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Abstract

Let A and B be n x n complex Hermitian (or real symmetric) matrices with eigen-
values a1 > --- > a, and by > --- > b,. All possible inertia values, ranks, and multiple
eigenvalues of A + B are determined. Extension of the results to the sum of k& ma-
trices with & > 2, and connections of the results to other subjects such as algebraic

combinatorics are also discussed.
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1 Introduction

Let H,, be the real linear space of n x n complex Hermitian (or real symmetric) matrices.

For a real vector a = (ai,...,a,) with a; > -+ > ay, let
Hn(a) = {A € H, : A has eigenvalues ay, ..., a,}.

Motivated by problems in pure and applied subjects, there has been a lot of research
on the relation between the eigenvalues of A, B € H,, and those of A + B; [3, 4, 5, 8,
7,9, 11, 12]. In particular, for given real vectors a = (aq,...,a,), b = (b1,...,b,) and
¢ = (¢1,...,¢,) with entries arranged in descending order, a necessary and sufficient
condition for the existence of (A, B) € Hy(a) x Hy(b) such that A + B € Hy,(c), or
equivalently,

Hy(c) C Hy(a) + Hy(b) (1.1)
can be completely described in terms of the equality

n

Z(aj + bj — Cj) =0 (1'2)

J=1
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and a collection of inequalities in the form

dar+d b= (1.3)

reER s€S teT

for certain m element subsets R, S,T C {1,...,n} with 1 < m < n determined by the
Littlewood-Richardson rules; see [5, 7] for details. Using (1.2) and (1.3), we can also

deduce the following inequalities

dart D> b< D a, (1.4)
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where R denotes the complement of R in {1,2,...,n}. The study has connections to
many different areas such as representation theory, algebraic geometry, and algebraic
combinatorics, etc.

The set of inequalities in (1.3) grows exponentially with n. Therefore, in spite of
the existence of a complete description of the eigenvalues of A + B in terms of those of
A and B in H,, it is sometimes difficult to answer some basic questions related to the
eigenvalues of the matrices A, B and A + B. For example, as pointed out by Fulton [7,
p.215], given a proper subset K of {1,2,...,n} and real numbers {74 : kK € K}, it is not
easy to use the inequalities in (1.3) to determine if there exists ¢ with ¢, = 7 for all
k € K such that (1.1) holds. In particular, the inequalities in (1.3) with 7" C K together
with those in (1.4) with 7° C K are necessary but not sufficient for (1.1) in general.

If K = {k} is a singleton, then inequalities in (1.3) and (1.4) reduce to the Weyl’s
inequalities [13] implying that ¢; € [Lg, Ri|, where

Ly =max{a;,+b;:i+j=n+k} and Rp=min{a;+b;:i+j=k+1}. (1.5)

Conversely, one can check that for every ¢ € [Ly, Ry|, there exists (A, B) € Hy(a) X
H,(b) satisfying A + B € H,(c) with ¢, = ¢. So, in this case, the inequalities in (1.3)
with T' C K and ¢ = 4 for k € K are also sufficient.

In this paper, we show that if yu € [Lg, Lp_1) N (Rpr+1, Rir]. Then there exists
(A, B) € Hp(a) X Hy(b) such that C = A + B has a vector of eigenvalues ¢ with

Ch—1 < U =Ck =Cky1 = """ =C/ < C/y1-

This will follow from a consequence (Corollary 5.7) of the solution of the following

problem.

Problem 1.1 Suppose (A, B) € Hy(a) x Hy(b). Can a given 1 € R be an eigenvalue
of A+ B with a specific multiplicity? Equivalently, can A+ B — ul have a specific rank?

We will study the following harder problem.



Problem 1.2 Suppose (A, B) € Hy(a) x Hy(b). Can a given p € R be an eigenvalue of
A+ B so that p other eigenvalues are larger than u, and q other eigenvalues are smaller
than u? FEquivalently, can A + B — pl have inertia (p,q,n — p — q), i.e., p positive

eigenvalues, q negative eigenvalues, and n — p — q zero eigenvalues?

Clearly, one can replace (A, B) by (A — pl,B) and replace a = (ay,...,a,) by

(a1 — py ... a, — p) so as to focus on the case for p = 0 in the study.

For two nonnegative integers p and ¢ with p + ¢ < n, let
H,(p,q) = {X € H,, : X has p positive eigenvalues and ¢ negative eigenvalues}.

In Section 2, we determine a necessary and sufficient condition on (p, ¢) for the existence
of (A,B) € Hy(a) x Hp(b) so that A+ B € Hy,(p,q). In addition, we give a global
description of the set of integer pairs (p,q) satisfying these conditions in Section 3.
Moreover, we determine those integer pairs (p,q) for the existence of diagonal matrices
A € Hy(a) and B € H,(b) such that A+ B € H,(p,q) in Section 4. Then the results
are used to determine all the possible ranks of matrices of the form A+ B with (A, B) €
Hn(a) x Hp(b) in Section 5. We also determine the function f: R — Z such that f(u)
is the minimum rank of a matrix of the form A+ B — pl with (A, B) € Hy(a) X Hy(b).

Additional remarks and problems are mentioned in Section 6.

Alternatively, one can describe the results as follows. For (A, B) € H,(a) xH,(b), we
determine the condition on (p,q) such that U*AU + V*BV € H,(p,q) for some unitary
matrices U and V', and use the result to determine all possible ranks and multiplicities
of eigenvalues of all matrices of the form U*AU + V*BYV.

It turns out that it is more convenient to state and prove the results for A — B. We

will do this in our discussion and focus on the set
In(a,b) ={(p,q) € ZxZ:3(A,B) € Hp(a) x H,(b) such that A — B € H,(p,q)}.
We always assume that a = (aq1,...,a,),b = (b1,...,b,) and ¢ = (c1,...,¢,) are real

vectors with entries arranged in descending order unless specified otherwise.

2 Characterization of elements in In(a, b)
First, we obtain an easy to check necessary and sufficient condition for (p,q) € In(a,b).

Theorem 2.1 Let a = (a1,...,a,) and b = (by,...,b,) be real vectors with entries
arranged in descending order. Suppose p and q are nonnegative integers satisfying p+q <
n. Then (p,q) € In(a,b) if and only if

(1) (a1,-.-,an—q) — (bgt+1,---,bn) is a nonnegative vector with at least p positive

entries, and



(2) (b1,...,bp—p) — (aps1,...,ay) is a nonnegative vector with at least g positive

entries.

Moreover, if (1) and (2) hold, then there exist block diagonal matrices A = A1 @ --- &
Apiq € Hp(a) and B = By & -+ @ Bpiq € Hp(b) with the same block sizes such that
A; — Bj is rank one positive definite for j = 1,...,p and A; — Bj is rank one negative

semi-definite for j=p+1,...,p+q.

Remark 2.2 For fivzed p,q > 0 withp+q <mn, let K = {p+1,...,n—q}. The necessity
of condition (1) and (2) in the above theorem can be deduced from the inequalities in
(1.3) with T C K and ¢ = 0 for k € K. We will give a direct proof of this result for

completeness.

It is convenient to use the following notation in our discussion. Suppose u =
(u1,...,up) and v = (v1,...,0,,) are real vectors with entries arranged in descend-
ing order. Write u >, v (respectively, u > v) if u — v is a nonnegative vector with at
least (respectively, exactly) k positive entries. We will use u > v and u > v for u >g v
and u >, v, respectively. For a = (a1,...,a,) and 1 < m < n, let a™ = (a1,...,anm)
and a,, = (@p—m+1,---,0,). One can use these notations to restate conditions (1) and
(2) in Theorem 2.1 as

a"1>,b,_, and b" P> a, ,.

