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ABSTRACT. For a noisy quantum channel, a quantum error correcting code of
dimension k exists if and only if the joint rank-k numerical range associated
with the error operators of the channel is non-empty. In this paper, geometric
properties of the joint rank k-numerical range are obtained and their implica-
tions to quantum computing are discussed. It is shown that for a given k if the
dimension of the underlying Hilbert space of the quantum states is sufficiently
large, then the joint rank k-numerical range of operators is always star-shaped

and contains the convex hull of the rank k-numerical range of the operators

for sufficiently large k. In case the operators are infinite dimensional, the joint
rank co-numerical range of the operators is a convex set closely related to the
joint essential numerical ranges of the operators.
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1. INTRODUCTION

In quantum computing, information is stored in quantum bits, abbreviated
as qubits. Mathematically, a qubit is represented by a 2 x 2 rank one Hermitian
matrix Q = vv*, where v € C? is a unit vector. A state of N -qubits Q1, ..., Qn is
represented by their tensor products in M, with n = 2N. A quantum channel for
states of N-qubits corresponds to a trace preserving completely positive linear map
® : M, — M,. By the structure theory of completely positive linear map [2],
there are Ty, ..., T, € M,, with 2]7:1 T]* T; = I such that

,
_ . *
(1.1) P(X) = 2 T]XT]- .
j=1
In the context of quantum error correction, Ty, . .., Tr are known as the error oper-
ators.
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Let V be a k-dimensional subspace of C"* and P the orthogonal projection of
C" onto V. Then V is a quantum error correcting code for the quantum channel ¢
if there exists another trace preserving completely positive linear map ¥ : M, —
M, such that ¥ o @(A) = A for all A € PM,,P. By the results in [9], this happens
if and only if there are scalars Vij with 1 <i,j < rsuch that

PTi*T]'P = "}/IJP

Let Py be the set of rank k orthogonal projections in M,. Define the joint rank
k-numerical range of an m-tuple of matrices A = (A1, ..., An) € M} by

Ar(A) ={(ay1,...,a,) € C": thereis P € Py
such that PA;P = a;P forj =1,. .., m}.

Then the quantum channel ¢ defined in (1.1) has an error correcting code of k-
dimension if and only if

AT, T Ty, .., TET,) £ .

Evidently, (a1,...,a,) € Ax(A) if and only if there exists an n x k matrix U such
that

U =1, and U"AU=ajl forj=1,...,m.
Let x,y € C". Denote by (Ax,y) the vector ((A1x,y),..., (Aux,y)) € C". Then
a € Ag(A) if and only if there exists an orthonormal set {xy,...,x;} in C" such
that (Ax;, x]-) = ¢;ja, where J;; is the Kronecker delta. When k=1, A1(A) reduces
to the (classical) joint numerical range

W(A) = {(x*A1x,...,x"Aux) : x € C", x*'x =1}

of A, which is quite well studied; see [11] and the references therein. It turns out
that even for a single matrix A € M, the study of A(A) is highly non-trivial, and
the results are useful in quantum computing, say, in constructing binary unitary
channels; see [3, 4, 5, 6,7, 13, 15, 18].

More generally, let B(’H) be the algebra of bounded linear operators acting
on a Hilbert space ‘H, which may be infinite dimensional. One can extend the de-
finition of Ax(A) to A € B(H). If H is infinite dimensional, one may allow k = oo
by letting Py be the set of infinite rank orthogonal projections in B(H) in the de-
finition; see [14, 16]. There are a number of reasons to consider rank k-numerical
range of infinite dimensional operators. First, many quantum mechanical phe-
nomena are better described using infinite dimensional Hilbert spaces. Also, a
practical quantum computer must be able to handle a large number of qubits so
that the underlying Hilbert space must have a very large dimension. We will
also consider the joint rank k-numerical range of an m-tuple A = (A4, ..., Ay) of
infinite dimensional operators Ay, ..., A, for positive integers k and k = oco. It
is interesting to note that A« (A) has intimate connection with the joint essential
numerical range of A defined as

We(A) =N{cl (W(A+F)):Fe F(H)"},
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where F(H) denotes the set of finite rank operators in B(H) and cl (S) denotes
the closure of the set S. Clearly, the joint essential numerical range is useful for
the study of the joint behaviors of operators under perturbations of finite rank (or
compact) operators.

The purpose of this paper is to study the joint rank k-numerical range of
A = (A1,...,An) € B(H)". Understanding the properties of A;(A) is useful for
constructing quantum error correcting codes and studying their properties such
as their stability under perturbation.

