Conditions for linear dependence
of two operators

Bojan Kuzma, Gorazd Lesnjak, Chi-Kwong Li, Tatjana
Petek and Leiba Rodman

Dedicated to Israel Gohberg on the occasion of his 80th birthday

Abstract. The linear dependence property of two Hilbert space operators is
expressed in terms of equality of size of values of certain sesquilinear and
quadratic forms associated with the operators. The forms are based on g-
numerical ranges.

Mathematics Subject Classification (2000). Primary 47A12; Secondary 47A99.

Keywords. Hilbert space, linear operators, linear dependence, numerical val-
ues, generalized numerical range.

1. Introduction

Let H be a complex Hilbert space with the inner product (-,-), and let L(H) be
the algebra of bounded linear operators on H. If H is of finite dimension n, we will
identify H with C™, the complex vector space of n-component column vectors with
the standard inner product (z,y) = y*z, x,y € C*, and will identify L(H) with
M, the algebra of n x n complex matrices. We assume throughout that H has
dimension at least 2.

In this paper, we are interested in studying the following problem.
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Problem 1.1. Suppose A, B € L(H). Find effective criteria to show that {A, B} is
linearly independent. In connection with this problem, when do {I, A} and {I, B}
generate the same algebras in L(H)?

Of course, if A and B are given, this is an easy question to answer. But in
Problem 1.1 we assume that only partial information about the operators is given.
For example, it is well known that if there is u € C such that (Az,z) = p(Bz,x)
for all normalized elements x € H, then A = pB. We will prove that for two
nonzero operators A, B € L(H), at least one of the pairs A and B or A and B*
is linearly dependent if and only if there is r > 0 such that |(Ax, )| = r|(Bx,x)|
for all normalized elements = € H; see Theorem 2.2 below. (Alternatively, we can
say [(Ax,x)|/|(Bx,x)| assumes only a single value whenever |(Bx,z)| # 0.) The
analysis turns out to be more involved, and inspires other equivalent conditions
for {A, B} to be linearly dependent.

Instead of comparing the absolute values of quadratic forms (Ax,z) and
(Bz, ), we can also deduce our conclusion by considering the absolute values of
general sesquilinear forms (Az,y) and (Bz,y) for normalized elements z,y € H
with inner product (z,y) = ¢ for a fixed value ¢ € [0, 1]. Clearly, if ¢ = 1, we have
x =y, and we are back to the quadratic form result. In general, we can show that
two nonzero operators A and B are linearly dependent if and only if there is r > 0
and ¢ € (0,1) such that [(Az,y)| = r|(Bz,y)| for all normalized elements z,y € H
with (z,y) = ¢; see Theorem 2.2. We also show that if ¢ = 0, the above condition
forces linear dependence of A —al and B —bl, for some a,b € C. Thus, {I, A} and
{I, B} will generate the same algebra.

Note that A — (Az,y) can be viewed as the image of A under a (bounded)
linear functional. The results we described above can be reformulated in the fol-
lowing form: two nonzero operators A and B are linearly dependent if and only
if there is r > 0 such that |f(A)| = r|f(B)]| for all linear functionals in a certain
specific class S.

Clearly, to see whether |f(A)| = r|f(B)| for all the linear functionals in a
set S, we can detect r by finding a linear functional f € S such that f (B) # 0,
and set 7 = |f(A)|/|f(B)|. Then we can replace B by B/r and test the condition
|f(A)| = |f(B)]| for all f € S. We will do that in our subsequent discussion.

2. Main results

We consider Problem 1.1 in the context of numerical values of an operator defined
by a constrained sesquilinear form, namely, g-numerical ranges. For a fixed g,
0 < g <1, consider the g-numerical range

WQ(A> = {<AI7y> tz,y €H, <I,l‘> = <yay> =1, (x,y) = q}

of an operator A € L(H). The ¢g-numerical range has been extensively studied
during last twenty years or so; see, for example, [11, 10, 13, 2] among many works
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on the subject. If ¢ = 1, then W;(A) coincides with the classical numerical range
W(A) ={{Az,z) : x €H, (z,z) =1}.
Let ¢ = cost, 0 <t < /2. Then it is easy to see that we have
W, (A) = {(Az, (cost)x + (sint)y) : x,y € H, (z,y) orthonormal pair}.

We say that the numbers (Az, (cost)z + (sint)y), where (z,y) varies through the
set of orthonormal pairs, form the g-numerical values of the operator A. The
characterization of operators having the same g-numerical values is easy to obtain
(and the case ¢ = 1 is well known):

Proposition 2.1. Fiz ¢ = cost, 0 <t < 7/2. Two operators A, B € L(H) have the
property that

(Az, (cost)x + (sint)y) = (Bx, (cost)x + (sint)y) (2.1)

for every orthonormal pair (z,y), x,y € H, if and only if A= B in case t < 7/2,
or A — B is scalar (i.e., a scalar multiple of I) in case t = 7/2.

Proof. The “if” part is obvious. For the “only if” part, if ¢ = 7/2, then
for every nonzero x € H, the element (A — B)z is orthogonal to span {z}*, and
therefore (A — B)x is a scalar multiple of z: (A — B)x = A,z for some A, € C; a
priori A, may depend on x, but the additivity of A — B easily implies that in fact
Az is independent of z. Assume now ¢ < m/2. The condition (2.1) implies that for
a fixed orthonormal pair (x,y), the two circles in the complex plane

{(Az,z + (tant)ye'’) : 0 <0 <27}, {(Bz,x + (tant)ye?) : 0<6 < 27}

coincide, therefore their centers are the same: (Az, ) = (Bz, z). Since this equality
holds for every normalized element z, we have A = B, as required. O

In this paper we consider A, B € L(H) for which we require only equality in
size in (2.1):

[(Az, (cost)x + (sint)y)| = |(Bx,(cost)z + (sint)y)|,
vV  orthonormal pairs (z,y), =,y € H. (2.2)

Besides independent interest, the problem of characterization of operators A and
B satisfying (2.2) came up (for ¢ = 0) in the study of norm preservers of Jordan
products [9].

A complete characterization of such A and B is given in our main result:

Theorem 2.2. Fiz ¢ = cost, 0 < t < 7/2. Two operators A, B € L(H) have the
property (2.2) if and only if

(1) A= puB or A= uB* for some p € C, |u| =1 in case t =0;

(2) A= uB for some p€C, |u|=1in case 0 <t < w/2;

(3) A= puB+vI for some p,v € C, |u| =1 in case t = 7/2.
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Remark 2.3. It is interesting to observe that the case t = 0 fails if one replaces
the modulus by the real or imaginary part or by the argument of the complex
number. To see this, pick any two positive definite A,B € L(H) and note that
Re((iAz,z)) = 0 = Re((iBzx,x)), and Arg({(Az,z)) = 0 = Arg((Ax,x)) for any
normalized x € H.