The following lemmas are needed to prove Theorem 2.1. The first one was proved in

[6].

Lemma 2.3 Let a = (a1,...,am) and a = (ai1,...,a,) be real vectors with entries
arranged in descending order, where 1 < m < n. Then there is (A, A) € Hy(a) X Hpm(a)
with A as the leading principal submatriz of A if and only if aj > aj > Gp_m4j for

j=1...,m.

Lemma 2.4 Let (A,B) € Hy(a) X Hu(b). If A— B is a rank k positive semi-definite

matriz, then a > b.

Proof. Applying a suitable unitary similarity to A — B, we may assume that A— B =
diag (dy,...,dg,0,...,0) with dy > -+ > di > 0. Let C = B+ dpIx ® 0,_ have

eigenvalues ¢; > - -+ > ¢,. Then using the positive semi-definite ordering, we have
A>C and B+d,l>C>B.
By Weyl’s inequalities (see [13]), we have

a; > c; and bj +di > c; > bj, ji=1,...,n.



Since

kdp =tr(C—B) =Y (¢ — b)),
j=1

and each of the summands on the right side is bounded by di, we see that at least k
of the summands are positive. It follows that there are at least k indices j such that
a; > bj. |

Lemma 2.5 Let a and b be real vectors. Suppose {a1,as,...,a,} and {b1,ba,... by}

can be partitioned as

{ar,az,.. a0} = J{aja.. . ajm}  and  {bi,by,. o be} = [ J{bj1, .- bjim, }
j=1 j=1

such that for each 1 < j <,
aj1>bj1 > aj2>bjo > > ajn; > bjn;

with aj; > bj; for at least kj i’s and z;zl k; > m. Then there exist block diagonal
matrices A = A1 @ ---® Ay, € Hp(a) and B = By @ -+ ® B, € Hy(b) with the same
block sizes such that Aj — B; is rank one positive definite for j = 1,...,m. Consequently,
(m,0) € In(a,b).

Proof. Suppose r = 1. We prove the statement by induction on m. When m = 1 we
have
ap >by >Zaz>by > >an>0by (2.1)

and a; > b; for at least one 7. If b, > 0, then by Lemma 2.4 there is A€ Hp11 with
eigenvalues a; > -+ > a, > apy1 = 0 such that the leading n x n submatrix has
eigenvalues by > --- > b,. Since A is singular, there is R € M,, and v € C" such that
A = [R|v]*|R|v]. Note that B = RR* and R*R have the same eigenvalues by > --- > by,
and the eigenvalues of A = [R[v][R|v]* = RR* + vv* are the same as the n largest of
A and equal to a; > -+ > a,. Thus, there exists unitary A — B = vv* is rank one
positive semi-definite. If b, < 0, apply the argument to A — b,1 and B — b,I to get the
conclusion.

Suppose the result holds for some m > 1 and (2.1) holds with a; > b; for at least m+1
i’s. Let s = min{i : a; > b;}. Then by induction assumption, there exist A;, B € Hy
with eigenvalues a1, ...,as and by, ..., bs and block diagonal matrices Ao @ - -® A1 and
By®---® B4 € Hp—s with eigenvalues as41,...,a, and bgi1,. .., b, such that A; — B;
is rank one positive definite for j = 1,...,m+1. Thus, A = Ay®As®-- - D Apt1 € Hp(a)
and B=B; ® By ® -+ @ Byt1 € Hn(b) satisfy the requirement.

Now, suppose r > 1. Choose non-negative numbers ¢; with min{1,k;} < ¢; < k; for
1 < j < m such that ¢; + --- + £, = m. By the result when r = 1, there exist block



diagonal matrices A; and B; € Hnj with eigenvalues a; 1,. .. y Qo and bj1,... bj,nj such
that A; — Bj is positive semi-definite with rank ¢;. Thus, for A = A4, ®--- © A,, and
B=B1&---® B, A— B is positive semi-definite with rank m. [ |

We are now ready to present the following.

Proof of Theorem 2.1. Suppose (4, B) € Hy(a) x H,(b) satisfies A — B € Hy(p, q)-
Applying a unitary similarity to A — B, we may assume that A — B = diag (¢1,...,¢p)

suchthat ¢1 > -+ > ¢, >0=cpp1 =" =chg=0>cCp_g41 > -+ > cp. Let
Aqy A12> (Bll Bm)
A= and B=
<A21 Ag By Boao

with Ay1,B11 € Hp—q. Then Ay; — By is positive semi-definite with p positive eigen-
values. Suppose Ai; and Bj; have eigenvalues oy > --- > ap—g and B1 > -+ > B¢,

respectively. By Lemmas 2.3 and 2.4, we have

(CLl,.-- 7an—q) > (ala"' 7an—q) zp (517"' 7ﬂn—q) > (bq—i-l:--- 7bn)

This proves (1). Similarly, we can prove condition (2).

To prove the converse, given real vectors a and b, we first show that for every n, the
result holds if pg =0 or p+ ¢ = n. If (p,q) = (0,0), then we have a = b and the result
follows.

Suppose p >0and ¢ =0. Let n =rp+ s, withr >0and 1 <s<p(not 0 <s<p
as given by the Euclidean algorithm). Then (1) and (2) imply that

aiZbizap—i-iZ"'zarp—‘rizbrp—i-i fOI“lSiSS

aj >bj > apy; >0 > ag_y fors+1<j<p

= pt+i 2 Or—1)

p+J

with a; > b; for at least p i’s. Therefore the result follows from Lemma 2.5.

Similarly, the result holds for p = 0 and ¢ > 0. Hence, the result holds if pg = 0.

For p+q = n, Let A = diag(a1,...,a,) and B = diag (bg+1,...,bn,b1,...,bp—p).
Then it follows from (1) and (2) that A — B € H,(p, q)-

We complete the proof of the converse by induction on n. The result is clear for
n < 2.

Assume that the result is valid for all real vectors of lengths less than n. Suppose
(p,q) > (1,1), p+ g < n, and the inequalities in (1) and (2) hold. Then we have

a; > byq; for1<i<n-—gq (2.2)

and
bi >apy; for1<i<n-—p (2.3)



with at least p strict inequalities hold in (2.2) and at least ¢ strict inequalities hold in
(2.3).

If a; = byy; for some 1 < i < n — g, then letting a’ = (ay,...,a,-1, 041, -, a,) and
b' = (b1,...,bg+i—1,bg+it+1," -+, bp), we have
y ) /I . L —
o bEdsim = 2 b = by (2.4)
iSj<n—1-gq¢= aj=aj12bgrjy1 =b;

1<j<i—-p= b;»:bjzapﬂzagﬂ
1—p<j<it+qg= b;-:bjzapﬂzapﬂ'ﬂ:a’ ; (2.5)

P+
itg<j<n—1-p= b, =bj1>aptj+1=0a,,;

with at least p strict inequalities hold in (2.4) and at least ¢ strict inequalities hold in
(2.5). By induction hypothesis, there exist A’, B’ € H,,_1 with eigenvalues a1, ..., a;—1,a;41," "
and by, ..., bg4i—1,Dg4it1, - -, by such that A'— B’ € H,,_1(p, q). Hence, [a;]® A’ —[bg4i]®
B' € Hu(p,q)-
Similarly, the result holds if b; = a;,4; for some 1 <7 <n —p.
So, we may assume that all inequalities are strict in (2.2) and (2.3). By symmetry,
we may assume that ¢ < p. Since n > p+¢q, let n = r(p+ q) + s, where » > 0 and
1 < s <p+gq. We will arrange aq,...,a, and by,...,b, in p+ ¢ chains of inequalities so

that Lemma 2.5 can be applied. To this end, define m = min{s,q,p + q¢ — s},

i1 = max{l,s — ¢+ 1}, io = min{s,p}, j1 = max{l,s — p+ 1}, and jo = min{s, ¢}.