Our paper is organized as follows. In Section 2, we present some basic prop-
erties of Ag(A). Section 3 concerns the geometric properties of Ax(A). We show
that if dim ' is sufficiently large, then A (A) is always star-shaped and contains
the convex hull of A¢(A) for sufficiently large k. In Section 4, we study the con-
nection between W, (A), Ax(A) and its closure cl (Ag(A)). We show that A (A)
is always convex, and is a subset of the set of star centers of Ai(A) for each posi-
tive integer k. We also show that

We(A) = Ng>1cl (Ax(A)).
Moreover, we obtain several equivalent formulations of A (A), including
Aw(A) = N{A(A+F):Fe F(H)"}.

The results extend those in [1, 12].
Let S(H) be the real linear space of self-adjoint operators in B(H). Suppose

A]' = H2]'_1 + in]' with H2j_1,H2]' eS(H) forj=1,...,m.

Then Ax(A) C C™ can be identified with Ay(Hy,..., Hy,) € R?". Thus, we
will focus on the joint rank k-numerical ranges of self-adjoint operators in our
discussion.

2. BASIC PROPERTIES OF A (A)
PROPOSITION 2.1. Suppose A = (Ay,..., An) € S(H)", and T = (t;;) is an
m x nreal matrix. If By = Y301 tiA; for j=1,...,n, then
{aT 12 € AY(A)} C Ax(B).
Equality holds if { A1, ..., Am} is linearly independent and
span{Ai,..., Ay} =span{By,...,Bu}.

Proof. The set inclusion follows readily from definitions. Evidently, the
equality holds if n = m and T is invertible.
Suppose {A1, ..., A} is linearly independent and

span{Ay,...,An} =span{By,...,By}.



104 CHI-KWONG L1 AND YIU-TUNG POON

First consider the special case when A; = B; for 1 <i < m. Then T = [I,,|T;] for
some m X (n —m) matrix T;. Let (b, ..., b,) € Ag(B). Then there exists a rank k
orthogonal projection P such that PB;P = b;P fori = 1,...,n. Therefore, we have
(b,...,bm) € Ap(A)and for1 <j<n,

m m m
bjP = PB;P = P (Z t,-jAl-> P="pP <Zti]-Bi> P= <Ztijbi> P
i=1 i=1 i=1

implying that b; = (¥ t;ib;) . Therefore, (by, ..., by) = (b1,...,bw)T.

For the general case, by applying a permutation, if necessary, we may as-
sume that {Bjy, ..., By, } is a basis of span {Bj, ..., B, }. Then there exists an m x m
invertible matrix S = (s;;) such that A; = Y, s;B; for j = 1,...,m. For
1 <j < m,wehave

m m m m m
B] = 2 tiin = Z tij Z Skin = Z Skitij Bk .
i=1 i=1 k=1 i=1

k=1 \i
Therefore, [, sy;tij = J; and ST = [I,y|Ty] for some m x (n — m) matrix Ty.
Hence, we have

Ae(B) = A¢ (B, ..., Bu) [I|Ty] = Ac (B, ..., Bu) ST = Ag (Ay,..., Ay) T. O

In view of the above proposition, in the study of the geometric properties of
Ax(A), we may always assume that Ay, ..., A, are linearly independent.

PROPOSITION 2.2. Let A = (A1,...,An) € S(H)", and let k < dim H.
(a) For any real vector p = (p1, ..., hm),

Ak(Al — ylf,...,Am - ‘umI) = Ak(A) — K.
(b)If(al,. ..,tlm) S Ak(A) then (111,.. .,am,1> S Ak(Alr- . .,Amfl).
(©) Akr1(A) € Ar(A).

REMARK 2.3. By Proposition 2.2 (a), we can replace A; by A; — y;I for j =
1,...,m, without affecting the geometric properties of Ag(A1,..., An).

Suppose dimH = n < 2k —1and A; = diag(1,2,...,n). Then A¢(4;) =
@. By Proposition 2.2 (c), we see that Ay (A) = @ forany Ay, ..., Ay. Thus, Ax(A)
can be empty if dim # is small. However, a result of Knill, Laflamme and Viola
[10] shows that Ag(A) is non-empty if dim H is sufficiently large. By modifying
the proof of Theorem 3 in [10], we can get a slightly better bound in the following
proposition. The proof given here is essentially the same as that of Theorem 3 and
4 in [10], except for the choice of x;. We include the details here for completeness.