Corollary 2.4. Let A,B € L(H). Then
[(Az,y)| = [(Bz,y)|, ¥V z.yeH
if and only if A= uB for some p € C, |u| = 1.

Proof. The part “if” is obvious, and the part “only if” is immediate from
Theorem 2.2, the case 0 <t < /2.

However, Corollary 2.4 is actually used to prove Theorem 2.2, so we will
deduce the corollary from the case t = w/2 of Theorem 2.2. Indeed, we have
A = uB + vI for some p,v € C, |u| =1, and hence

|(uBz,y) +v(z,y)| = [(Bz,y)|, V z,y€H.

Assuming v # 0, and taking y orthogonal to Bz we see that y is also orthogonal to
x. Thus, (span (Bz))* C (spanz)*, and so Bz is a scalar multiple of z: Bx = \,z,
Az € C, for every x € H. Linearity of B easily implies that B is scalar, and now
clearly A = p/B for some ¢/ € C, || = 1. O

Sections 3, 4, and 5 will be devoted to the proof of Theorem 2.2. In the last
Section 6 we extend Proposition 2.1 to functionals given by trace class operators,
and formulate an open problem and a conjecture concerning extension of Theorem
2.2 to such functionals.

We use notation e; for the jth standard unit vector in C". Re (z) and Im (z)
stand for the real and imaginary parts of the complex number z = Re (z) +ilm (2).
We denote by X' the transpose of a matrix or vector X. The (block) diagonal
matrix or operator with diagonal matrix or operator blocks Xi,...,X, (in that
order) will be denoted diag (X7, ...,X,).

3. Proof of Theorem 2.2: t =0

For the proof of (1) we need preliminary results in matrix analysis which are of
independent interest. We state and prove them first.
We start with the following known facts:

Proposition 3.1. (a) If T € M, is not the zero matriz, then there exists a unitary
U such that the diagonal entries of UTU™ are all nonzero.

(b) If R, S € M, are such that U*RU and U*SU have the same diagonal for
every unitary U € M, then R = S.
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Proof. Part (b) is obvious because under the hypotheses of part (b) we have
(Rx,x) = (Sz, ) for every x € C".

Part (a). Note that every matrix is unitarily equivalent to a matrix with
equal entries on the main diagonal, see [7, Problem 3, p. 77]. So we are done if
trace (A) # 0. Assume trace (A) = 0. Due to A # 0 there exists a unit vector
21 with gy := (Azy,21) # 0. Choose any unitary U; with Uje; = x1. Then, the
first diagonal entry of U AU is p1 # 0. Due to trace (Uy AUy) = trace (4) = 0,
the main lower-right (n — 1) x (n — 1) submatrix A of U AUy, occupying the
rows/columns 2,3,...,n has a nonzero trace. By an induction argument, there
exists an (n—1) x (n— 1) unitary V such that VAV* has all diagonal entries equal
and nonzero. Then, the unitary U := (1 ® V)U; does the job. O

We denote by diagv A the diagonal vector of A € M,,: If A = [a;;]
diagvA = [a11 as ... a,m]tr e Cm,

then

n
i,j=1>

Theorem 3.2. Let A, B € M,,, where n > 2. Then the following three statements
are equivalent:

(i)

(Az,z)| = |(Bx,z)| for all zeC" (3.1)
(ii) For each unitary V there exists a unimodular number v(V'), and a map hy :
C — C which is either identity or complex conjugation, such that
diagv (VBV*) = ~(V) diagv (VAV*)v.
(iii) B=vA or B =~ A* for some unimodular number .

Proof of Theorem 3.2. The proof consists of several steps.

Step 1. (iii)== (ii) Trivial. The implication (ii)== (i) is also immediate: By
scaling, it suffices to prove (i) only for vectors  of norm one; then apply (ii) with
unitary V whose first row is x*.

Step 2. We prove (ii)= (iii), for n > 3. If A =0, the result follows immedi-
ately from Proposition 3.1(b). We assume therefore that A # 0.

We first show that map hy is independent of the unitary V. So assume, to
reach a contradiction, that

diagv (Vo BVy') = 7o diagy (VoAVy) & {e'? - diagv (Vo AVy) : 0 <6 < 2r}, (3.2)
for some unitary Uy and unimodular g, while

diagv (Vi BV}") = v, diagv (Vi AV}) & {e' - diagv (VIAV), : 0< 0 <27} (3.3)
for some other unitary U; and unimodular 7;. Choose hermitian Sp,.S; with
€% = Vj and €51 = V;. Then, V; := el(t51+(1=1)50) i5 a path that connects Vj
and Vi in the set of unitaries. Clearly, V; and V;* = e~ '(#51+(1=1)%) are hoth an-
alytic functions of the real variable ¢t € [0,1]. Moreover, f(t) := diagv (V;AV}*),

as well as g(t) := diagv (V;BV};*) are also analytic vector-valued functions of real
variable t. It is implicit in Eqgs. (3.2)—(3.3) that £(0) # 0 and f(1) # 0. So at
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least one, say the first one a;(¢), component of a vector-valued function f(¢) is not
identically zero. Now, being analytic, a;(¢) has only finitely many zeros on [0, 1].
In view of hypothesis (ii), the zeros of a;(t) precisely match those of by (t), the first
component of g(t). Moreover, at each ¢ off the set A of their common zeros, one
of () := by (t)/ay(t) and v (t) := b1(t)/a1(t) is unimodular. Clearly then, both
are unimodular for all ¢ off the common zeros. Then, however, they must have
only removable singularities at common zeros, so both v(¢) and ~, (t) are analytic
functions of ¢ € [0, 1].
We next rewrite hypothesis (ii) into

Ig(t) @) - lleg® —nOF@I> =0, te0,1]\A. (3-4)

Both factors in the left hand side of (3‘4) are analytic functions of a real vari-
able t. We therefore conclude that at least one of them must vanish identically.
Suppose the first one does, i.e. g(t)—~(t)f(t) = 0. Then, however, diagv (V; BV;*) =
~(t) diagv (V; BV;*) for each t, contradicting Eq. (3.3). Likewise we get a contra-
diction if (g(t) — v (t)f(t)) = 0.

If necessary, we replace B with B*. In doing so, we can now guarantee that
for each unitary V,

diagv (VBV™) = ~(V)diagv (VAV™), |y(V)|=1. (3.5)

We next show the unimodular factor (V) is independent of V. If the trace of
A is nonzero, this is obvious: (V') = trace (B)/trace (4), by (3.5). Thus, assume
trace (A) = 0. By Proposition 3.1, there is a unitary U € M,, such that UAU* has
nonzero diagonal entries p1, . . ., it,. We may assume that U = I; otherwise, replace
(A, B) by (UAU*,UBU*). Let A = (a;;) and B = (b;j). The hypothesis (ii), and
the above consideration, now imply diagv B = ydiagv A. We may assume that
~ = 1; otherwise, replace B by 7¥B. Thus,

diagv B = diagv A = [u1, ..., pn]™, 1., 4n € C\ {0} (3.6)

For k = 1,...,n, let Ay € M,_1 be the submatrix of A obtained from it
by removing its kth row and kth column. Similarly, we construct the matrices
By,...,By,.