We have
1<s<qlq<s<p|p<s<p+tgq
ip = max{l,s — ¢+ 1} 1 s—q+1 s—q+1
io = min{s, p} s s P
j1 =max{l,s —p+1} 1 1 s—p+1
Jjo = min{s, ¢} s q q
m = min{s,¢,p +q — s} $ q ptqg—s

Then iy — i1 = jo — j1 = m — 1. By conditions (1) and (2), we can list all the entries of

a and b in the following p + ¢ chains of interlacing inequalities:

a > bgtr > Optqtl > > be-ntatat > Gr(ptq)+1 > brpra)tatt
> > > > > >

@ip-1 > bgti—1 > Apigti-1 > > bo-Dproratin-1 > Grprgria-1 > Dr(praytari -1

iy > bgiy > Gptgtiy > > be-1)(pta)tati > Gr(ptg)tiy

: > > > > >

@i, > Dbgtis > Gpiqtiz > > be-D)ptotatin > Gr(pta)+ia

Gig+1 > Dgtit1 > Aprgtipt1 > > br-1)(pta)atiatl

: > > > >

ap > betp > Qptgtp > > brp+a)



and

by > apt1 > bptgt > > Ar—1)(p+a)+pt > brpiog+r > Gr(pta)+p+l
: > > > > > >

bji-1 > apyji-1 > bptgyi-1 > > -1t trtii-1 > brprodi-1 > Or(ptq)tptii—1
bj, > Gptjy > bptgti > > A(r—1)(pta)+pt+is > brp+a)+in

: > > > > >

bj, > Aptjs > bptgtis > > A(r—1)(p+q)+p+i2 > br(p+q)+j2

bjs+1 > Aptjott > bpigtgip+1 > > A(r—1)(pta)+ptiz+l

: > > > >

bg > Qptq > bptatq > > Gr(ptq)s

where a; and b; would not appear if ¢ < 0 or ¢ > n.

In fact, it is easy to construct the p chains of inequalities in the first list and ¢ chains
of inequalities in the second list as follows. Put the first p entries of a vertically in the
first column of the first list, the next ¢ entries of a vertically in the second column of
the second list, then the next p entries of a in the third column of first list, and so forth.
Similarly, put the first ¢ entries of b in the first column of the second list, the next p
entries of b in the second column of the first list, then the next ¢ entries of b in the third
column of the second list, and so forth.

For the application of Lemma 2.5, the chains of inequalities with starting terms a; for
i1 < i < iy are not acceptable because the first and last terms are entries of a. Similarly,
the chains of inequalities with starting terms b; for j; < j < js are not acceptable.
Since i3 — i1 = jo — j1, we can amend the situations as follows. For i1 < i < i9, let

i =71 +1—1i;. Then j; <4’ < js and we can replace the pair of interlacing inequalities

ai > bgyi > apigri > 0 > be-n)prgtati > Gr(prg)+io
by > apriy > bprgry > 0 > Q_D)(prq)ptid > Or(prq)+its

by one of the following pairs:

ai > bgvi > Appgri > 0 > b(r—l)(p+q)+q+i > Qr(pro)+i = br(p+q)+i’7
b > apric > bpygre > > AG_1)(prg)+pte,

if @y (ptq)+i > br(ptq)+its OF

ai > bgri > Gpigri > > beo1)(prg) et
bir > apyit > bprgre > 0 > A1) (prgitpti > brprgrd 2 Grptg)tio

if ar(prq)+i < br(prq)ir- Alfter the above modification, we can apply Lemma 2.5 to the
eigenvalues in the interlacing inequalities with starting terms a; to get a rank p positive
semi-definite matrix, and then apply Lemma 2.5 to the eigenvalues in the interlacing
inequalities with starting terms b; to get a rank ¢ semi-definite matrix. The result
follows.

Following our proof, one can construct the matrices A and B in block diagonal forms

as asserted in the last statement of the theorem. [ |



It is easy to use Theorem 2.1 to test whether a given pair of integers (p, q) belongs

to In(a,b). Here is an example.

Example 2.6 Let a = (6,6,4,3,3,2,1) and b = (5,4,3,3,1,1,1). Then the following
hold.

(a) (1,1) ¢ In(a,b) as (b1,...,br—1) — (a141,...,a7) = (5,4,3,3,1,1)—(6,4,3,3,2,1)
has a negative entry.

(b) (2,0) € In(a,b) as (a1, ...,a7—0)—(b1+0,---,b7) = (6,6,4,3,3,2,1)—(5,4,3,3,1,1,1) =
(1,2,1,0,2,1,0) and (b1, ..., br_o)—(azs1, ..., ar) = (5,4,3,3,1)—(4,3,3,2,1) = (1,1,0, 1,0).
In fact, if A = diag(6,4,6,2,3,3,1) and B = B; @ By with

(72 V/15/2 (12 /52 .
B1 = <\/ﬁ/2 5/2 > and BQ— <\/5/2 3/2 >€Bd1ag(3,3,1),

then (A, B) € Hz(a) x Hz(b) such that

A—B= <_\‘%—§/2 _\g}_;’/2> &3 [(—352/2 _1//52/2> @diag(o,o,o)] € H7(2,0).

We can also test every (p, ) pair of nonnegative integers with p + ¢ < 7 and depict the

set In(a, b) as points in R? as follows.

q
7
6
S)
4 .
3 e o o
2 e e o o
1 e e e o o
AAM#AQWMM#%#F)
1 2 3 4 5 6 7

Corollary 2.7 Suppose (p1,q1), (p2,q2) € In(a,b). Let p = min{pi,p2} and q =
min{qi,q2}. Then (p,q) € In(a,b).

Proof. Suppose p = p; and g = ¢;. Since (p1,¢1), (p2,¢2) € In(a, b), we have

a"i >, bn_qj = a""1>,b,, and
n—p; n—
b > A, = b Z>ganp.

Hence, by Theorem 2.1, (p,q) € In(a,b). [ |



3 A global description of In(a, b)

While Theorem 2.1 allows us to test if a pair of nonnegative integers lies in In(a, b), it
would be nice to have a global description of the region for all integer pairs in In(a, b).

The objective of this section is to obtain such a description.

Note that if a and b has a common entry with multiplicities n; and ns in the two
vectors such that n; + ng > n, then for any (A, B) € H,(a) x H,(b), the null space of
A — B has dimension at least ni; + no — m, and a reduction of the vectors a and b is

possible in the problem of describing In(a, b) as shown in the following proposition.

Proposition 3.1 Let a = (ai,...,a,) and b = (by,...,by,), be two real vectors with
entries arranged in descending order. Suppose a; = jy1 = -+ = Qjyn,—1 = bj = bj41 =
-+ bjtny—1, for some i,j,n1,n2 > 1 such that n1 +mng > n. Let s = n1 +nz —n and a’,

b’ be obtained by deleting s a; from each of a and b. Then (p,q) € In(a,b) if and only
if (p,q) € In(a’,b").