PROPOSITION 2.4. Let A € S(H)". Form > 1and k > 1. If
dimM =n> (k—1)(m+1)?
then Ax(A) # @.
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Proof. We may assume that dimH = n = (k — 1)(m + 1)2. Otherwise,
replace each A; by U*A;U for some U such that U*U = I,,. Let

g=m+1)(k—1)+1.

Choose an eigenvector x; of A with [|xq|| = 1. Then choose a unit vector x;
orthogonal to x1, A>x1, ..., Aux;. By the assumption on 11, we can choose an or-
thonormal set {x1,Xp,...,x;} of g vectors in C" such that for 1 < r < g, x is
orthogonal to Ajx; forall1 < i < rand1 < j < m. Let X be the n x g matrix
with x; as the i-th column. Then X*A;X is a diagonal matrix for 1 < j < m. By
Tverberg’s Theorem [17], we can partition the set {i : 1 < i < ¢} into k disjoint
subset Rj, 1 < j < k such that R = ﬂ;‘zlconv{<Axi, x;) 1 i € Rj} # @. Suppose
a € R. Then there exist non-negative numbers f; jr 1<j<kie R]- such that for
alll <j <k, Yier; tij =1 and Licr; tij(Ax;, x;) = a. Lety; = Licr; /i jxi for
1 <j <k Then {yy,...,yi} is orthonormal and (Ay;,y;) = aforall1 <j<k. [

PROPOSITION 2.5. Suppose A € S(H)" and 1 < r < k < dim'H. Let V, be
the set of operator X : Hi- — 'H such that X*X = HE for an r-dimensional subspace

H1 of H. Then
2.1) Ar(A) CN{A (X ALK, ..., X  ApX) : X € V)}
and
(2.2) conv Ai(A) C conv (N{A_,(X*"A1X,..., X"AuX) : X € Vi }).
Proof. Suppose (ay,...,am) € Ar(A). Let Hy be a k-dimensional subspace

and V : ‘Hy — H such that V*V = Iy, and V*A;V = ajl forj =1,...,m. Let
XeV,and X*X = - for an r-dimensional subspace H1 of H. Then

Ho = X* (V('Hz)ﬂX ('Hf‘))

has dimension at least s = k —r. Let U : Hy — H be given by Ux = x for all
x € Ho. Then we have U*U = I}y, and U* (X*A;X) U = ajly, forj =1,...,m.
Thus, (2.1) holds, and the inclusion (2.2) follows. O

Proposition 2.5 extends [14, Proposition 4.8] corresponding to the case when
m = 2. In such a case, the set inclusion (2.1) becomes a set equality if dim H < oo
orif (Ay, Ap) is a commuting pair, i.e., A1 + iA is normal; see [14, Corollary 4.9].
The following example shows that the set equality in (2.1) may not hold even in
the finite dimensional case if m > 3.

EXAMPLE 2.6. LetBlz((l) _(1)>B2:<(1) (1)>33:<_(3 é).For

k>1,let Aj =B;® I forj=1,2,3.
(a) We have Ag(Ayq,..., Ay) = A1(By, By, B3) = {a € R3: ||a|| = 1}, which
is not convex.
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b)Ifr=k—T1and X € Vyand X*X = I, L for an r-dimensional subspace
Hq, then dim Hi- = 2k —r = k+ 1 > 3 so that
Ap_p (XTA1X, X" ApX, X*A3X) = A (XTA1X, XT A X, X" A3 X)
is convex [11].

Consequently, "{Ar_, (X*A1X, X*ArX, X*A3X) : X € V,} is convex and cannot
be equal to Ax (A1, Az, A3).

For m > 3, we can take A1, Ay, Az as above and A]- = Oy for 3 < j < m.
Then we have

Ak(Al,Az, A3) 7'é ﬂ{Ak,r(X*AlX, . ,X*AmX) X e Vr} .
To verify (a), suppose U = < gl) is such that
2

U, Uy € My, WU =Ujlh +Ulp = and UAU = aj
Then Uj Uy — U3 Uy = apli. It follows that
Uity = (14+a1)ly and UyUp = (1 —ay)l.
Thus, Uz U; = (1 +a1)I and UpU; = (1 — a1) ;. As aresult,
Ui UjU; = (1+a1)(1—ar)l = Uy LU, for (i,]) € {(1,2),(2,1)},

and
3

(@i +a3+a3), = Y (U"AU)?
]:

= (Ul — U3Up)? + (U Uy 4+ U3 UL )% + (iU Uy — iUz Uy )?
= (Ui + U3Uy)?
= I.
Thus, Ag(A1, Ay, As) C {(a1,a2,a3) € R : a3 +af +a% =1}
Conversely, suppose (a1,a2,a3) € R® such that a2 + a3 + a3 = 1. Let
(0, 1) Zf ap = —
(0, B) =

(14 aq,ap — iaz)
2(1 + {11)

otherwise.