We claim that Ay and By are the same for all £ = 1,... n. It will then
follow that A and B are the same (the hypothesis that n > 3 is used here), and,
in particular, v(V') = 1 for all unitary V', which will complete the proof. To prove
our claim, let V' € M, be a unitary matrix with (k, %) entry equal to 1. Since
VAV* and VBV* have the same nonzero (k, k) entry py (by (3.6)), we see from
Eq. (3.5), that the two matrices actually have the same corresponding diagonal
entries. As a result, UA,U* and UBiU* have the same diagonal entries for all
unitary matrices U € M,,_1. So diagv (U(Ar — Br)U*) = 0 for all unitaries, which
implies numerical range of Ay — Bj consists only of zero. Thus, Ay = Bj for
k=1,2,...,n, as required.

Step 3. (i) = (iii), for n = 2.
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If A =0 then (Bz,x) = 0 for all x € C2, so B = 0, and we are done.
Otherwise, by (a) of Proposition 3.1, there exists a unitary U such that all diagonal
entries of U* AU are nonzero. Obviously,

(U* AUz, z)| = (A(Uz), Uz)| = |(B(Uz), Uz)| = |(U* BUz, z)|.

Consequently, we may replace (A, B) with (U*AU,U*BU) without changing the
validity of assumptions (i) and conclusion (iii). This way, a11 # 0 (we denote by
a1, resp., bi1, the top left entry of A, resp., B). Choose a vector z := e; to
deduce |a11| = |b11|. We may, thus, further replace (A, B) with (1/a11U,vB/a11)
where v := a11/b11 is unimodular. In doing so, we can assume ay; = 1 = by3.
Hence it remains to see that B = A or B = A*.

To see this, write

A - 1 “gz2| g 1 b12,
a1 a22 b21 b22

and choose a vector x := { } , where r, s are real. Then,

r+is
(Az,z) = 1+ (r+is)ais + (r +is)ag + |(r +1is) a0
1+ 7Re (@12 + as1) + sIm (a9 — a12) + (12 + s%)Re (az0)
+ i(rIm(a12 + a21) + sRe (a12 — az1) + (r* + s*)Re (az2)) . (3.7)

Tedious, but straightforward computation shows that

(Az,2)> = 1+ (2 +5%)?|ags|” + 2Re (az(a12 + az1)) 1°
—  2Im (azz(a1z — a21)) r2s + (lai2 + ag1|> + 2Re agy) 7
— 4Im (az1a12) rs + 2(Re (a12 + a21)) r
+  2Re(@pz(ais + az))rs® — 2Im (agz(ain — az1)) s

— 2(1111 (a12 — a21)) s + (|a12 — a21\2 + 2Re (122) 82.

2

3

Comparing the coefficients with the corresponding formula for [(Bx, z)|? gives the
following set of equations:

|bo2|* = |aga|? (3.8

Re (ba2 (b2 + b21)) = Re (a2(a12 + az1)) (3.9
Im (bao(b12 — ba1)) = Im (@za (a2 — az1)) 3.10
Re (bia + b21) = Re (aj2 + az1) 3.11
3.12

|b12 + bgl‘g + 2Re bgy = ‘alz + CL21|2 + 2Re ass

(
(
Im (by2 — be1) = Im (a12 — az21) (
(
|b1a — ba1]? 4+ 2Re by = a1z — a1 |? + 2Re ags (

(

Im (bg1b12) = Im (@21012).
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Subtracting (3.14) from (3.13) gives, after an easy simplification,
4Re (@a1a12) = 4Re (ba1b12). (3.16)

Decompose now a2 = 21 + ize, and ag; = y;1 + iy2, with 21, 29,91,y real, and
b1z = Z1 + iZa, etc. Then, Egs. (3.11)—(3.12), (3.15)—(3.16) give:

n+zi=z+wn

22 — Y2 =22 — Y2

Y121 + Y2Zo = 2141 + 2292 (3.17)
Zoy1 — 21Y2 = Y122 — Y221 (3.18)
From the first two equations we get
h=vy1+21—21 and Yo = Yo — 23 + Zo. (3.19)
Substitute this into (3.17), (3.18), and simplify, to get
(y1 = 21) (21 — 21) = (22 — 22)(y2 + 22) (3.20)
zo(yr — 21) + y2(21 — 21) = (y1 + 21 — 221) Z0. (3.21)

We are now facing two possibilities:

Possibility 1. z; = z;. Then, the last two equations further simplify into
(22 — 22)(y2 + 22) = 0, respectively, (y1 — 21)2z2 = (y1 — 21)Z2. So, either Zo = 25 or
else (y1,y2) = (21, —22). In the former case, Eq. (3.19) brings (y1,%2) = (v1,¥2),
SO

big =21 +1i2 = a1z, b21 = Y1 +1iY2 = a21.
In the latter case, we similarly deduce y; = 21 = 21 = %1 and Yy = —Z», and
Y2 = —zo. Therefore,
bio = @21, b2 = a13. (3.22)
Possibility 2. z; # z1. Then, (3.20) gives

(,51 — 21)51 + (2’2 — :272)(y2 + :ZVQ)
21 — 21

Y1 = .

This simplifies the remaining (3.21) into

((2’1 — %)%+ (22 — 52)2) (y2 + 22)

= =0.
21— 21
Note that the sum of squares in the left factor is nonzero because z; — z; # 0.
Hence, zo = —y5. From the previous equation we now read z; = y;. Moreover,
Eq. (3.19) brings y; = 21 and ya = —zo. Therefore, 1o = @21 and by = @13, as in
Eq. (3.22).

It only remains to compare bys with ass. Now, since
|(Bz, z)| = [((Bz,z))"| = (B 2, )|,

we are free to replace (A, B) with (A, B*). This way, we can always assume bz =
a12 and by; = ao1. Hence, we are done if we also show boy = ags.
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To this end, Eq. (3.14) immediately gives Re baa = Re agz, while from |bas| =
|ass| we deduce that either bos = agg or else bos = @33 # ass. In the former case we
are done. In the latter case, consider Egs. (3.9)—(3.10) with bay := @g3. Simplifying
these equations yields

Im (Cl12 + Cl21) Im agg = 0=Re (a12 — a21) Im asg.

We may divide by nonzero Im as2. What we end up with easily simplifies into a12 =

az1- Then, however,
*
1 a1 1 asy
A* = = = B7
a1 a2 az1 a2

which completes the proof of Step 3.

Step 4. Assuming (i) holds, we will prove that there exists a unimodular
complex number ~ such that either diagv(A) = ~diagv (B) or else diagv(A4) =
Fdiagv (B).