Proof. Suppose A and B have eigenvalues ay,...,a, and by,...,b,. Then the inter-
section of the eigenspaces of A and B associated with a; has dimension > s. So there
exists a unitary U such that U*AU = A’ ® a;I; and U*BU = B’ @ a;I;. Therefore,
(p,q) € In(a,b) if and only if (p,q) € In(a’,b’). ]

By the above lemma, to describe In(a, b), we can focus on the (a,b) pair such that
a and b do not have a common entry whose multiplicities in the two vectors have sum

exceeding n. To describe the main result in this section, we need the following definition.

Definition 3.2 Suppose a = (a1,...,a,) and b = (by,...,b,) are real vectors with

entries arranged in descending order. Let

. n if b1 < an, (3 1)
Po = min{t:0<t<n, b" ' >a, } otherwise; ’

_fn if a1 < by, (3.2)
= min{t:0<t<n, a*!'>b, ,} otherwise. ’
Suppose
(a1,...,apn,b1,...,by) has no entry with multiplicity larger than n. (3.3)
Let
min{t:0<t¢t<n-—py, b P >a, , 4} otherwise; ‘
0 = n —qo Z'falgbnv (35)

min{t:0<t<n—gqp, @ " >b,_, 1} otherwise.

10



Furthermore, for 0 <i<mn—(po+qo+¥¢) and0<j<n—(po+qo+k), let
Qi be the number of positive entries in b" P —a,_,  with p; = po + 1, (3.6)

Pj be the number of positive entries in "~ % —b,_,.  with ¢; = qo + j. (3.7)

In Example 2.6, we have (k, ) = (1,1),
(P, 90) = (2,0), (po, Qo) = (2,3), (P, q0) = (5,0),
(p1, Q1) = (3,4) = (P1,q4), (p2,Q2) = (4,3) = (P35, 03),
(p3,@3) = (5,2) = (P2, q2), (P4, Q) = (6,1) = (Pr, q1).

In general, we will show in Lemma 3.11 that p; < P and p; + Q; = n = P; + g; for all
kE<i<n—(po+qo+¥) and ¢ <j<n—(po+ qo+ k). Therefore, the points in

{(pi, Qi) k<i<n—(po+qo+0}U{(P,q): {L<j<n—(po+aq+k)}
lie on the line segment joining (px, Q) and (P, qr).

Theorem 3.3 Let a and b be real vectors satisfying condition (3.3). Use the notation
in Definition 3.2. The following conditions hold.

(1) The polygon P obtained by joining the points
(o, 90), (Po; Qo) (P1, Q1) - - -, (P, Qk)s (Pes q0) (Pr-15G0-1), - - - » (Fo, 90)5 (o, q0)
18 COnver.
(2) In(a,b) consists of all the integer pairs (p,q) in P.

In Example 2.6, P is obtained by joining (2, 0), (2, 3), (3,4), (6,1), (5,0), (2,0). Before
presenting the proof of the theorem, we illustrate how to use the theorem in the following

corollaries.

Corollary 3.4 Suppose a and b be real vectors with no common entries. Using the
notation in (3.1) and (3.2), we have

In(a,b) ={(p,q) :p > po, ¢>qv, p+q<n}.

Proof. Since a and b have no common entries, we see that for each ¢ € {1,...,k},
the vector b" P —a,,_,, is positive, and hence p; + @; = n. Similarly, P; + ¢; = n for
each j € {1,...,¢}. By Theorem 3.3, the result follows. [ |

11



Corollary 3.5 Suppose there are > v and 0 < u,v < n such that
M:alz"':au:blz"':bv and V:au—l—l:"':an:bv+1:"':bn7

then
In(a,b) = {(u —w,v —w) : max{0,u + v —n} < w < min{u, v}}.

Proof. Without loss of generality, we may assume that v > v, g = 1 and v = 0.
Furthermore, by Proposition 3.1, we may assume that v + v = n. Then (pg,q9) =
(u —v,0). Moreover, (p;, Qi) = (po +4,1) = (P;,q;) for i = 1,...,v. By Theorem 3.3,
the result follows. u

We establish some lemmas to prove Theorem 3.3. The first three lemmas give addi-

tional properties of po, qo, P;, @;, and confirm that (po, o), (p:, Q:), (P}, q;) € In(a, b).

Lemma 3.6 Suppose a,b are two real vectors, and py, qo are defined by (3.1) and (3.2).
Then the following conditions hold.

(1) po =min{p: (p,q) € In(a,b) for some ¢ > 0}, and a’® — by, is a positive vector
if po > 0.

(2) go = min{q : (p,q) € In(a,b) for some p > 0}, and b% — a,, is a positive vector
if go > 0.

(3) (Po;qo) € In(a,b).

Proof. (1) Suppose pg is given by (3.1). If pg = n, then by < a,, and In(a,b) =
{(n,0)}. If po < n, then we have b; > ap,4; for all 1 < j < n—pg. Let A =
diag (a1,...,a,) and B = diag (bp—pg+1,---b0n,b1,...,0p—p,). Then A — B has at most
po positive eigenvalues. Therefore,

po > min{p : (p,q) € In(a,b) for some ¢ > 0}.

On the other hand, suppose (p,q) € In(a,b) for some g > 0. Then there exists (A, B) €
Hn(a) x Hy(b) such that A — B € H,(p,q). By Theorem 2.1, we have b" P > a,_,,.
Therefore, p > pg. Hence,

po < min{p : (p,q) € In(a,b) for some ¢ > 0}.

If po > 0, then there exists 1 < i < n — (po — 1) such that a,,—14+; > b;. So, for all
1 <5 < pgy, we have
aj 2 apo—1+i > bi = bp—po+;
i.e., aP> — by, is positive. This proves (1). The proof of (2) is similar.
(3) By the results in (1) and (2), we can choose p > py and ¢ > g such that (p, o)
and (po, q) € In(a,b). Hence, by Corollary 2.7, (po,qo) € In(a,b). [ |

Note that assumption (3.3) is not needed in Lemma 3.6.
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Lemma 3.7 Suppose a and b are real vectors satisfying condition (3.3). Let s €
{0,...,n — 1} be such that b"~* — a,_, has a non-positive entry. Then a*T! — b,y

18 positive.

Proof. Suppose the conclusion is not true. Then a**! — b, is not positive. Hence
there is i € {1,...,s+ 1} such that a; < b,—s_14+;. Since the vector b"® — a,,_4 has a
non-positive entry, b; < as4; for some j € {1,...,n — s}. Hence

bj <asyj < aspj1 < Lap Kbp_go145 <o < by

Consequently, all the inequalities become equalities, and the multiplicity of a; = b; in the
vector (a1,...,an,b1,...,b,) equals (s+j—i+1)+(n—s+i—j) =n+1, contradicting
assumption (3.3). [ ]

By Lemma 3.7 and the definition of ¢ and k, we see that (n —qo—¥¢,q0+¢), (n —po —
k,po + k) € In(a, b) if a, b satisfy (3.3).
Lemma 3.8 Let a and b be real vectors satisfying (3.3). Use the notation in Definition
32. For0<i<n—(po+qo+¥) and0<j<n—(pyo+qo+k), we have
1) apo-i—i > bpo-l-i and bq0+j > aq0+j.
) (pia Qz): (P]7 qj) S In(a7 b)
3) Qi =max{q: (po+1,q) € In(a,b)} and P; = max{p : (p,qo + j) € In(a,b)}.
4) po+qo+k+0<n.
Proof. If pg or g = n, then k = £ = 0, and the results follow. Therefore, in the rest
of the proof, we assume that pg, go < n.