LetU = ( BI > Direct computation shows that U*A;U = a;l; for 1 <j <3.
k

By a similar argument or putting k = 1, we see that A; (B, By, B3) has the
same form. O

It is natural to ask if the set equality in (2.2) can hold for for m > 2. Also,
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conv (N{A_(X*"A1X,..., X" AnX) : X €V} })
Cn{convA;_,(X*A1X,..., X*ApX) : X € V) }.

It is interesting to determine whether the two sets are equal.

3. GEOMETRIC PROPERTIES OF Ag(A)

Let A = (Ay1,...,Am) € S(H)". Much is known about A (A); for example
see [11] and its references. For instance, A1(A) is always convex if m < 3 unless
(dimH,m) = (2,3); If (dimH,m) = (2,3) orn > 1, m > 4, there are examples
A € S(H)™ such that A;(A) is not convex. Furthermore, for any A1, Ay, A3 €
S(H) such that span{I, A1, Ay, A3} has dimension 4, there is always an Ay €
S(H) for which A1(Aq, ..., As) is not convex.

In the following, we show that Ax(A) is always star-shaped if dimH is
sufficiently large. Moreover, it always contains the convex hull of A;(A) for
k= (m+2)k Ifk =1and m > 2, we can lower the bound of the dimension
of the Hilbert space to get the star-shapedness result. We begin with the follow-
ing.

THEOREM 3.1. Let A = (Ay,...,An) € S(H)™ and k be a positive integer. If
A (A) # @ for some k> (m+2)k, then Ar(A) is star-shaped and contains the convex
subset conv Ay (A) so that every element in conv Ap(A) is a star center of Ar(A).

Note that A;(A) may be empty if dim H is small relative to k. Even if A;(A)
is non-empty, it may be much smaller than its convex hull; for example, see Ex-
ample 2.6. So, the conclusion in Theorem 3.1 is rather remarkable.

Proof. We may assume a = 0 € A¢(A). Then there exists Y such that Y*Y =
Iyiop and Y*A;Y =0 foralll <j<m.

Letb € Ax(A). Then there exists X such that X*X = [ and

(X*A1X, ..., X AuX) = (b1, ..., buy).

Suppose X and ) are the range spaces of X and Y, respectively. Then we have
dim (ym (X + A (X) + - +Am(X))L)
>dim)Y —dim (X + A1 (X) + -+ Ap(X)) > k.
Let ) be an k-dimensional subspace of Y N (X + A1(X) +---+ Am(X))L and

Vo = YN (X +W)T. Set Z = [X|Y1]Y2], where Y; has columns forming an
orthonormal basis of V; fori = 1,2. Then we have Z*Z = I(m+2)k andforl <j <

m, Z*A]-Z has the form
l’J]Ik Ok *
0y 0 = .
x * *
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Let C; = bl @ 0. For t € [0,1], we have
t(bl,. . .,bm) € Ak(Cl,. . .,Cm) - Ak(Z*Alz, .. ,Z*AmZ) - Ak(A)

Clearly, A¢(A) € Ag(A). Since every element of A;(A) is a star center of
Ak (A) and the set of star centers of a star-shaped set is convex, we see that every
element in conv A (A) is a star center of Ay(A). Hence, conv Ap(A) C Ar(A). O

If dim H is finite, then Ax(A) is always closed. But this may not be the
case if dim H is infinite. Using Theorem 3.1, we can prove the star-shapedness of
cl (Ag(A)).

COROLLARY 3.2. Let A = (Aq,...,Am) € S(H)" and k be a positive integer.
Ifcl (A (A)) # @ for some k> (m+2)k, then cl (Ay(A)) is star-shaped and contains
the convex subset conv cl (A;(A)) so that every element in conv cl (Ay(A)) is a star
center of cl (Ax(A)).

Proof. Suppose a € cl(A;(A)) and b € A(A). Then for every ¢ there is
a= (dy,...,am) € Ap(A) such that /;(a — a) < e. By Theorem 3.1, we see that
the line segment joining a and b lies in Ax(A). Consequently, the line segment
joining a and b lies in cl (A (A)). The proof of the last assertion is similar to that
of Theorem 3.1. O

It is easy to see that a star center of Ax(A) is also a star center of cl (Ag(A)).
However, the converse may not hold. The following example from [12, Example
3.2] illustrates this.