Let A = [ai;]} ;—1, B = [bi;]} j—1- Choose any pair of distinct indices (7, j), and
let z := Ae; + pe; be in the subspace spanned by e;, e;. Then, (Az, z) = (4;;2, 2),
where z := [\, p]*", and A;; is the 2 x 2 matrix formed by the ith and jth rows
and columns of A. The identity (3.1) then reduces to

|(Aijz, 2)| = [(Bijz, 2)|-

Here, B;; is the 2 x 2 matrix formed by the ith and jth rows and columns of
B. By Step 3, Bi;; € {vAij,7Ai;}, where «y is a unimodular number. Considering
diagonal entries yields

(biis bjj) = Y aii, az5) or  (bii,bj;) = F(aii, ajj)- (3.23)

Consequently, either diagv (A) = 0 = diagv (B) or else both diagonals have at
least one nonzero entry. In the former case we are done.

In the latter case, we assume for simplicity the (1,1) entries of A and B
are nonzero. Since |aj;| = |b11] we may replace (A, B) with (A/a11,v B/ai1)
where v := a11/b11 is unimodular. The identity (3.1) as well as the end result will
not change. This way we achieve a1; = 1 = by;. Moreover, when ¢ = 1 Eq. (3.23)
yields

(1,b55) € {(1,a55), (1,a5;)}-
Hence, it remains to see that diagv(A) = diagv (B) or diagv(A) = diagv (B).
Now, arguing by contradiction, suppose that
(Lbioio) = (Laioio) 7& (17aioio)7 (Lbi]i]) = (17ai1i1) 7é (Lailil)?
for two different indices ip and 4;. This is possible only when b;,;, = @y, and

bi,i; = Gi,4, are both nonreal (hence also nonzero). Now, by Eq.(3.23),

(bioioa bi1i1> € {V(Gioiov ailil)a W(Gioio’ ai1i1)}
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bisio ¢ ai““,(“““) . (3.24)
biri Qirir \ Gy

On the other hand, ””0 = ZW“ and in view of (3.24) we obtain either a;,;, = @;,4,
7‘111 11

implies

or else a;yi, = @igiy- Lhis is the desired contradiction.

Therefore, either (1,b;;) = (1,a;;) for all j or else (1,b;;) = (1,a;;) for
all j. In the first case, diagv(A) = diagv (B) while in the second one, diagv(A) =
diagv (B).

Step 5. (i) = (iii), for n > 3.
Fix any unitary U and consider (Ay, By) := (U*AU,U*BU). Clearly,

(Avz, z)| = [(A(Uz),Uz)| = (B(Uz),Uz)| = |(Buz, )|

Then apply the result of Step 4 to (Ay, By). We see that

diagv(U*BU) = ~(U)diagv(U* AU) or diagv(U*BU) = ~(U)diagv(U*AU)

for each unitary U. By Step 2, B = vA or else B = JA*, as required.
This completes the proof of Theorem 3.2. O

Proof of Theorem 2.2 in case t = 0. We prove the nontrivial “only if” part.
We may assume A # 0, B # 0. Multiplying A and B by nonzero complex numbers
of the same absolute value, we may further suppose that

(Ae,e) = (Be,e) =1 (3.25)
for a fixed normalized element e € H. If A # B and also A # B*, then we have

(Afi, fr) # (Bfy, fr) and (Afa, fa) # (B" fa, f2) (3.26)

for some elements f1, fo € H.

On the other hand, let P be the selfadjoint projection on the finite di-
mensional subspace H; C H, generated by e and fi, fo, and let 2 = PAP
and B := PBP be the operators acting on H;. Clearly, (Ag,g) = ( g,g) for any
element g € Hy; likewise for B. Hence, by the assumptions, |(Ag, )| = |(Bg l
for every g € Hy. Therefore, by Theorem 3.2, we must have B= ’YA\ or 7A*
Actually, v = 1, by Eq. (3.25). Then however,

(Afi, i) = (Afi, 1) = (Bfi, 1) = (Bfi, Ju)
(respectively, (Af1, f1) = (B* fa, fa), if B = ﬁ*), a contradiction with (3.26). O
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4. Proof of Theorem 2.2: ¢t = 7/2
Assume A, B € L(H) are such that
[(Az,y)| = |(Bz,y)|, V orthonormal pairs (z,y), =,y € H. (4.1)

We proceed in steps to derive (3) of Theorem 2.2.

Step 1. Suppose that the implication (4.1) = Theorem 2.2(3) has been
proved for C? and C3. We will prove the implication for general Hilbert space H.

We may assume B is not scalar (otherwise Ax is orthogonal to span {z}* so
Az = Az, and we are done as in the proof of Proposition 2.1). Therefore, there
exists a normalized element x € H such that Bz is not a scalar multiple of z, and
hence there is an orthonormal pair (z,y) such that (Bz,y) # 0. Let Q := {z,y, 2}
be an orthonormal triple, where x and y are fixed, and let P be the orthogonal
projection on span{). By considering operators PAP and PBP on span{2 and
using the supposition, we see that

PAP = woPBP +voP, pq,vq € C, |,uQ| =1. (42)

In fact, ug and vq are independent of 2. Indeed, for two orthonormal triples 2
and €' we have in view of (4.2):

po(Bz, ) + vo po(By, ) _ | pa(Bz,x) +vo per (By, )
pa(Bz,y) pa(By,y) + vo per (Bz,y) por (By,y) + var
Since (Bz,y) # 0, we obtain pg = pg and vg = vo/. Thus,
PAP = uPBP+vP, puveC, |u=1 (4.3)

Since any element z € H can be included in the range of P, for some orthonormal
triple €2, we obtain from (4.3):

(Az,z) = p(Bz, z) + v(z,2), ¥ z€H,
and (3) of Theorem 2.2 follows.

Step 2. We prove the implication (4.1) = Theorem 2.2(3) for C? and C3.

Applying simultaneous unitary similarity and addition of scalar matrices to
A and to B we may assume that

A=laigll iz, B=[bjlim,  ai,bij €G,

where A is upper triangular, a;; = 0, a12,...,a1, are nonnegative and by; = 0.
(We need only the cases n = 2, 3, but this transformation can be applied for L(C™)
for any integer n > 2.) Applying (4.1) with x = e;, y = e;, i < j, we see that B
is a also upper triangular. Applying (4.1) with x = e;, y = e;, ¢ > j, we see that
|b2J| = |(l1‘j| for all i < 7.
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We proceed with n = 2. If a1 = 0 then also by = 0 in which case A =
diag (0, age) and B = diag (0, bae). With orthonormal

v — cost | —sint
T sint |° YT cost |°
(4.1) easily gives |asa| = |bas|, and we are done. If a2 # 0 we further assume
(replacing B with e'* B for some real s) that bja = aj12. So under n = 2 we are left

with
Case (a).

10 age | 0 a
A_{O Cl22:|’ B_[O bzz}’

where a2 > 0.