(1) It follows from the definition of ¢ and k that a”~%~* > b, _, , and b*Po=F >
ay_py—k- For 0 < i < n— (po+ q +£), we have pg +i < n — qo — £. Therefore,
alt > by, ;. Similarly, b%% > a, 4 ; for 0 < j <n— (po+ qo + k).

(2) Since, diag (a1,...,an) — diag (by—p,+1,---,0ns b1, ... bn—p,) € Hn(pi, Q:), we have
(pi, Q;) € In(a, b). Similarly, (P},q;) € In(a, b).

(3) Suppose (p;, q) € In(a,b). Then b" P >, a,,_,,. So, ¢ < Q;. Hence,
Qi = max{q : (po +1,9) € In(a,b)}.

Similarly, we have
P; =max{p: (p,q +j) € In(a,b)}.

(4) Since (n—qo—¥¢,q0+¢) € In(a, b), we have n — gy — ¢ > pg by Lemma 3.6. From the
definition of k and a”~ %~ > b, qo—¢, we have n—qo—{ > po+k. Thus, po+qo+k+{ < n.
|
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Clearly, P; is equal to n — ¢; minus the number of zero entries in a" % — by,,_;.
Therefore, in order to study the relationship between P; and Pj1, we need to keep
track of the zero entries in the vector a"~% —b,,_,, and investigate how they are related

to the entries of a”~ %1 —by—g;—1. For this reason, we introduce the following definition.

Definition 3.9 For1<i<j<m <mn, we say that [i,j] = {t:i <t <j} is a mazimal

interval of (™, by,) if

Qi—1 > G = Qi1 = = a4
= bn—m—l—i = bn—m+i+1 = = bn—m—l—j > bn—m—l—j—l—l-

The length of a mazximal interval [i, 7] is given by j — i+ 1. The set of all mazimal
interval of (™, by,) will be denoted by S(a™,by,). Let T = T(a™, by,) be the mazimum
length of a mazimal interval of (a™,by,). For 1 < t < T, let s; be the number of
maximal intervals of (2™, by,) with length t. The sequence (s1, S2, ..., s7) will be denoted
by s(a™, by,).

Lemma 3.10 Suppose a™ > by, for some 1 < m < n. Then the following conditions
hold.

(1) a™ >, by, where ¢ =m — Zletst.
(2) [i,4] € S(@™ L, b,,_1) if and only if [i,j + 1] € S(a™, by,).
(3) a™ ! >, by 1, where g1 =q— 1+ Y1, 5.
(4) If a™ 2 >, by,_o, then go — 1 < q1 — q.
Here, we assume that m > 1 for (2) — (3) and m > 2 for (4).

Proof. Condition (1) holds because Zle t s¢ is the number of zero entries in a” —b,,,.

To prove (2), suppose [i, j] € S(a™ !, b,,_1). Then we have

ai—1 > @ = Gi+1 = =G
= bn—(m—l)—i—i = bn—(m—1)+i+l = = bn—(m—1)+j > bn—(m—l)-‘,—j-{—l'
(3.8)
Since a;—1 > a; > byp—mti = bp—myir1 = a; and a; > aj11 > bypomijy1 = a; >
bn_(m_1)+j+1, we have a; = by—m+i = bp—m+it1 and a; = aj41 = by_m4j4+1. This gives
ai—1 > a; = Gj+1 = = i (3.9)
= bn—m+i = bn—m+i+1 = = bn—m+j+1 > bn—m+j+2- ’
Thus, [i,j + 1] € S(a™, by,). Conversely, if [i,7 + 1] € S(a™,by,) for some j > i, then
(3.9) holds. Thus (3.8) follows and [i,5] € S(a™ %, by,_1).
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To prove (3), let s(a™, by,) = (1,52, ..., 57). Then it follows from (2) that s(a™ !, b,,_1) =

(s2,83,...,57). Hence,

T

T T T
q1:m—l—Z(t—l)st:m—l—Ztst—i—Zst:q—l—l—Zst.
t=1 t=1 t=1

=2
From (3), we have g2 — q1 = Y7o 5 — 1 < 3.1 s, — 1 = ¢ — q. This proves (4). ®

Applying Lemma 3.10 to the quantities in Definition 3.2, we readily deduce the

following.

Lemma 3.11 Use the notation in Definition 3.2 and 3.9. The following conditions hold.
(1) k=T (bn—po’ an—IDo)f (=T (an—tmv bn—Qo)-

(2) Suppose s (bp_py,an—p,) = (51,52,...,5k) and s (Ap_g, bp—gy) = (57, 55,...,5)).
Then
Qi+1 = Qi—1+Zf:i+1st for0<i<k,
Pi = Pj—l—i-Zf:szQ for0<j<Hd.

(3) Fork<i<n—(po+q+¥¢) and £ < j<n—(po+qo+ k), we have
Qiv1=Qi—1 and Pj1 =P —1.
Moreover, for k <i<n—(po+qo+¥) and £ < j<n—(po+ qo+ k), we have
pi + Qi =n = P; +q;. (3.10)

(4) ForO<i<n—(po+qo+¥) and £ < j<n— (po+qo+k), we have

Qi — Qi1 2 Qit1 —Q; and P;—Pj_1 > Pj11 > Pj1— P

Proof of Theorem 3.3 (1) From (po,qo) to (po, Qo), we have a vertical straight line
segment. Note that the slope of the line segment from (p;—1,Q;—1) to (pi, Qi) equals
Q; — Qi—1, and the slope of the line segment from (p;, Q;) to (pi+1, Qi+1) is Qi+1 — Qi.
By Lemma 3.11 (4), we see that Q; — Qi—1 > Q;+1 — Q;. Thus, the polygonal curve
joining the points (pg, Qo), (p1,Q@1),- .-, (Pk, Q) is convex. The line segment joining
(pk, Qk) and (Py,qe) is a line segment with negative slope. Finally, the polygonal curve
joining the points (po, o), (Po,q0),- - -, (P, q¢) is concave by Lemma 3.11 (4). Thus P is

a convex subset contained in the set

{(pyq):po<p<n—qu qo<qg<n-—pg and p+q<n}.

(2) Suppose (p,q) € P. Let p = p; and g = ¢; for some 0 < i <n — (po + qo + ¢) and
0 <j <n—(po+qo+k). Then p; < P;j and ¢; < Q;. Since (p;, Q;) and (P}, g;) € In(a,b).
By Corollary 2.7, (p;,q;) € In(a, b).
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Conversely, suppose (p,q) € In(a,b). By Theorem 3.6, we have p > pg, ¢ > qo and
p+q < n. Let p=p; and g = ¢; for some i,j > 0. If i > n — (po + qo + £), then we have

G <n—pi<qgt+l=p <Pi<n—qg=i<n—(p+q+7)),

a contradiction. Therefore, 0 < i < n — (pg + qo + ¢). Similarly, we have 0 < j <
n—(po+qo+k). Since (p;, q;) € In(a, b), we have p; < P; and ¢; < @; by Lemma 3.8. If

either p; = P; or ¢; = Q;, then (p,q) € P. So we may assume that p; < P; and ¢; < Q;.