EXAMPLE 3.3. Consider H = ¢? with canonical basis {e, : n > 1}. Let
A=(Ay,..., Ay) with A; = diag (1,0,1/3,1/4,....), A» = diag (1,0) ©0,

01 0 i
Az = <1 0) @©0 and Ay= (—i 0> @ 0.
Then (1,1,0,0) € W(A) and (0,0,0,0) € W(A) N W,(A) is a star-center of the

closure of W(A). However, (1/2,1/2,0,0) ¢ W(A) so that (0,0,0,0) is not a star-
center of W(A). In fact, W(A) is not convex even though cl (W(A)) is convex.

By Proposition 2.4, we see that A;(A) is non-empty if dim H is sufficiently
large. So, Ag(A) is star-shaped and contains a convex set. The same comment
also holds for cl (A (A)). More specifically, we have the following.

THEOREM 3.4. Let A = (Ay,..., Am) € S(H)". If
dim M > ((m+2)k —1)(m +1)2,
then both Ax(A) and cl (Ax(A)) are star-shaped.

In Theorem 3.7, we will show that the classical joint numerical range is star-
shaped with a much milder restriction on dim H comparing with that in Theorem
3.4. To demonstrate this, we need two related results.
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PROPOSITION 3.5. Suppose dim'H = nand A = (Ay,...,An) € S(H)" is
such that {Aq,..., Am} is linearly independent. Assume that 0 € A,_1(A), i.e., there
is a basis such that A; has operator matrix <I 0 * ) forj=1,...,m.
n—1
(@) If m = 2n — 1, then there is an invertible S € M,,(R) such that

m
A1(A) = {(l—i—ul,uz,...,um)s:ul,...,um ER,Z;u]2 = l}
=1

so that A1(A) is not star-shaped.
(b) If m < 2n — 1, then A1(A) is star-shaped with 0 as a star center.

Proof. (a) If m = 2n — 1, there is an invertible m x m real matrix T = (t;)
such that for B; =} ;_; tjjA; forj =1,...,m with
B = (Bl, . ,Bm) = (Ellr E1p + E»1, —iE1p +iEyq, ..., —iEq, + iEn1)~

Let x = p(cost,sint(vp +iv3),...,sint(v,;_1 + ivy))! be a unit vector in C" such
that [u| = 1,t € [0,77/2], and vy,..., 0 € Rwith 1", 0]2 = 1. Then

(Bx,x) = ((14cos(2t))/2,vysin(2t),vysin(2t),..., vy sin(2t))
= (1+u1,u2,...,um)D,

where D = [1/2] © I,_1, uy = cos(2t) and u; = v;sin(2t) for j = 2,...,m. It
follows that

m
A1(B) = {(1 +u, U, Ug)D Uy, Uy € R,Zujz» = 1} )
=1
By Proposition 2.1, A1 (A) = {bT~! : b € A;(B)}. The result follows.
(b) Now, suppose m < 2n — 1. By adding more A}, if necessary, we only
need to consider the case when m = 2n — 2. Let v; be the row vector obtained by
removing the first entry of the first row of A; forj=1,...,m.

Case 1 Suppose span {vy, ..., vy} has real dimension m — 1 = 2n — 3. Then there
is a unitary matrix of the form U = [1] @ Uy € M, such that the (1,n) entry of
U*A]-U is real for j = 1,...,m. Hence, there is an invertible m x m real matrix
T = (t;j) such that for B; = Y ;_q t;;A; for j =1,...,m with
B = (Bi,...,Bw)
= (Ellr E12 + E21, —iEu + iEzl, ey, _iEl,nfl + iEnfl,lr Eln + Enl)-

Suppose b € A1(B), b # 0. Then there exists a unit vector x = pu(ug, u; +
iU, ... Uy 1+ ity)! such that |u| = 1 and ug > 0, with

b = (Bx, x) = ug(up,2uq,...,2Up 1)
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For any ¢t € (0,1), we can choose a unit vector of the form x; = /t(u,u; +

iU, ... Uy + ity ) with ti2, =1 — Z]’.”;Ol tujz- so that

(Bx¢, xt) = t{Bx, x).

