i) When m # n, there is a P € GL,,(Fy) such that

and
¢(L2) = PLs. (3.30)

(ii) When m = n, either ¢ or the map X — 'p(X) satisfies (3.29)-(3.30).
Moreover, the map ¢ |r,: Lo —> PLs or the map *¢ |z,: Lo — PLy is bijective.

Proof. By Lemmas 3.7 and 3.15, when m # n, there is P € GL,,(F,) such that (3.29)

holds. When m = n, either ¢ or the map X — ‘p(X) satisfies (3.29). Without loss of
generality, we assume the former case holds. It remains to show that ¢(Ly) = PLy. Clearly,

(,O(M1 U ./\/lg) C PL,.
We first claim that for any type one maximal set M, if M N PLs contains at least two
elements, then M C PLs. To see this, by Lemma 2.4,

P1T + oy

Pox + Qo
M=PM +A=<P ) cxeF" 5,

for some py, € Fy, oy, € F," and invertible P’ € F,"*™. Suppose there are two distinct elements
in M N PLy. Then there exist two distinct x1, 22 € F,™ such that

p3x1 + a3 D3T2 + a3
= =0.
PmT1 + Qo PmT2 + Qo
It follows that ps =--- =p,, =0 and ag = --- = a,,, = 0. Therefore, M C PL,.
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a1

Now let A = € Lo with o # 0 and s # 0. We prove p(A) € PLs as follows.

a
0

Case 1. Suppose rank(A) = 2. Set

T+ aq
M = —x+ay |tz el
0

Then M is a type one maximal set containing A and [M N M;| =1, i=1,2. By Lemma 3.15,
Corollary 3.9 and (3.29), (M) is a type one maximal set and |@(M) N PM;| =1, = 1,2.
Suppose (M) N PM; = {B;} with ¢ = 1,2. Since 0 ¢ ¢(M) and PM; N PMy = {0}, By
and By are two distinct elements in ¢(M) N PLy and by the claim, (M) C PL;. Thus,
(p(A) € PL,.

Case 2. Suppose rank(A) = 1. Set M = M; + A. Then M is a type one maximal set
containing A and [MNMjy| = 1. By Lemma 3.15, Corollary 3.9 and (3.29), (M) is a type one
maximal set and |@(M) N PMs| = 1. Notice that M contains at least two distinct rank two
matrices, say A; and As. By Case 1, ¢(A;) and ¢(Az) are in PLy. So p(M) N PLy contains
at least two distinct elements. By the claim, (M) C PLy, and hence, p(A) € PLs.

From the two cases, we conclude that ¢(Ls) C PLs;. By Lemma 3.16, the map ¢ |z,:
Lo — PLs is injective, thus |Lo| = |PLs| implies that it is bijective. Then ¢(Ly) = PLy. O

Lemma 3.18. Let 3 < m < n and ¢ : F,/™" — F,"*" be an adjacency preserving map
such that o(F,™*") is not a mazimum cliqgue and ¢(0) = 0. For any i with 1 < i < m, if
(,O(Mz) =M, and gO(MiJrl) = M1, then

P(M; + Mit1) = Mi + Mg, (3.31)

where M; + M1 denotes the set {A+B: A€ M;,B € M;11}. Moreover, the restricted map
<‘0|Mi+Mi+1 is an adjacency preserving bijective map.

Proof. Clearly, M1 + Mgy = L5. For 2 < i< m — 1, we have

0i—1
Mi+ M1 = X |:XeF>™" 5,
0

where 0,1 is the (i — 1) x n zero matrix. There exists a permutation matrix @ such that
QtQ = I, and M; = QM1, M;11 = QMs and M; + M1 = QLs. Let ZZJ(X) = Qﬂ@(QX)
for all X € F,™*". Then 1 is also an adjacency preserving map from F,"™*" to itself such
that ¢(F,™*") is not any maximum clique and ¥(0) = 0. Moreover, we have )(M;) = My,
Y(Msz) = Mo and ¥(Ly) = Ls.

Applying similar arguments as in the proof of Lemma 3.17, we can prove that ¢(Ls) = Lo
and the restricted map 9|, : L2 — L is bijective. It follows that (3.31) holds and the

restricted map |, , My, 18 an adjacency preserving bijective map. |
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We are now ready to present the proof of our main result.

Proof of Theorem 3.5. Without loss of generality, we assume that 2 < m < n (by Remark
3.14, when m > n > 2, using the transposes of matrices we can transform into the situation
2 <m < n). Then n = max{m,n}.

