EIGENVALUES OF AN ALIGNMENT MATRIX
IN NONLINEAR MANIFOLD LEARNING
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Abstract. Alignment algorithm is an effective method recently proposed for nonlinear mani-
fold learning (or dimensionality reduction). By first computing local coordinates of a data set, it
constructs an alignment matriz from which a global coordinate is obtained from its null space. In
practice, the local coordinates can only be constructed approximately and so is the alignment matrix.
This together with roundoff errors requires that we compute the the eigenspace associated with a
few smallest eigenvalues of an approximate alignment matrix. For this purpose, it is important to
know the first nonzero eigenvalue of the alignment matrix or a lower bound in order to computa-
tionally separate the null space. This paper bounds the smallest nonzero eigenvalue, which serves
as an indicator of how difficult it is to correctly compute the desired null space of the approximate
alignment matrix.
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1. Introduction

Given an N x £ matrix Z and s submatrices Z; € Cki*¢ (for 1< j<s) consisting
of certain rows of Z, let Pz, be the orthogonal projector in C*i onto the column space
of Z;, and Pé-j =1—Pz;. Embed Pé-j into CNV*N according to the position of the rows
of Z; in Z and denote the resulting N x N matrix by ®; (see (2.3) in Section 2 for
details). The matrix

PEi(I)j. (1.1)

is called an alignment matriz. This definition is abstracted from and slightly more
general than the one in [9], where Z’s first column is all ones. Nonetheless most
analysis and the results there regarding the null space of P can be carried over in a
straightforward way. For example, it is proved under a condition called fully overlap
among {Z;} that the null space of P is the span of Z [9]. With this property of the
alignment matrix, we can reconstruct the rows of Z, up to a linear transformation,
from the local projectors Py,. This forms a theoretical basis for the LTSA (Local
Tangent Space Alignment) algorithm of [11] recently developed for the problem of
nonlinear manifold learning.

In nonlinear manifold learning [5, 8], one is concerned with determining a suitable
parametrization for a set of given high-dimensional data points lying in a nonlinear
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manifold, which is also known as (nonlinear) dimensionality reduction. Several meth-
ods have been proposed recently for this problem [1, 3, 5, 7, 11]. The alignment matrix
was first introduced in the LTSA method [11] in which a local coordinate system is
first constructed for a small neighborhood (i.e., a patch) around each sample points
and all local coordinates are then aligned together to arrive at a global coordinate.
The process of aligning the local coordinates together is achieved through the align-
ment matrix. We note, however, that the alignment matrix can be used in a more
general setting to align coordinates for subsets of data points that are not necessarily
local [9]. In this context, the rows of Z are the unknown global coordinates of the
high-dimensional data points and the rows of Z; correspond to the coordinates of
the data points in a subset (e.g., a local patch). Then the rows of Z, up to a linear
transformation, is constructed from the projectors Pz, by computing the null space
of the alignment matrix.

In practice, only an approximation of the alignment matrix is available. This
together with roundoff and/or data errors require that we compute the eigenspace
associated with a few smallest eigenvalues that are considered the perturbations of
the zero eigenvalues. However, if the perturbations cause the zero eigenvalues to
become as large in magnitude as the smallest nonzero eigenvalue of the alignment
matrix, it is not possible to determine how many smallest eigenvalues and which of
them should be considered zeros. For this purpose, it is important to investigate
the first nonzero eigenvalue of the alignment matrix or a lower bound in order to
computationally separate the null space.

This paper presents a lower bound on the smallest nonzero eigenvalue, which
serves as an indicator of how difficult it is to correctly compute the desired null space
of the alignment matrix. An implication of our bound is that the smallest nonzero
eigenvalue depends on the “amount” of overlap among Z; and hence it is necessary
to maintain sufficient overlap among Z; in practice. Our study is based on an ideal
situation, namely P is uncontaminated, while contaminated P in practice likely has
no nonzero eigenvalues. Thus such simplification becomes somewhat necessary. Nev-
ertheless our effort here represents a step forward to acquire better understanding
towards instructively how much overlaps among Z; for robust recovery of Z, which,
translated into the language of nonlinear manifold learning [9, 11}, how much overlaps
among local patches for robust recovery of global coordinates.