Case 2. Suppose {vy,...,Vy} has real dimension m = 2n — 2. Then there is an
invertible m x m real matrix T = (t;j) such that

m m
B = (Bl,...,Bm):<Zti1Ai,...,2timAi>
i=1 i=1

= (mE1,...,amE11) + (E1pa + En1,iE1p +iEn1, ..., E1p + En1, —iE1, +iEp)
with ay,...,a, € R. Suppose b € A1(B), b # 0. Then there exists a unit vector
x = p(up, uy + iy, ..., Uy _1 + ity )" such that || = 1 and ug > 0, with

b = (Bx, x) = ug(aiug + 2uy, axug + 2uy, . . ., Ayt + iy ).
For any t € (0,1), consider a vector of the form
xg = (Cuo, Wy + iw, W3 + iwy, . .., Wy—1 + iwm),
where § > t and w; = ajuo(t — &2)/(2%) + tuj/ forj=1,...,m. Then
Guo(a;Cug + 2w;) = tug(ajug + 2u;), j=1,...,m,
so that
(Bxg, xg) = t(Bx,x).

If & = \/t, then Xz = \/f(uo,bq +iup, ..., Upy_1 + itiy)! has norm less than 1; if
¢ — oo, then ||xg|| > [Cug| — co. Thus, there is ¢ > t such that x¢ is a unit vector
satisfying (Bxg, xgz) = t(Bx, x). So, A1(B) is star-shaped with 0 as a star center. By
Proposition 2.1, A;(A) = {bT~! : b € A1(B)}. The result follows. O

THEOREM 3.6. Let A = (Ay,...,An) € S(H)". If Ap(A) # @ for some
k> (m+1)/2, then A1(A) is star-shaped and contains conv A¢(A) such that every
element in conv Ay (A) is a star center of A1(A).

Proof. We may assume a = 0 € A;(A) with k > (m 4 1)/2. Suppose x € H
is a unit vector and b = (Ax,x) € A;(A). Suppose X is such that X*X = I
and X*A]-X = 0pforj=1,...,m. LetY be such that Y*Y = I]A(H, and the range
space of Y contains the range space of X and x. Suppose B = (By,...,By) =

(Y*A1Y,...,Y*A,Y). Then we may assume that B]- has the form (: {;) for
k

j=1,...,m. Clearly, span{By, ..., By} has dimension at most m < 2k — 1. By
Proposition 3.5, the line segment joining 0 and b lies entirely in A1(B) C Aj(A).
Thus, 0 is a star center of A1(A). Since the set of star centers of A;(A) is convex,
we see that every element in conv A;(A) is a star center of A1 (A). O
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THEOREM 3.7. Let A = (Ay,..., Am) € S(H)". If

dim H > [m;l} (m+1)%,
then A1(A) is star-shaped.
Proof. Letk = m;—l} +1> mT—H Then dimH > (k —1)(m + 1)? and

Ay (A) # @ by Proposition 2.4. The result then follows from Theorem 3.6. O

4. RESULTS ON A (A)

In this section, we always assume that 7 has infinite dimension. Denote by
Po the set of infinite rank orthogonal projections in S(H). For A € S(H)" let

As(A) ={(71,.--,m) € R™: thereis P € Pw
such that PA;P = «;P forall1 <i < m}.
By the result in Section 3, we have the following.

PROPOSITION 4.1. Suppose A € S(H)", where H is infinite-dimensional. Then
A(A) is star-shaped for each positive integer k. Moreover, if a € A (A), then ais a
star center for Ar(A) for every positive integer k.

When m = 2, it was conjectured in [16] and confirmed in [14] that

Aoo(All AZ) = ﬂ Ak(All AZ)/
k>1

in [1, Theorem 4], it was proven that
Aoo(Al/AZ) = m{W(Al + F]/AZ + FZ) : Fl/FZ S S(H) mf(H)}

In the following, we extend the above results to Aw (A1, . .., Ap) for m > 2. More-
over, we show that Ax(A) = Ng>1 Sk(A), where Si(A) is the set of star centers
of Ax(A). Hence, A (A) is always convex.

THEOREM 4.2. Suppose A € S(H)", where H is infinite-dimensional. For each
k > 1, let S;.(A) be the set of star-center of Ax(A). Then

(4.1) Aw(A) = MSk(A) = MA(A) = N{W(A+F):Fe S(H)"nF(H)"}.
Consequently, Ao (A) is convex.
Proof. It follows from definitions and Theorem 3.1 that
Ao (A) C MiSk(A) € MpAk(A).

We are going to prove that NzAx(A) € N{W(A+F) : F € S(H)"nF(H)"}.
Suppose F = (Fy,...,Fy) € S(H)"NF(H)" and K = Y, rank (F;) + 1. Let
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= (p1,..., tm) € NkAx(A). Then there exists a rank K orthogonal projection P
such that PAjP = p;P for1 <j<m. Let

Ho = rangePNkerFiNkerF,N---NkerFy

= range PN (range F; +range F, + - - - + range Fy) " .