Consider the positive numbers
t1=3(P; — pi)s t2 = i(Qi — qj) and t3 = (Pj — pi)(Qi — qj)-
Then, by direct computation, we have

t1(pi, Qi) + t2(Pj, ¢j) +t3(po, go) _ (tipi + t2Pj + tapo, t1Qi + tags + t390) _ (pir )
t1 +to + t3 ty +to+t3 v

Thus, (p, q) lies in P. [ |

4 Elements in In(a,b) attainable by diagonal matrices

In this section, we determine those elements in In(a, b) that are attainable by diagonal
matrices. Clearly, if A and B are diagonal matrices with eigenvalues so that the eigen-
values of A and those of B are mutually distinct, then A — B is invertible. If A and B
have m common eigenvalues (counting multiplicities), then A — B has at most m zero
eigenvalues. It turns out that this is the only additional restriction on (p,q) € In(a,b)

to be attainable by diagonal matrices.

Theorem 4.1 Suppose a and b have m common entries counting multiplicities. Then
there are diagonal matrices A € H,(a) and B € Hy(b) such that A — B € Hy(p,q) if
and only if (p,q) € In(a,b) and p+q >n—m.

To prove Theorem 4.1 we need the following.

Lemma 4.2 Leta = (a1,az,...,a,) and b = (by,ba,...,b,) € R" witha; > ag > --- >
an and by > by > -+ > b,. Given 1 < j; <i1 <n, let & and b be obtained from a and b
by deleting a;, and bj, from a and b respectively. Suppose a >, b for some 0 < p < n.
We have

(1)

(2) If1<p<mn, thena >, b.

>

Q>

> b.

~

(3) If a; = b; for some j1 <1 <1y, then a >, b.
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Proof. Since

R a; if1<i<i, - b; if 1 <j <71,
a; = e ) and b = e .
a1, ifip <i<n—1, bjiyi fj<j<n—1,
we have
1<i<j = a=a=2b=0b
n<i<iy = a,=a;>b;>b1="b (4.1)
11 <i<n = a4 =aiy1 > b1 =0

and (1) holds.
Note that every strict inequality a; > b; for 1 < i < iy (or iy < i < n) gives a strict
inequality a; > b; (or a;—1 > Z)i_l). This proves (2) and the case when i = iy or 7 in (3).

For (3), we may assume that a;, > b;, and i; > j;. Note that

(G1,a2,...,05,-1) = (a1,a2,... a]1 1)
(61,62,...,aj1_1 = (bi,ba,... bj_1)
(Gjys 0541y G —1) = (@1, Q415+ -+ Qi —1)
bivsbjiity s bip—1) = (bjs1,bj42,- - biy)
(Giyy Giy g1y Une1) = (Qj34+1, iy 4255 Ap)
(Bivsbisstse o but) = (bt biasas v an)

Apply Lemma 3.10 (3) to (aj,, @j,+1,---,a;,) and (bj,bj,42,...,b;;); by the fact that

at least one s; is positive, we can conclude that the number of strict inequalities in

(Gjyy QG 41,y Gi—1) — (bjl, bii41,--- ,bi1_1> is no less than that of (a;,,aj,+1,...,a;;)—
(b1, bj 42, .., bi;). Therefore, the number of entries in a—Db is no less than that of a—b.
|

Proof of Theorem 4.1. Suppose A and B are diagonal matrices with eigenvalues
ai,...,a, and by,..., b, such that A — B € H,(p,q). So, (p,q) € In(a,b). Also, the
number of zero diagonal entries is at most m. Therefore, m > n — p — q. Hence,
ptg=2n—m

We prove the converse by induction on m. Let (p,q) € In(a,b) and p+¢>n—m
If p + ¢ = n then the result follows from Theorem 2.1. So the result holds for m = 0 and
we may assume that n > p+q.

Let m > 0. Assume the result holds whenever a and b have m — 1 entries in common.
Suppose a and b have m common entries and (p,q) € In(a,b), with p+¢ > n — m.
By Theorem 2.1, we have a" ¢ >, b,_, and b"™? >, a,_,. We may assume that
n > p+q > n—m. We are going to show that we can delete a common entries from a and
b to obtain vectors 4 and b € R"! so that a7~ 14 >p f)n_l_q and b?1P >q An_1—p.
Since & and b have only m — 1 entries in common and p+ ¢ > (n — 1) — (m — 1), the

result will follow.
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Consider the following cases:
Case 1: a7 >, 1 b,_gand b"P >, a,_,.

Since m > 0, we can choose i1 = min{i : a; = b; for some j} and j; = min{j : b; =
ai, }. Let & and b be obtained from a and b by deleting a;, and b;, respectively.

If iy > n — g, then a” 179 = a®~1~9. Therefore, a" 174 > Bn_l_q.

If i1 <n —gq, then b;, 1 > bj;, = a;; > by4, and we have g + i1 > ji. By Lemma 4.2
(2), 10 >, by,

Similarly, we have pr—i-r >q Ap—1—p.
Case 2: "7 >, b,_,.

Since n —q > p, let iy =min{t : 1 <t <n—gqganda; =bg+} <p+1. Let aand
b be obtained from a and b by deleting a;, and by, respectively. Then a and b have

m — 1 entries in common. By Lemma 4.2 (3), &% 177 >, Bn_l_q. Consider the following

cases:

Subcase 2a: If b"7P >, a,_,, then it follow from Lemma 4.2 (2) that pr1-p >4
ap—_1—p.

Subcase 2b: If b"7? >, a,,_,, then
min{s: 1 <s<n-—pandbs =apys} <qg+1<qg+i.

It follow from Lemma 4.2 (3) that b~ 1~ >qan_1—p. ]

5 Ranks and multiple eigenvalues

By Theorem 3.3, we can determine the set R(a,b) of all possible ranks a matrix of the
form A — B with (A, B) € Hy(a) x H,(b). Evidently, we have

R(a,b) ={p+q:(p,q) € In(a,b)}.
Nevertheless, it is interesting that the result can be put in the following simple form.

Theorem 5.1 Let a,b be real vectors, and define py and qo as in (3.1) and (3.2). Let m
be the largest multiplicity of an entry in (ay,...,an,b1,...,by) and r = min{2n —m, n}.
Suppose R(a,b) is the set of rank values of matrices of the form A — B, where (A, B) €
H,(a) X Hy(b). Then one of the following holds.

(1) There exist real numbers > v and 0 < u, v <n such that
p=a1=-=ay,=0b; =+ = by, V=ayut1 = ... =ap =byy1 =+ = by,

and
R(a,b) ={u+v—2j : max{0,u +v —n} <j < min{u,v}}.
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(2) Condition (1) does not hold, a="b, and

R(a,b) ={0}uU{2,...,r}
(3) Conditions (1) and (2) do not hold, and

R(a,b) = {po +qo,...,7}.

Moreover, if t € R(a,b) then there are block diagonal matrices A = A1 ®--- DAy € Hy(a)
and B = By ® --- ® By in H,(b) with the same block sizes such that A; — B; has rank
one for j=1,...,t.

Note that in the theorem, we include the case when (aq,...,an,b1,...,b,) has an

entry with multiplicity larger than n .

Proof. (1) Suppose a, b satisfy the condition in (1). The result follows from Corollary
3.5.