Our investigation into the null space and eigenvalues of this so-called alignment
matrix P, abstracted from and slightly more general than its counterpart in nonlinear
manifold learning, may be of interest in its own right from matrix theoretical point
of view.

The rest of this paper is organized as follows. In Section 2, we set up our frame-
work to study the alignment matrix. We then derive the lower bound at stages, first
for the case s=2 in Section 3 and then for the general case in Section 4. We shall
also discuss when the fully overlap condition is a necessary condition in Section 4.

Notation. As we have done already, denote by C™*" the set of all m xn com-
plex matrices, C* =C"*!, and C=C"'. Denote by I,, the n x n identity matrix, and
sometimes simply I when its size is clear from the context. Let || X||2 be the spectral
norm of a matrix X, i.e., its largest singular value, and eig(X) be the set of the eigen-
values of a square X. X* and X7 denote the conjugate transpose, the transpose of a
matrix or vector X, respectively. X <Y for two Hermitian matrices X and Y means
that Y — X is positive semi-definite, and accordingly X =Y means Y < X.

For 1<i<j<m,i:j is the set of integers from ¢ to j inclusive and i:¢={i}. For
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vector u and matrix X, u;) is u’s jth entry, X; ;) is the (,7)th entry of X. Moreover,
subvector uy) consists of all entries i € I'; submatrices X (g ), X(1,.), and X(. 5 consist
of intersections of all rows i € I and all columns j € J, all rows ¢ € I and all columns,
and all rows and all columns j € J, respectively.

2. Alignment Matrix

Material in this section is essentially taken from [9], but stated in a slightly more
general term, namely in [9] Z’s first column is all ones, which is not required here.
Also to allow a bit more generality, we assume all involved numbers are complex,
unless otherwise explicitly stated. In the context of nonlinear manifold learning [9],
most likely they are real.

Let ZeCN*¢ and N >/{. Suppose Z; € Cki** for 1<j<s are submatrices of
Z and each consists of certain rows and all columns. Let I;={ji,j2,...,j%;} be the
index set for the rows of Z; as the rows of Z, i.e.,

Zj:Z(Ij7:):(IN)(Ij,:)XZEijXK. (21)

Assume throughout this paper
Urn={12...n} (2.2)
j=1

i.e., each row of Z appears in at least one of the Z;.
Let Pz, be the orthogonal projector in C* onto the column space span(Z;) of
Z;, and Pé-j =1 — Py, is the orthogonal projector also in C*i but onto the orthogonal

complement of span(Z;). It is known that Pz, = Z;Z ;r , where Z;r is the Moore-Penrose
inverse [6] of Z;. In particular

Pz, =Zj(Zj’-*Zj)_1Zj’-k if Z; has full column rank.

Let ®; be the embedding of Pz into C, i.e.

T
®;=[(In),)] x Pz, x (In)x,.)€CVN. (2.3)

Finally an N x N matrix P is constructed as

P:iq)j. (2.4)

It can be verified that PZ =0, i.e, span(Z) C null(P), the null space of P.

DEFINITION 2.1. This definition is recursive.
1. Z; always fully overlaps itself regardless of its rank;
2. Zi and Zj for i#j are fully overlapped, if Z(r,n1,,.) has full column rank;
3. The collection Z={Z;,1<j<s} for s>3 is fully overlapped, if it can be
partitioned into two monempty disjoint subsets Z1 and Zo each of which is
a fully overlapped collection and that Z(:;l’:) and Z( ) are fully overlapped,
where

Tz,:

L= J I (2.5)

z;eZ,
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This definition is rather general. For example it encompasses the following case:
the partitioning graph of Z is connected. By the partitioning graph of Z we mean a
graph whose vortices are submatrices Z; and there is an edge connecting two vortices
Z; and Z; if and only if Z; and Z; for i# j are fully overlapped.