Multiplying (4.1) with suitable scalar we see it holds for any (possibly not
normalized) orthogonal vectors z,y. Apply (4.1) with z = { i }, Yy = [ _12 },
z € C. We obtain:

(a12 — az22)(a12 — @22%) = (a12 — baoz)(a12 — baZz), V z€C,

which yields |asz| = |baz| and aj2a22 = a12b92. So, azs = bas hence A = B, which
proves case (a).

Next assume n = 3. If a;2 = 0 = ay3 (and hence also bjo = 0 = by3) then
Corollary 2.4 is applicable to the already proven case of 2 x 2 matrices [a;]} ;s
and [b”]f’ j—2, and we are done using induction on n. Thus, we can assume that
not both ai2,a13 are zeros, and letting a1, be the first positive number among
ai2, a3, we further assume (replacing B with e'* B for some real s) that by, = ay,.

So we are left with the following two cases to consider:

Case (b).
0 a2 a3 0 a2 bi3
A= |0 azx a3 |, B=|0 by bys |,
0 0 ass 0 0 b33

where aip > 0, a1z > 0, |big| = a1, |bag| = |azsl;

Case (c).
0 0 a3 0 0 ais
A=10 a2 a3 |, B=|0 by by |,
0 0 ass 0 0 b33

where a3 > 0, |b23| = |(123‘.
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Consider Case (b). Applying the proof of Case (a) to the upper left 2 x 2
submatrices of A and B, we see that ass = baa. Now use (4.1) with

0
z=|11|, y=e.
z
We obtain:
\a12 + a13Z|2 = |a12 + b13Z|2, V z¢€ C,

and hence aiza12 = byzajs. Since aio # 0, we have a13 = b13. Analogous consider-
ation of (4.1) with

T = es, Y=

S vl =

yields aggais = begays. Thus, either a;3 = b1z = 0, or a13 = b1 # 0 and ag3 = bag.
Therefore, one of the following three situations occurs:
(b1) a3 = b1z # 0, a3 = bas;
(b2) a1z = b13 = 0, a23 75 0 (then also b23 75 0);
(b3) a13 = b13 = O, ag3 = b23 =0.
If (b1) holds, then the proof of Case (a) applied to the 2 x 2 principal sub-
matrices of A and B in the 1st and 3rd rows and columns yields as3 = b33, i.e.,
A = B. If (b3) holds, then we apply (4.1) with

w 1
xr = ]_ s Yy = 0 5 w e C,
1 —w
resulting in
|a12 — a33w|2 = |a12 — b33'lU|27 V we C

It follows that |ags| = |b33| and
Re (b33a12w — a33a12’w) =0, vV weC.

Since a1s # 0, we conclude ags = bss, thus A = B. Finally, if (b2) holds, then we
apply (4.1) with

—w 1
T = 1 , y=|w |, wecC
1 0

It follows that
lai2 + (azz + azs)w|?* = |ai2 + (azz + bas)w|*.
In particular,
Re ((a2z + azs)wais — (agz + baz)wain) = 0,
and since this equality holds for all w € C, we obtain as3 = ba3. Now we apply the
proof of Case (a) to the lower right 2 x 2 submatrices of A — asel and B — agsol,

and the equality A = B follows.
This concludes our consideration of Case (b).
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Consider now Case (c). Applying the proof of Case (a) to the 2x2 submatrices
of A and B generated by the 1st and 3rd rows and columns, we see that bzz = ass.
Next, apply (4.1) with

—2zp 1
T = z , y=1p |, zpeC
1 0

It follows that
la1s + (azez + az3)p|* = |a1z + (ba2z + bas)pl?, vV z,peC

Consider this as a polynomial of the real and imaginary parts of p, with z as a
parameter. In particular,

Re ((a222 + az3)paiz — (baaz + baz)paiz) = 0.
Since a3 # 0 and the equality holds for all p € C, we have
22z + @03 = bogz +ba3, V z€C.

Clearly, ass = boo and agz = bos. This completes the proof of Step 2. O

5. Proof of Theorem 2.2: 0 < ¢t < 7/2

Again, we prove only the nontrivial “only if” part.

Step 1. Assume the dimension of H is at least 3.

Let (z,y) be an orthonormal pair. Then
|(Az,z + (tant)ye')| = |(Bx,x + (tant)ye')|, Vs € [0,2n). (5.1)
Consider the two circles
Ca = {(Az,z + (tant)ye'™) : 0 < s < 27},
Cp = {(Bz,z + (tant)ye') : 0 < s <27}

with centers and radii (Ax,z), (tant)|(Az,y)|, and (Bz,z), (tant)|(Bx,y)|, re-
spectively. Condition (5.1) implies that

min |z| = min |z| and max |z| = max |z|,

z€Cy zeCp z€Ca zeCp

and therefore
|(Az, z)| + (tant)[(Az, y)| = [(Bz, z)| + (tant)|(Bz, y)|

and
| [(Az, z)| = (tant)[(Az,y)| | = | [(Bz,z)| — (tant)[(Bz,y)| |.

We see that one of the two possibilities holds: either



Linear dependence of operators 15

(a)
((Az,z)| = [(Bz,z)| and  [(Az,y)| = [(Bz,y)] (5:2)

(this happens if the origin is not situated inside one of the circles Cy4 and Cpg
and outside of the other circle);
or
(b) there exist positive numbers p # ¢ such that [(Az,z)| = p, [(Bx,x)| = ¢,
(tant)|(Az,y)| = q, (tant)|(Bz,y)| = p (this happens if the origin is situated
inside one circle and outside of the other).

Clearly, for every fixed normalized = € H, either (a) holds for all y € H such
that (x,y) form an orthonormal pair, or (b) holds for all such y. We claim that
(b) is not possible (here we use the hypothesis that dim H > 3). Indeed, under (b)
we have

|(Az,y)| = |(Bz,z)|(tant) "' #0 (5.3)

for every normalized y orthogonal to x. If y1, yo are orthonormal elements both
orthogonal to z, then there is a nonzero linear combination of y;, y2 which is
orthogonal to Az, a contradiction with (5.3). Thus, we have (a) for every or-
thonormal pair (z,y), x,y € H, and by the part of Theorem 2.2 for the cases t = 0
and t = 7/2, we obtain B = pA or B = pA* for some pu € C, |u| = 1, as well as
B =~A+vI for some v,v € C with |y| = 1.