Then dim Hy > 1. Let x be a unit vector in Hy. Then we have ((A +F)x,x) =
(Ax,x) = p. Therefore, p € W(A + F). Hence, we have N A(A) € N{W(A +
F):Fe S(H)"NnF(H)"}.

Next, we prove that "{W(A +F) : F € S(H)" N F(H)"} C Acx(A). Sup-
pose

penN{W(A+F):FeSH)"NF(H)"}.

By Remark 2.3, we may assume that ¢ = 0. Then 0 € W(A) and there exists a
unit vector x; such that (Axy, x1) = 0. Suppose we have chosen an orthonormal
set of vectors {x1,...,x,} such that (Ax;, xj> =0foralll <i, j < n. LetHjbe
the subspace spanned by

xit1<i<njU{Ax:1<i<n 1<j<m}
and P the orthogonal projection of H onto Hy. Suppose
B= ((I—P)Al(I—P)|HOL,..., (I—P)Am(I—P)|HOL).
Letb = (by,...,by) be a star-center of W(B). Then
bly, ®B = (P + (I = P)A(I—=P),...,byP+ (I = P)Ay(I —P)) = A+F

for some F € S(H)™ N F(H)™. Therefore, 0 € W(bly, & B). Hence, there exists
a unit vector x € H such that 0 = ((A + F)x, x). Let x = y + z, where y € Hy and
z € Hy. Then ||ly|?> + ||z||*> = ||x]|> = 1. Ifz = 0, then 0 = b € W(B). Ifz # 0,
then by Proposition 4.1, we have

z

0= ((A+F)xx) = [ly|?b + |z|(B (HH) , (HZH)> € W(B)

So there exists a unit vector x,,,1 € 7'[0L such that

0= <(A + F)Xn+1rxn+l> = <an+1rxn+l> = <Axn+1/ xn+1>

Hence, inductively, we can choose an orthonormal sequence of vectors {xn}ff’zl
such that
(Ax;,xj) =0 foralli, j.
Thus, we have
Aw(A) S MSk(A) € MAk(A)
C N{WA+F):FeSH)"NF(H)"} C As(A).

Since S;(A) is convex for all k > 1, the last statement follows. ]
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The last equality in (4.1) establishes a relationship between A (A) and the
joint numerical ranges of finite rank perturbation of A. The following result gives
an extension.

THEOREM 4.3. Suppose A = (A1,...,Am) € S(H)". Letn > 1and Fy €
S(H)" N F(H)™. Then the following sets are equal.
(a

) Aco(A).
(b) A (A + Fp).
() N{A,(A+F):Fe F(H)"NnS(H)"}.
(d) Ng>1 (N{A(A+F):Fe F(H)"NS(H)"}).
Proof. By Theorem 4.2, we have
Ao (A +Fo)
= N{WA+F+F) :FcSH)"NnF(H)"}
= N{W(A+F):Fe S(H)"nF(H)"}
= Ax(A).
This proves the equality of the sets in (a) and (b). For the equality of the sets of
(@) and (c), let F € F(H)" NS(H)". Then we have
A (A) = A (A+F) C A, (A+F) C W(AHF).
It follows that

A (A) N{A(A+F):Fe S(H)"nF(H)"}

-

C N{WA+F):FeSH)"NF(H)"} = Ax (A).

The equivalence of (a) and (d) follows immediately. O
Recall that V), is the set of X : HL — 'H such that dimH; = r and X*X =

IH 1. Then X*AX is a compression of A to Hi. The next result is an analog to
Theorem 4.3 for A (X*AX).

THEOREM 4.4. Suppose A = (A1,...,Am) € S(H)". Letn, ry > 1 and
Xo € Vy,. Then for X*AX = (X*A1X, ..., X" A X), the following sets are equal.

@) Aw(A).

(b) Ao (XSAXO).

() N{A(X*AX) : X € U1V}

(d) Ni>1 (ﬁ{Ak(X*AX) : X e Uervr}).

Proof. By (4.1) and (2.1), we have
Aco (A) = NpAk(A) = MArrr(A) C Ny (XgAXp) = Awo (XgAXp) € Ao(A).