THEOREM 2.2. Assume (2.2) holds. If {Z;,1<j<s} is fully overlapped, then
null(P) =span(Z).

In nonlinear manifold learning, Z; is not known but an approximations to Pl
can be computed; so is an approximation to P whose eigenspace associated w1th a
few smallest eigenvalues will then give an approximation to the column space of Z.
This theorem says if Pé-j is exactly known, the column space of Z can be recovered
exactly as null(P). Theorem 2.2 is an extension of the main result in [9] and can be
proved by a minor modification to the argument in [9]. Later our method for deriving
the eigenvalue bound will lead to another proof of the result.

COROLLARY 2.3. Under the conditions of Theorem 2.2,
Nrin(P) Pz 2 P = A\pax(P) P7,

min

where A\ (P) is the smallest nonzero eigenvalue of P, and Amax(P) is the largest

eigenvalue of P.
Proof. Since P is Hermitian, it has eigen-decomposition P=UAU*, where U is
unitary and A is diagonal with the last ¢ diagonal entries being zero. Thus

N—£ £ N—£ 12

Ar—i_nn( )XN?Z ( I 0) jAj)‘mﬂX(P)xN7[ ( I 0>’

4 4
which implies
M PN U180 2P =2 Amax(P)Ue 1:v—0) U 1:nv—0)) "
Notice null(P)=span(Z)=null(P#) by Theorem 2.2 to conclude that
span(Uy. 1.n—¢)) =span(Pz) and thus Py =U 1.x—0)[U1:v—0))" O
By construction, it is clear Apax(P)=||P||2 <s. However, there is not much we

can say about )\mm(P) at this point. The main contribution of this paper is to present
a lower bound of it.

3. The case of two submatrices Without loss of generality, upon permuting
rows of Z we may take

£ e
miy Z11 ma1 Zn
Z1= . Ly= , 3.1
! m12 (212> 2 m22 (Z22> ( )
where Z15 =751 is the common part in Z; and Z3, mia =meo;. Then

mi1tmiz  ma2 mi1  miz+maz
. Pt 0 m 0 0
P= 11+mi2 Z1 11 . 3.2
mog ( 0 0 ) +w112+7n22 O Pé; ( )
Theorem 2.2 says if Z;5 has full column rank (i.e., Z; and Zs are fully overlapped),
then dimnull(P)=¢ and in fact null(P)=span(Z) which implies P has exactly ¢ zero
eigenvalues. We would like to know more about its nonzero eigenvalues, too. We shall

start by looking into the eigen-structure of P without assuming Z; and Z, are fully
overlapped and then specialize the results to the fully overlapped case.
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3.1. Z; and Z5 not necessarily fully overlapped
The case when m15 =0, i.e., there is no overlap at all between Z; and Z5 is not

interesting, because then
Py
— 1
P=(" 1)

a direct sum of two orthogonal projectors whose eigenvalues are either 1 or 0; the case
when either mi; =0 or maoy =0, i.e., one of Z; is part of the other, is not particularly
interesting, either, because, say, if m1; =0, then Pé; <P< 2Pé-2. So we shall assume
mi2 > 1, my1 > 1, and mog > 1 in the rest of this section. The key idea of our analysis
below is to find an N X N unitary matrix @) so that Q*PQ has simple structure to
allow us to determine the null space and the eigenvalues of P.