We claim that B = y/ A, for some p' € C with |p/| = 1, always holds. Indeed,
suppose B = puA*, |u| = 1. Without loss of generality we may take u = 1. Taking
squares in (5.1), and using (5.2), we obtain for every orthonormal pair (z,y) and
every s, 0 < s < 2m:

Re ((Ax,yei8> m> = Re ((Bx,yew) M) .
Thus,

(Az,y) - (Az,z) = (Bx,y) - (Bx, z).
Substituting in this equality B = vA + vI, we have
(Az,y) - (Az, ) = y(Az, y)(v(Az, z) + V). (5.4)
If = is not an eigenvector of A, then we can take y £ Az, and (5.4) gives
(Az,z) = (Ax,x) +7v,

thus ¥ = 0 and we are done. If every normalized = € H is an eigenvector of A, then
A=2zI 2€C, and

B=A"=zI="A,
z
and we are done again (the case z = 0 is trivial).
Step 2. Assume H = C2.
We need to show that, for fixed A, B € Ms, the equality
|z* Az + (tant)y* Ax| = |2*Bx + (tant)y* Bx| (5.5)
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for every orthonormal pair (x,y), ¥,y € C2, implies
A =puB for some unimodular . (5.6)

We consider a special case first.

Case 1. Suppose

o 1 ay o l/b1 o
A_|:0 0:|7 B_|:0 0:|7 |V‘_17

and (5.5) holds. We may assume v = 1. Write
a; = ay +idf, by =b] +ibY,

where af,af,b},b] are real, and let 7 = tant. Applying (5.5) to the orthogonal

pair
| utiv B 1
x—[ 1 }, y_{—lH—iv]’ u,v € R,
(note that = and y have equal lengths, and therefore (5.5) is applicable), we obtain
[u? + 0% + (u —v)ay + 7(u +iv) + Ta1| = [u® +v? + (u — )by + 7(u + i) + 7by.
Taking squares in this equality, and expressing the modulus squared of a complex

number as the sum of squares of its real and imaginary parts, yields

(u? + 0% + ud, +vad] + Tu+7d})? + (ual — va| + v+ Ta})?

= (u? + v? +ub| +ob] + Tu 4 7Y)? + (ub] — b + v+ TH])2 (5.7)
This equality holds for all real u, v, and both sides are polynomials in u, v. Equating
the coefficients of u3 in both sides of (5.7) gives 2(a} +7) = 2(b}, +7), and equatin
g 1 1 q g
the coefficients of v gives 2a} = 2bY. Thus, a; = by, as required.

To continue with the proof of Step 2, we bring a general fact. Given fixed
a, 3,7,6 € C, assume the identity

ot e€Bl =y +el,  £eR, (5:8)
holds. Note that (5.8) is equivalent to
la? + 1812 = 71* = 18] + 2Re (' (a — 67)) = 0. (5.9)
Due to arbitrariness of £ € R (5.9) is further equivalent to
lof* + 18] = [y[* + o], pa=47. (5.10)

Adding two times the absolute values of the second equation in (5.10) to the first
one, and subtracting the same from the first equation in (5.10), we easily find that
at least one of the following two conditions holds:

(1) (s 101) = (el 18]);
(i) (v} 161) = (181 [ee));
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Multiply 3@ = 65 with o and use either a@ = % or a@ = 69 to obtain

(i’> (’775> = M(aaﬁ)a or (ii7) (776) = M(ﬁ,a); for some p € C, ‘:u’| =1

(5.11)

Now, write A = > a;;E;; and B = ) b;; E;;, where E;; are the standard

matrix units in Ms: E;; has 1 in the (7, j)th position and zeros elsewhere. Let
{e1, e} be the standard basis of unit vectors for C2.

Case 2. Suppose A or B is zero, say, A = 0. Applying (5.5) with (z,y) =
(e, e2e'?) for every ¢ € [0,27), we see that the first column of B is zero. Applying
(5.5) with (z,y) = (eq,e1€'®) for every & € [0,27), we see that the second column
of B is also zero. So, (5.6) holds.

Case 3. Suppose both A and B are nonzero nilpotent. Replacing (A, B) by
(U*AU,U*BU) for a suitable unitary U, we may assume that a;; = ag1 = ags = 0.
Applying (5.5) with (z,y) = (e1,e2e') for every & € [0,27), we see that the first
column of B is zero. Since B is nilpotent, we see that bao = 0. Applying (5.5) with
(7,y) = (eq,e1€') for every & € [0,27), we see that |aja| = |bi2|. So, (5.6) holds.

Case 4. Suppose A and B are nonzero, and at least one of them, say, A is
not nilpotent. Replacing (A4, B) by (U*AU/~,U*BU/~) for a suitable unitary U
and a suitable v € C, we may assume that (a11,a21) = (1,0) and |age| < 1 (see
the Schur unitary triangularization theorem [7, Theorem 2.3.1]).
Now, for (z,y) = (ce; + sez,e”*(—se; + cez)) with £, ¢,s € R such that
(¢, 8) = (cosu,sinu) for some u € R, equation (5.5) is valid. Hence,
|c® 4 aygcs + s%agy + e' tan t (—cs(1 — ago) — s%a1a)|

= |b1102 + (b12 + bgl)cs + S2b22 + e tan t <b2102 — cs(b11 - b22) — S2b12)|.
(5.12)
It follows (see the implication (5.8) = (5.11)) that for any pair (¢, s) = (cosu, sin u)
with ¢, s > 0, at least one of the two pairs of equalities (i”) and (ii”) below holds:

¢® + araes + s%age = ps(br1c® + (bra + bay)es + s%bag) -
tant (—(1 — ags)cs — s%a1z) = pus tant (bayc® — (b1 — bao)cs — s%b12) )
for some unimodular p, € C;
2+ apes + s2age = ps tant (ba1c? — (b1 — baa)cs — SQE)

tant (—(1 — ags)es — s2a12) = ps(br1c? + (bya + bay)es + 5%bgo)

for some unimodular ps € C. Rewrite (i”) and (ii”) into equivalent forms

(1 — psbr) (i)_l + a1z — ps(brz + ba1) + (£)(azz — psbaz) =0
(—psb21) (%)_1 — (1 = ag2) — ps(b11 — b22)) — (£)(a12 — psb12) =0
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and

(1= pa7bar) (2) 7 + a2 + a7 (b — b22) + (£) (@22 + p1a7 br) )
11

=0
(—psbin) (2) 7" = (7 (1 = a2e) + s (Brz + ba1)) — (2) (T a1z + jusbaz) = 0

respectively, with 7 := tant > 0.

Fix a sequence of pairs of positive numbers (c;, s;), with ¢? + s? = 1, con-
verging to (1,0). Passing to a subsequence, we have that at least one of (i”’) and
(ii”’) holds for all its members, and we may also assume that lim; . ps, = p for
some unimodular .

Suppose (i”7) holds for all (c;,s;). Clearly (s;/c;)~! converges to oo, while
|pes;| = 1 is bounded. It follows from the first equation of (i”’) that lim; (1 —
ts,b11) = 0,50 1 — pby; = 0 and by; = p~'. The second equation in (i”’) yields
that lim; o (—ps,b21) = 0, hence by = 0. Now the second equation in (i”’) takes
the form

a9 — 1 + Msi (/J_l — b22) — (i—i)(au — /Jsib12) = 0, (513)
and passing to the limit when ¢ — oo gives
agy — 1+ pu(pu™t — bag) =0, (5.14)

i.e., bag = 1 lags. Next, substitute zero for by; and p~! for by; in the first equation
in (1”7), and pass to the limit. The result is
. _ -1
Jim (1 — s D(2) = —a12 + pbia. (5.15)

Ci

On the other hand, substituting bss = pt~'ags into (5.13) yields, after some rear-
rangements

1y /sy -1
(az2 = 1) (1= ps, ') (32) = (022 = bizpsa,) = 0.
Using (5.15) it follows after simplification that
Ha22bia — ajaagze = 0.