(2) Suppose condition (1) does not hold and a = b. If A = B = diag(aq,...,a,),
then A — B € H,(0,0). Since A and B have the same trace, we see that A — B cannot
have rank 1.

Without loss of generality, we may assume that » = n. We prove the following claim
by induction on n:

There are matrices A, B € H,(a) such that A— B € H,(p, q) whenever2 < p+q<n
withp=q orp=q+ 1.

The claim is clear if n = 3,4. Suppose n > 5 and 2 < p+¢q < n with p = ¢ or
p = q+ 1. Since a has at least three distinct entries, each entry has multiplicity at most
n/2. Suppose a, > as, where a,, as have the two largest multiplicities in the vector a.

For 2 < p+ q < 3, choose a,, ¢ {ay,a,} and let A; = diag (ay, ay, ay). Then there
exists a diagonal matrix B; with the same eigenvalues as A; and A; — By € Hs(p, q).
Remove ay, a,,a,, from a to get a’. Then A; ¢ diag (a’) — By ¢ diag (a') € Hn(p, q).

For 4 < p+¢q < n, we have p,q > 1. Therefore, 2 < (p—1)+(¢—1) <n—2 and
p—1l=gq—1lorp—1=(g—1)+1. Let Ay = diag(ay,a,) and By = diag (ay,a),
we have A; — By € In(1,1). Remove a,,as from a to get a’. Since n > 5, there are
at least three distinct entries in a’ and each has multiplicity at most (n — 2)/2. By
induction assumption, there are As, By both with vector of eigenvalues a’ such that
Ay — By € Hyp—o(p—1,qg—1). Thus, Ay ® Ay — By & By € Hu(p, q).

(3) Suppose conditions (1) and (2) do not hold. Using the notation in Theorem 3.3,
we see that (p,q) € In(a,b) for

(P, q) € {(pj;q0) : 0 <5 <k}U{(pr,qj) : 1 <j < Qi}

Thus, we have the desired rank values.
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By Theorem 2.1, we can construct matrices A and B with the asserted block struc-

ture. [ ]

It is clear that X, Y € H,, have the same eigenvalues if and only if X —pul and Y —pul
have the same inertia (or rank) for all eigenvalues p of Y. Thus, we can describe the
eigenvalues of A — B in terms of the inertia of A — B — ul for different real numbers
. In particular, we have the following necessary condition for ¢; > ... > ¢, to be the
eigenvalues of A — B with (A, B) € Hy(a) x H,(b).

Proposition 5.2 Let a = (a1,...,ay,),b = (b1,...,by),c = (c1,...,¢n) be real vectors
with entries arranged in descending order. Suppose ¢ has distinct entries c; > -+ > ¢
with multiplicities my, ..., my, respectively, and suppose there exists (A, B) € H,(a) x

Hp(b) such that A — B € Hy(c). Set ugp =0, uj =mq +---+mj_q forje{l,... t},
vj =mjqp1+ - +my forje{l,....,t—1} and vy = 0. Then for j € {1,...,t},

(i) (a1—cj, -y an—v; —¢j) = (by, 41, - -, bn) is nonnegative with at least u; positive entries.
(i) (b1,--sbn—u;) = (@u;41 — Cj,---,an — ¢j) is nonnegative with at least v; positive
entries.

Remark 5.3 Let a = (ay,...,a,) and b = (by,...,b,) with entries arranged in de-
scending order. Then there exist A, B € H,, with vector of eigenvalues a and b such
that A — B has an eigenvalue p with multiplicity ¢ if and only if there is a matrix of the
form A — B has rank n — t, where A 4+ ulI € H,(a) and B € H,,(b). Hence, we can use
Theorem 5.1 to determine whether there is (A, B) € Hy(a) X H,(b) such that A — B
has an eigenvalue p with multiplicity ¢. In Corollaries 5.6 and 5.7, we will apply The-
orem 2.1 to give a more precise location of the multiple eigenvalue u. As a byproduct,
we determine the function f(u) defined as the minimum rank of a matrix of the form
A — B — ul with (A, B) € Hy(a) x Hy(b) for given real vectors a and b.

The following notation will be used for the rest of this section.

Notation 5.4 Leta = (ai,...,a,),b = (b1,...,by,) be real vectors with entries arranged

in descending order. For 0 <t <n—1, let
ar =max{aj; —bj: 1 <j<n—t} and By =min{a; —bjy:1<j<n—t}
For pn € R, let po(p) and qo(p) be defined as in (3.1) - (3.2), with a; replaced by a; — fu.

Note that po(p) + go(p) will be the minimum rank of a matrix of the form A— B — ul
with (A4, B) € Hy(a) x Hy(b).

Proposition 5.5 Let a and b be real vectors with entries arranged in descending order.
We have
ap—1<apno<--<a and [o<p << Ppoa.

Moreover, the following conditions hold for the function po(p), qo(w) and po(p) + qo(i).
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(a) po(p) is a decreasing step function in p € R such that po(u) = n for p < ay—1,
po(p) =0 for u > ag, and po(p) =t if p in the interval oy, ay—q1) forl <t <n-—1;

(b) qo(w) is an increasing step function in p € R such that qo(p) = 0 for u < fo,

qo(p) = n for p > Bn-1, and qo(p) =t if p in the interval (Bi—1, Bi] for 1 <t <
n — 1.

(c) Ifas = [ for some 0 < s,t < n—1, then there exists & > 0 such that po(u)+qo(p) >
po(as) + qo(as) for all 0 < | — as] < 9.

(d) If p # oy, By for all0 <t <n—1, then po(-) + qo(-) is locally constant at p.

Proof. For 1 <t <n—-1and1 < j <n—twehave aj4; —b; < Ajy(-1) — b;.
Therefore, oy < az_1. Similarly, 6; > B;_1.
By (3.1) and (3.2), we have

B n if p <a,— by,
po(p) = { min{t : p > oy}  otherwise,

n if a1 — b, < p,
qo(p) = { min{t: u < ;} otherwise,
which implies (a) and (b).

For (c), suppose as = fB; for some 0 < s,t < n — 1. By taking a,, = ap—1 — 1,
a1 =ag+1, 61 = Fy—1and G, = Bh—1 + 1, we may assume that as41 < as =
Cs—1 = =ay <ag_yand fi1 < Py = fry1 = - = Py < Byy1. Let § = min{a, —
Qs 1, Qg1 — gty By = Br—1, By y1 — By} > 0. We have po(p) +qo(p) =s+t+1> s+t =
po (as) +qo (Be) = po (vs) +qo (as) if 0 < g —p < 6 and po(p) +qo(p) = s'+¢'+1 > '+t
if0<p—as<d.

s+t+1 fo<as—p<d

po(p) + qo(p) = {3/+t/+1 ifO<p—as<é

> s +t=po(ay)+q(Bt) =po(as) +qo(as)
(d) follows from (a) and (b). ]

Note that the function g(u) defined as the maximum rank of a matrix of the form
A — B — ul with (A, B) € Hyp(a) x Hy(b) is easy to determine, namely, it is equal to
g(u) = min{n, 2n — m(u)} with m(u) equal to the maximum multiplicity of an entry in
the vector (a1 — pty...,an — b1, ..., by).

Similarly, one can consider Pp(u) and Q(u) defined as the maximum number of
positive and negative eigenvalues of a matrix of the form A — B — ul with (A, B) €
H,(a) x H(b). We omit their discussion.
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The following corollary concerns the possible multiplicities for 4 € R to be an eigen-
value of A — B with (A, B) € Hy(a) x Hy,(b).