THEOREM 3.1. Assume mig > 1, mi1 > 1, and mago > 1. le, Z12 = Zo1 and Zao admit
the following decompositions

o temiem r er
Z11=U2><:117T2 (Mi %2 8 ) X (é ‘2* ) Vi (3.3)
r e
Z19=Zy =U; X m_ (201 8 ) Vi, (3.4)
o temeng v er
Z22:U3X:2243 (%z 2(3)3 8 > X (é ‘2* ) Vit (3.5)

where Ul(m12 X m12), Ug(mn X mn), Ug(mgg X m22), V1 (éXf), and V2 and V3 (bOth
(—11) X (L—7r1)) are unitary, X1 and 3o are diagonal with positive diagonal entries.
In particular

ry=rank(Z12),r2 =rank((Z11V1)(:,r +1:0))> 73 = rank((Z22V1) (. ry 41:0) ) - (3.6)

Proof. Equation (3.4) is the singular value decomposition (SVD) of Z15. Consider
the submatrix of the last £ —r; columns of Z11V7 and let its SVD be

rg  L—ri—ro

” b)) 0 ”
(Z1V1) (4100 = U2 X 2 ( 02 0 ) Vs (3.7)

mi1—72

Now notice Uy Z11V1 = (U5 (Z11V1) :,1:0y) U3 (Z11V1)(:,ry4+1:0)), together with (3.7), to

arrive at (3.3) with M; and M; being the top 7o rows and the bottom mq; — 19 rows
of U5 (Z11V1)(:1:r), Tespectively. Similarly let the SVD of the submatrix consisting
of the last £ —r; columns of Z55 V7 be

rg  L—ri—rg

” b 0 X
(Z22V1) (i 4120y =Us % ° ( 03 0 >V3 (3.8)

mog—T9

to lead to (3.5) with My and M, being the top 753 rows and the bottom mgg — 5 rows
of Uz (Z22V1)(: 1.7, Tespectively. O
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cols

In what follows, we shall use X <Y to mean span(X)=span(Y") for convenience.

Note from (3.4) that

1
2

Z19="Zy=U; x"* ( 0

mi1o—"71

£—ry
0
0

« I 0
0o v

1 £—ry

)i

for any (¢—ry) x ({—r1) matrix V. In particular set V=V, and V3 to get

1

T2 Ml

(Uék ) <Z11> cols my1—rg M1
Uy ) \Z12 r 2
mig—ry 0

T2
c<:l>s 21 d:cf mi1—7rg
1
m12—"1
where
-1
Wi=M X7,
Set
’77L117’7‘2 ’VYL127’7'1
o 0 0
ZJ_ _ mi1-—ra I 0
=
- -Wr 0
mig—r 0 I

1

v W,
cols mq1—7rg W1

- I

myg—ry 0

(1)

SO O~

Ry=(T+W;Wy)~Y/2,

SO O~

(3.10)

<D1 1> with Dy = (I+W,W;)~1/2,

Then (Z, Zi) is unitary. Thus, the column space of Z{- is a basis for the orthogonal

complement of span(Zl) in C¥. Similarly,

™1 T3
1 21 0
Ul* Z21 cols myg—r7 /Q/ 0
Ug Z22 T3 M2 E3
mas—r3 \ Mo 0
where
Wo =M%,
and
moo—r3  mig—ry
-Wy 0
> mio—1 0
1 _ miz—m
Z2 o r3 O
— I

. I

e | O
v 0
manra \ Wa

(1)

(3.11)

O ~NO O

(3.12)

é (D2 1> with Dy = (1+W,oWy)~1/2
0
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has orthonormal columns spanning the orthogonal complement of span(Zg) in Ck2.
Let

1
miamis (25 _— 0
G ="" Gy= =
1
iz 0 ) miaimas \ 24 )

and
my1 -T2 myg—71 mgg—r3 mig—71
. 0 0 0 0
myy—ra D, 0 0 0
B o ~WiD, 0 -WiDy 0
G=(G1 G2)= - 0 I 0 I
r3 0 0 0 0
mog =13 0 0 Dy 0
Set
my11  miz  mag
mi] U2
def
QY .., Uy . (3.13)
ma2 U3

Then @ is a unitary matrix, and
PO PQ=Q"®,Q+Q Q= G1G} +G2G = GG

Note also that the null space of P is the same as the null space of G*, which is the
same as the orthogonal complement of the column space of G. Let