Thus, either bjs = = 1aj2, and then (5.6) holds: B = =1 A, or ags = 0, and then
(5.6) holds by virtue of Case 1.

Thus, the proof of Step 2 is complete if there is a sequence of positive numbers
(¢, 8;) with ¢? 4+ s? = 1 converging to (1,0) such that (i”’) holds for all (c;, s;).

We now assume that (ii”’) holds for all positive (c,s) with ¢ + 52 = 1
and s sufficiently close to zero. It follows from the first equation of (ii”’) that
limg (1 — 157 ba1) = 0. Denoting by u any partial limit of yu, as s — 0, we have
1 — p7by =0, or

b21 = ,UTil. (516)

(By the way this shows that p is unique, i.e., p = lims_¢ ps.) The second equation
in (ii”?") yields lim,_o(—psb11) = 0, hence by; = 0. Letting s — 0, the second
equation in (ii”’) gives

7'(1 - (122) + ,LL(E+E) =0. (517)
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Thus,
bia = p~ (= pbar — (1 — az2)),
and using by; = =17~ we obtain
bip = p (=7 — 77 4 Tag). (5.18)
It follows from (5.16) and (5.18) that
big 4 boy = p 7 (—1 + ag). (5.19)

Substituting p~! for 7hy; and zero for by; in the first equation in (ii”’), we find
1y sy -1 — s —
(1= psp™") (2) " + a1z — ps7haz + (£) (a2 + ps7b12) =0,
and passing to the limit when s — 0, it follows that
. -1 —
Lim (0 — pas) (2) " = pPrbas — pars. (5.20)
On the other hand, using b;; = 0 and (5.17), the second equation in (ii”’) reads
(1= pis) (b1 + bo1) — (2)(Tara + psbaz) = 0.
In view of (5.20) we have
(2 Tbog — par)(bia + ba1) = Tais + pbas. (5.21)
Using (5.19), we solve (5.21) for bay:

a127TA22

by = .
22 pTaz — put? — 1
Note that the condition |ags| < 1 guarantees that the denominator in (5.22) is
nonzero.

Next, we show that byjo + by = bao = 0. Arguing by contradiction, let us
suppose that

(5.22)

bia +ba1 A0 or boy #D0. (5.23)

M

Then the second equation in (ii”’) can be solved for u (assuming s is close enough
to zero):
o = U Zam) Fora (5.24)
—b12 — b2y — wbao ¢
Substituting the right hand side of (5.24) into the first equation in (ii”’), after
some simple algebra, we obtain:

(@am - TZE“H)WSJF
(72 4+ 1) bazarz + barazs + biza (7% + 1) aze — 72) ) w4+
((br2 + (72 + 1) ba1)aia + baa(—agem® + 7% + 1))w+
b1z + ba1 (—azem® +724+1) =0 (5.25)

The equation holds for all w close to zero; equating coefficients of powers of w on
the right hand and on the left hand sides of (5.25), the following equalities result
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((5.26), ((5.27), ((5.28), ((5.29) correspond to the coefficients of w?, w?, w?, wt,
respectively):

—ag2baa + T2a12b12 =0, (5.26)

bia + bay + 7%(1 — aga)ba = 0, (5.27)

a12bg2 + T2a12ba2 + aga (b1 + bay) — 73(1 — agz)biz = 0, (5.28)
—bog — T2a19b9; + a1a(—b1z — ba1) — 72(1 — agz)bgy = 0. (5.29)

Substituting the right hand sides of (5.22) and (5.18) for byz and by, respectively,
in (5.26) yields after simplification:

alg(agg—l)(—72+(72—1)a22—1) =0

Thus, at least one of the three equalities holds:

aig = 0, (530)
ag9 = 17 (531)
aga (7 —1) =712 + 1. (5.32)

However, (5.32) is impossible because it contradicts 7 > 0 and |ags| < 1. In the
case (5.30) holds we have bog =0, by @6) . Substitute bo2 = 0 and the right hand
sides of (5.18) and (5.19) for by2 and bya + bay, respectively, in (5.28), to obtain:

T (T2 + 1) (CLQQ — 1)2
1%

and since 7 > 0 we have age = 1. But then bys +b2; = 0 by (5.19), a contradiction
with (5.23). So (5.30) cannot be true and hence we must have ass = 1. Then
b1z + ba; = 0. Now (5.28) gives

:07

(112@(1 + 7'2) = 0,

so either a1 = 0 or beg = 0, and in either case a contradiction with (5.23) results.
Thus, (5.23) cannot hold, and we have bjs + by; = 0 and byy = 0. By (5.19)
azz = 1 and then by (5.22) a2 = 0. Keeping in mind (5.16), the result is that

10 0 —cott
A_[o 1]’ B_”[cott 0 ]

We now can finish the proof of Step 2 as follows. If already A = pB for some
1 0 0 —cott
|| = 1, then we are done. Assume lastly A = [O J and B=p [cott 0 ]

Here we replace the pair (A, B) with
(A", B'):= (UAU*,UBU*), A'=) aj;E;, B =Y U E;,

for the unitary U := diag(i,1). Clearly, the new pair still satisfies the defining
identity (5.5), and still (af;,a%;) = (1,0) and |ab,| < 1. This allows us to use
the same arguments as above in Case 4. In particular, Eq. (5.12) with (ai;, b;j)

replaced by (aj;,b;;) gives either A" = p/B’ (|i/| = 1) wherefrom A = y'B, or
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1 0 0 —cott
A A !/ 3 3
else A" = 0 1 and B’ = p [cot . 0 ] But the last case is contradictory,
namely recall that
| 0 —cott| ., . 0 —icott
H [cott 0 } =B =UBU _’u{—icott 0 }’
giving i/ = 0 = pu, a contradiction.
This concludes the proof of Step 2. (]

6. Linear dependence in terms of trace functionals
If C € L(H) is a trace class operator, then the formula
We(A) = {trace (CU*AU) : U € L(H), U unitary}

defines the C-numerical range of an operator A € L(H). The C-numerical ranges
also have been extensively studied, see [5, 8, 1, 12, 3], a representative sample of
relevant works. In particular, C-numerical ranges of matrices have been applied
recently in quantum computing and control [4, 14, 6]. It is easy to see that the
g-numerical range is actually the C-numerical range with C' given by

Cr=qlz,y)y + V1 —q¢*(x,2)y, x€H, (6.1)

where (y,2), y,z € H, is a fixed orthonormal pair. Note that every rank one
operator is unitarily similar (after appropriate scaling) to an operator of the form
(6.1); thus, the g-numerical ranges represent the C-numerical ranges with rank one
operators C.