Corollary 5.6 Let a and b be real vectors with entries arranged in descending order.
Suppose ap, — by < p < ay — b,. Then there exist s,t € {0,...,n — 1} such that p €
[as, as—1) N (Be—1, B¢], where we take a_q > Bp—1 and B_1 < ap—1.

(1) Suppose (A,B) € Hp(a) X Hnp(b) and p is an eigenvalue of A — B. Then the
multiplicity of p is at most n— s —t. Furthermore, A— B has at least s eigenvalue

greater than p and at least t eigenvalues less than .

(2) There ezists (A, B) € Hn(a) x Hy(b) such that A — B has an eigenvalue p with

multiplicity n — s — t, s eigenvalues greater than p and t eigenvalues less than p.

To facilitate the comparison of our results and those in the literature, we present the
next corollary in terms of A + B with (A4, B) € Hy(a) x Hy(b). We use the following
notation. Let a = (a1,...,a,), b = (b1,...,b,) and c = (cy, ..., c,) with entries arranged
in descending order. For each 1 < k < n, let Ly = max{a; +b; : i+ j = n + k} and
Ry, =min{a; +bj : i+ j = k+1}. Suppose A, B € H,, and C = A+ B have eigenvalues
a, b and c. Then it follows from Weyl’s inequalities [13] that Ly < ¢z < Ri. Conversely,
for every 1 < k < n and ¢ € [Ly, Rg|, there exist A, B € H,, and C = A+ B with
eigenvalues a, b and c such that ¢, = ¢. However, for two distinct 1 < k < k¥ < n
and ¢ € [Lg, Ry, ¢ € [Lg, Rys], there may not exist A, B € H,, and C = A 4+ B with
eigenvalues a, b and ¢ such that ¢, = ¢ and ¢ = ; see the example in [7, p.215].
Nevertheless, by replacing b; with —b,;1—; and putting s = k — 1 and t = n — k/, the

second part of Corollary 5.6 can be rephrased in the following form.

Corollary 5.7 Let a = (a1,...,a,) and b = (by,...,b,) with entries arranged in de-
scending order and p € [Ly, Li_1) N (Rp 11, Rir]. Then there exists (A, B) € Hy,(a,b)
such that C' = A+ B has a vector of eigenvalues ¢ with cx—1 < g = = Cpg1 = -+ =

Crr < Ck/41-

We remark that Corollary 5.7 can also be deduced from the results in [1].

6 Additional results and remarks

Proposition 6.1 Let a,b be given. There are 1 x n wvectors &' and b’ with integral
entries arranged in descending order such that In(a,b) = In(a’,b’). Moreover, for each
(p,q) € In(a,b) there is A € Hy(a') and B € H,(b") such that A — B € In(a’,b’) has

integer eigenvalues.
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Proof. We can construct a’ and b’ as follows. Use the entries of a and b to form a
vector v = (71, . ..,72n) With entries in descending order. We always put the entries of a
first if an entry appears in both vectors. Suppose v has m distinct entries g1 > -+ > fim.
Then replace the entries p; in a and b by the integer i for each i € {1,...,m} to
get the vectors a’ and b’. By Theorem 2.1 and the construction of a’ and b’, we see
that (p,q) € In(a,b) if and only if (p,q) € In(a’,b’). Moreover, by Theorem 2.1, for
each (p,¢q) € In(a’,b’) we can construct A = A; @ -+ ® Appq € Hp(a') and B =
By @ -+ @ Bpyq € Hp(b') such that A; — B; is a rank one positive semi-definite for
i=1,...,p, and A; — B; is a rank one negative semi-definite for i = p+1,...,p+ q.
Since A; and B; has integral eigenvalues, the only nonzero eigenvalue of A; — B; equals

tr (4; — B;) is again an integer. So, the last assertion holds. |

Suppose a, b, ¢ have nonnegative integral entries. It is known that there exist (A, B) €
H,(a) x Hy(b) such that A— B € H,/(c) if and only if one can obtain the Young diagram

associated with (aq,...,a,) from the Young diagrams associated with (by,...,b,) and
(c1,...,cn) according to the Little-Richardson rules; see [7]. Thus, we have the following
result.

Proposition 6.2 Leta = (aj,...,a,) and b = (by,...,b,) have positive integral entries
arranged in descending order. Then there is a vector ¢ = (cy, ..., ¢,) with positive integral
entries arranged in descending order and cp11 = -+ = Ch—q+1 = p for a given integer j

such that one can obtain the Young diagram associated with a from the Young diagrams

associated with b and c according to the Little-Richardson rules if and only if

(al _Ma"wan—q_u) zp (bq-i-lu"'abn)

and

(b17 s abn—p) Zq (ap-i-l My, n — M)
In connection to our discussion, it would be interesting to solve the following.

Problem 6.3 Deduce and extend Proposition 6.2 using the theory of algebraic combi-
natorics. In particular, for given real vectors a and b with integral entries, determine
the conditions for the existence of an integral vectors ¢ with certain prescribed entries
such that the Young diagram corresponding to a can be obtained from those of b and ¢

according to the Littlewood-Richardson rules.

Problem 6.4 Extend our results to the sum of k Hermitian matrices for k > 2. In other
words, determine all possible inertia values and ranks of matrices in Hy(ay)+- - -+Hp(ay)

for given 1 x n real vectors ay, ..., a;, with entries arranged in descending order.
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Note that the problem of finding the relation between the eigenvalues of Ay, ..., Ag
and that of 49 = A; 4+ --- + Ag can be reformulated as the problem of finding the
necessary and sufficient conditions for the existence of Hermitian matrices Ag, A1, ..., Ax
with prescribed eigenvalues such that Ag — Z?Zl Aj has rank 0. Thus, it can be viewed
as a special case of Problem 6.4. To determine whether there are Ay, ..., A € H, with
prescribed eigenvalues such that Aj + - - -+ A has rank one, one may reduce the problem
to the study of the existence of Ay,...,Ar € H, with prescribed eigenvalues such that
A1+ -+ 4 Ag has eigenvalue p,0,...,0 with g = tr (A; + -+ 4+ Ag). Then the results in
[7] can be used to solve the problem. In general, it seems difficult to determine if there
exist Aj,..., Ay with prescribed eigenvalues such that A; + --- + A has rank r with
re{2,...,n}.

Note added in proof.

We thank Professor Wing Suet Li for some helpful dicussion about the connection of
the interesting preprint [1] and our work. In [1, Proposition 5.1], the authors determined
the conditions on 1 x n vectors ag, ay, . ..ay, with some of the their entries specified so
that one can fill in the missing entries to get vectors ag,...,a; with entries arranged
in descending order and Hermitian matrices A; € H,(a;) for j = 0,1,...,k satisfying
Ag = Ay + -+ + Ag. Evidently, there exists Ay € H(ay) + -+ + H(ay) with inertia
(p,q,n —p—q) for given 1 x n real vectors ay,...,ay if and only if there exist £ > 0 and
Ap € H(ay) + - - - + H(ag) with eigenvalues p1q > - -+ > py, such that (g, ..., tp—qt1) =
(e,0,...,0,—¢). Using the result in [1], one can determine whether the desired positive
number ¢ exists by checking whether a polytope defined a large number of inequalities
in terms of entries of ay, ..., a; has non-empty interior; see also Buch [2]. For k = 2, our

Theorem 2.1 shows that the very involved conditions can be reduced to (1) and (2).
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