This proves the equality of the sets in (a) and (b). For the equality of the sets of
(a) and (c), we will first show that

(4.2) N{AL(X*AX) : X € Uy W} € A(A).
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Let u € N{A1(X*AX) : X € U;>1V,}. By Remark 2.3, we may assume that
p = 0. Then there exists a unit vector x; such that (Axq,x;) = 0. Suppose we
have chosen an orthonormal set of vectors {xy,...,xy} such that (Ax;, x;) = 0
forall1 <i, j < N. Let H; be the subspace spanned by

{xi:1<i<NPU{Ajx:1<i<N,1<j<m}

and X : H{ — H be givenby X(v) = v forall v € H;. Then 0 € A;(X*AX). So
there exists a unit vector xy41 € Hf‘ such that
0= ((X*"AX)XN+1,XN+1) = (AXN+1,XN+1) -

Inductively, we can find an orthonormal sequence {x;} in H such that (Ax;, x;) =
0 for all 4, j. Hence, 0 € A (A).

To continue the proof of the equality of the sets of (a) and (c). Let X €
Ur>1Vr. Then we have

Ao (A) = Aw (X*AX) C A, (X*AX) C A (X*AX).

It follows that

Aw (A) € N{Ax (X*AX): X € U1 Vs }
C N{AI(X*AX) : X € U1V} C A (A).
The equality of the sets of (a) and (d) follows immediately. ]

Recall that the joint essential numerical range of A € S(H)" is defined by
We(A) = {cd(W(A+F)):Fe S(H)"NF(H)"}.
Using the last two theorems, we have the following.

COROLLARY 4.5. Let A € S(H)"™, where H is infinite dimensional. Denote by
Sk(A) the set of star center of cl (Ax(A)). Then

We(A) = () el (Ax(A)) = [ Sk(A
k>1 k>1

In addition, let n > 1 and Fy € S(H)" N F(H)™. Moreover, let V be a finite dimen-
sional subspace of H and Xo : V+ — H such that X§Xo = Iyy1. Then the following sets
are equal.
(a) We(A).
(b) W, (A +Fo).
(C) We (XgAXo).
(d) N{cl (A,(A+F)):Fe F(H)"NS(H)"}.
(e) N{cl (Ay(X*AX)): X € Up>1 W}
() Mi>1 (N{cl (A((A+F)):Fe F(H)"NS(H)"}).
(8 Niz1 (N{el (A(X7AX))) : X € U Vi }).
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Let A € S(H) and k be a positive integer. Denote by U the set of X : CK —
‘H such that X*X = [; and

Ak(A) = sup{minc(X*AX) : X € Uy},

where ¢ (B) is the spectrum of the operator B. For ¢ = (c1,...,cm) € R™ and
AeS(H)" letc- A =YY", c;A;. Define

Qw(A)= (] {acR":c-a< A(c-A)forallk > 1}.
ccR™

The following extends [14, Theorem 2.1].

THEOREM 4.6. Let A € S(H)", where H is infinite dimensional. Then

Aw(A) C O(A) = We(A).
Proof. For k > 1, let
Or(A)= () {aeR":c-a< A(c-A)}.
ccR™
Clearly, Qo (A) = Nk>1 Q2k(A). Suppose k > 1and a = (ay,...,am) € Ar(A).
Then there exists P € Py such that PA]-P = a]-P forall1 < j < m. For every
c € R", wehave P(c- A)P = (c-a)P. Hence,
c-a=Ag(c- PAP) = A (P(c-A)P) < Ar(c-A).

Therefore, A(A) C Q) (A). Since (2 (A) is closed, we have cl (A (A)) C 2k (A).
Hence,

Ax(A) = M1 Ak (A) € M1l (A(A)) = We(A) € M1 (A) = Qo (A).

To show that Qw(A) C W,(A). Suppose a € (2¢(A). By Remark 2.3, we
may assume that a = 0. So, Ag(c-A) > Oforallk > 1and ¢ € R™. For
F=(F,...,FEy) € S(H)"NF(H)", let K = Y, rank (F;) + 1. Then

A(c- (A+F)) > Agy1(c-A) >0 and Ay(—(c- (A+F))) > Agi1(—c-A) >0.

Therefore, -0 = 0 € cl (W(c- (A+F))) = c-cl(W(A+F)). Hence, c-0 €
c- W,(A) for all ¢ € R™. By the convexity of W,(A), we have 0 € W,(A). O

1 1
EXAMPLE 4.7. Forn > 1, let B, = {’6 _?},Cm = {’6 8},1‘11 =

n

@Y 1By, Ay = @5 1Cyand A = (A, Ay). Then (0,0) € Qw(A) but A (A) = @.
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