The result of Proposition 2.1 extends to C-numerical ranges, as follows.

Theorem 6.1. Let f be the bounded linear functional on L(H), given by a trace
class operator C':

f(X) = trace (CX), X € L(H). (6.2)
Assume that C is not scalar. Suppose A, B € L(H). Then
fUTAU) = f(U"BU)

holds for every unitary U if and only if either (1) traceC' # 0 and A = B, or (2)
traceC' =0 and A — B is scalar.

For the proof of Theorem 6.1 a few lemmas will be needed. We start with a
simple observation.

Lemma 6.2. An operator A € L(H) has the property that
(Az,z) = (Ay,y) V orthonormal pairs (x,y), =,y € H (6.3)

if and only if A is scalar.



22 Kuzma, Lesnjak, Li, Petek and Rodman

Proof. The “if” part is trivial, and for the “only if” part note that if z,w € H
are normalized elements such that (z,y) and (w,y) are orthonormal pairs for some
y € H, then

(Az, z) = (Aw, w). (6.4)
Thus, if the dimension of H is at least 3, then (6.4) holds for any normalized z
and w. Hence the numerical range of A is a singleton, and A is scalar. If the
dimension of A is 2, then the statement of Lemma 6.2 can be easily verified by a
straightforward computation: Subtracting from A a suitable scalar, we can assume
that
(Aej,e1) = (Aes, er) = 0.

So A = 2 8 for some a,b € C, and further consideration using property (6.3)
shows that we must have a = b = 0. O

We denote by L;(H) the ideal of trace operators in L(H), and by Lig(H) the
(closed in the trace-class norm) subspace of trace operators with zero trace.

Lemma 6.3. Let C € Ly(H) be a nonzero operator with zero trace. Then X € L(H)
satisfies the property that trace (UCU*X) = 0 for every unitary U if and only if
X is scalar.

The statement and proof of this and the following lemma is inspired by [15]
(these lemmas are essentially proved in [15] in the case H is finite dimensional).

Proof. The “if” part being trivial, we prove the “only if” part. Suppose the
operator UCU* X has zero trace for every unitary U but X is not scalar. We may
replace C' by any (finite) nonzero linear combination of operators in the unitary
orbit of C. By doing so, we may (and do) assume without loss of generality that,
for some orthonormal pair (z,y), z,y € H, and with respect to the orthogonal
decomposition

H = (spanz) & (spany) @ (span {z,y})", (6.5)
the operator C' has the following matrix form:
C = diag (01, Co, Co), (66)

where c¢1,co € C and ¢; # ¢o. Indeed, let x € H be a normalized element such that

(Cx,z) # 0; the condition that C' has zero trace guarantees that there exists a

normalized y orthogonal to = such that (Cy,y) # (Cz,x). Now let Uy, Us, Uz be

self-adjoint unitary operators given by

U1 = dlag [1, —1, I}, Ug = dlag [—1, 1, I], U3 = dlag [—1, —1,[], I = I(span {z,y})+>

with respect to the decomposition (6.5). It is easy to see that the operator
C+UCU, + U QU3 + U3CU3

has the desired form (6.6). Independently, X can be also replaced by V*XV for
any unitary V. Since X is not scalar, (Xz' 2') # (X', y’) for some orthonormal
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pair (z/,y’) by Lemma 6.2. Applying a transformation X — V*XV, we may
assume (', y’) = (z,y). So

ml * *
X=1|* @ * |, w,22€C a1 #mz, Xo€ L((span{z,y})"),
* * XO
with respect to (6.5). Now
0 = trace (CX) = c121 + cax9 + trace (CoXp), (6.7)
and letting
0 1 0
U=11 o0 0 :
00 Jispan {ayh)*
we also have
0 = trace (UCUX) = cax1 + c122 + trace (CoXp). (6.8)

Comparing (6.7) and (6.8) we see that
(e1 —e2)(x1 —22) =0,

a contradiction with ¢y # ¢, 1 # xa. O

The result of the next lemma was proved in [15, 5] in case H is finite dimen-
sional.

Lemma 6.4. Let C € Li(H) be a nonzero operator. Then the closure (in the trace
norm,) of the linear span of operators of the form UCU*, U unitary, coincides with
Li(H) if trace C' # 0, and coincides with Lig(H) if trace C = 0.

Proof. Denote by U(C') the closure of the linear span of operators of the form
UCU*, U unitary. Suppose trace C' = 0, and arguing by contradiction, assume
U(C) # Lip(H). Then (because L(H) is the dual of L;(H)) there exists X € L(H)
such that trace (TX) = 0 for every T € U(C) but trace (ToX) # 0 for some
To € L1p(H). Being nonscalar, C' # 0, so by Lemma 6.3, the first condition implies
that X is scalar, which contradicts the second condition.

Next, suppose trace C' # 0. Since C' is not scalar, we have (Cz,z) # (Cy,y)
for some orthonormal pair (z,y) by Lemma 6.2; hence C:=C—-VCV* #0 for

P o~

some unitary V. Clearly trace C' = 0 and U(C) D U(C). By the first part of the

lemma we have U(C') = Lig(H), hence U(C) D Lig(H). On the other hand, since
C € U(C) and trace C # 0, we have U(C) # L1p(H), hence U(C) = Ly (H). O

Proof of Theorem 6.1. The “if” part is trivial. We prove the “only if” part.

The condition implies that trace (AUCU*) = trace (BUCU™), i.e., trace ((A —
B)UCU*) = 0, for every unitary U. Since the closure of the linear span of {UCU™ :
U unitary } is either L;(H) or Ligp(H) by Lemma 6.4, we see that (1) or (2) holds.
O



24 Kuzma, Lesnjak, Li, Petek and Rodman

We were not able to prove a generalization of the result of Theorem 2.2 to the
framework of trace functionals. Therefore the following open problem is suggested:

Open Problem 6.5. Suppose f is a bounded linear functional on L(H) given by
(6.2), where the trace class operator C is not scalar. Characterize pairs A, B €
L(H) such that

|f(UTAU)| = |f(U*BU)| YV unitary U € L(H). (6.9)
By analogy with Theorem 2.2, we conjecture:

Conjecture 6.6. Under the hypotheses of the open problem, (6.9) holds if and only
(1) traceC =0, C = C*, and either A = uB +vI or A = uB* + vI for some
v eC, lul = 1;
(2) traceC =0, C #£ C*, and A = uB + vl for some p,v € C, |u| =1;
(3) traceC # 0, C = C*, and either A = uB or A = uB* for some p € C,
lul = 1;
(4) traceC #0, C # C*, and A = uB for some u € C, |u| = 1.
Theorem 2.2 proves the conjecture in the case when C' is any rank one oper-
ator.
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