If (a) or (b) holds, then clearly ¢ preserves adjacency.

Conversely, suppose ¢ preserves adjacency. Suppose (a) does not hold. Then ¢(F,"*") is
not a maximum clique. Replacing the map ¢ by X — ¢(X) — ¢(0), we have ¢(0) = 0. By
Lemma 3.17, and further replacing the map ¢ by X — ‘o(X), if necessary, we can assume that
there is P € GL,,(F,) such that

¢(L2) = PLs. (3.33)

Moreover, the map ¢ |z,: Lo — PLy is an adjacency preserving bijective map. Thus, by
Hua’s Theorem, we have that

X
i 0

where P; € GLy(Fy), Q1 € GL,(F,), and o is an automorphism of F.

PLX7Q:
0

=P

1 for all X € F,2*", (3.34)

071

Modify the adjacency preserving map ¢(X) by X — [(Pf1 &) Im,z)P_lgp(X)Qfl] . We

obtain
o (3.35)
1ol o '

for all X € Fq2xn. If m = 2, then this proof ends. From now on we assume m > 2.
For any A = [ gi)l } € My withfzq € F,", let 4 (X) = o(X+A)—¢p(A) for all X € F,™*".

Then v 4 is an adjacency preserving map such that ¥ 4(0) = 0. By (3.35), it is clear that

X X
wAl . ] = l . ] , for all X € F,2*" (3.36)

In particular, ¥4 (M;) = M,;, i = 1,2. By (3.36) and Corollary 3.8, we have
Ya(N1) = N1 (3.37)

By (3.37), let ¢a(Es1) = Y i, ainEn. We show > s a1 E;; # 0. Otherwise, 4 (Es) =
a11F11 +a21 Fa1, but E3y ~ a1 FE11 +a21 E2; and hence (3.36) implies that ¢4 (F31) ~ a11E11 +
as1E21 = ¥a(F31), a contradiction. Applying appropriate elementary transformation of rows
of matrix, we can assume that (3.35)-(3.37) hold and ¥ 4(FEs51) = E3;. By Corollary 3.8, there
are two and only two maximal sets containing E3; and 0, they are A/} and Ms. It follows from
(3.37) and Lemma 3.15 that

Ya(Ms) = Ms. (3.38)
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Therefore, by Lemma 3.18, we have
Ya(Ma + Ms) = Mg + Ms. (3.39)

Moreover, the induced map from (3.39) is an adjacency preserving bijective map. Using Hua’s
Theorem, one has

0, 0,
Ya| X | =| PaX°4Qyu |, forall X € F,2*", (3.40)
0 0

where 07 is the 1 x n zero matrix, P4 € GL2(F,), Qa € GL,(F,), and 04 is an automorphism
of Fy. Denote

a b

c d|’

a bl |y7*Qa
c df |294Qa

oA o a b yUAQA o ayUAQA o Yy
S A g R e

for all 'y € F,". Therefore, we get ¢ = 0 and y°4Q4 = a~ 'y for all 'y € F,”. Choosing y = 0,

we have
a b 0 a b 0 ba1lz
0 d| |2949Q 4 0 d| |a 'z da=1z

for all 'z € F,". It follows from (3.38) that b =0 and d # 0. Let fa =da~'. Then

Py =

For any X = [y] € F,2*", we have PAX74Q4 = [ 1 . When z = 0, it follows
z

from (3.36) that

Pax?4Qa=| Y |, foran x = |Y| e 2"
faz z

Next we deduce that f4 = fp for any distinct A = { 21 },B = { ? ] € M, with

txq, tzo € F,". Recalling the definition of ¢4, for any 'y, 'z € F,", we have

I 0 I T2 0 To
Y Yy Y Yy Yy Yy
¢ =14 +¢(4) = ;P =B +¢(B) =
z z faz z z fB2
0 0 0 0 0 0
Since
T To X1 T2
rank | ¢ . % Y = rank L I =1
z z faz IBz
0 0 0
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for all 'z € F,”, we must have f4 = fp when x; # z2. Replacing the map ¢(Z) with
(I ® f;l ® Im—3)(Z) if necessary, we can assume f4 = 1. Therefore, we obtain that

X X
@l . ]:[ . 1 for all X € F,**". (3.41)

: X X (k—1)xn
Inductively, assume that 4 < k < m and ¢ 0 = 0 for all X € F, . By the

X X kxn
method above and (3.3), we can prove that ¢ 0 = 0 for all X € F, . Therefore,

we can prove ¢(X) = X for all X € F,”**". The proof is complete. m]
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