T3

3
N

S
-

I 0 0
mi1—ro 0 W] 0

o 0 I 0
Gs= mia-r | O 0 0
vy 0 0 I
mas—rs \O Wo 0

Note that in GG, the 4th block column is the same as the 2nd one, and the first 3 block
columns are linear independent. Therefore rank(G)=m11 +mia+maz— (r1+7r2+73)
which implies dimnull(G*) =r; +ro +r3. Evidently, rank(G3) =11 +r2+r3. Therefore
null(P) = null(G*) =span(G3) because G*G3 =0.
THEOREM 3.2. Let all symbols keep their assignments so far in this section. Then
1. dimnull(P)=dimnull(P) =7y +ro+rs;
2. null(P) is the column space of G and null(P)=Qnull(P).
3. Suppose Z1 and Zs have full column rank. Then null(P)=span(Z) if and only
if Z1 and Zy are fully overlapped.

Proof. Only Item 3 needs a proof. If Z; and Z, are fully overlapped, then
r1 =4 and ry =73 =0 which imply dimnull(P)=/¢ by Item 1. Now dimspan(Z)=¢ and
span(Z) Cnull(P) as noted before imply null(P)=span(Z). Suppose Z; and Z, are
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not fully overlapped. Then ry < /. Noticing that r; +ry,=£¢=r; 4+ 73 because Z; and
Zs have full column rank, we have dimnull(P) =71 +ry+1r3 >+ ({—r1) > ¢, and thus
null(P)#span(Z). O
REMARK 3.1. The third assertion in Theorem 3.2 was also obtained by Zha and
Zhang [10] for Z; whose first column is all ones.

Now let us look at the eigenvalues of P, which are the same as those of P=GG*.
Apart from additional zeros, they are the same as those of

. I 0 DWIWiD, 0

xoy_ ™M12771 0 I 0 I
= | Dowawip, 0 I 0
S 0 I 0 I

which is permutationally similar to a direct sum of

II and I DiWiW5 Do
II DoyWoWi Dy I )

The former matrix has nonzero eigenvalue 2 with multiplicity mi2 —71; the latter
matrix has eigenvalues 1+0; for j=1,...,k, where 01,...,0; are the nonzero singular
values of D1W1 W3 Do, and the remaining eigenvalues equal to 1. Thus, we have the
following.

THEOREM 3.3. Let the nonzero singular values of DoWoW Dy be 01,09,...,0,. Then
eig(P) consists of

1+0j, for 1<j<k,

2, with multiplicity mqis —r1q,
1, with multiplicity my1 +mog —re —r3 — 2k,
0, with multiplicity r1 +ro+73.

We shall now bound the singular values o; of DoWoW7i D, . First we have

0 < || DWW Dl
=||[D2Wa|l2|| D1 W1 |2, (3.14)
[Will2

VIHIWilE

It follows from (3.3), (3.4), and (3.10) that

[D:iWill2= (3.15)

-1

X " _ .
ZIIZIQZZ11‘/1< ! 0) U =((ZuVi) i 210 0)UT,

* (M w1 (MxTE
Uy (Z1V1) (1) 20 t= (Mi) 2y = ( 11/[/11 ) .

They yield

||W1H2 S \|U§‘(ZHV1)(:71:T1)E;1Hg = HlezIQHQ Wlth equality lf Ml :0 or 7o :0
(3.16)
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Since the construction of W5 is similar to the construction of Wi, one can give a
similar bound to W5, namely,

[Walla < || Zo2 Zlyll2 with equality if My =0 or r3=0. (3.17)

Combine (3.14) — (3.17) to get

VAWAL VAVA
o5 < | Z11215]|2 | Z22215 2 _
VIH1Z0 2503 1+ 122220513

We have proved

THEOREM 3.4. The nonzero eigenvalues of P is no smaller than 1 —1 where

act || 201212 1Z22 2112
VIHIZ0Z13 /141 22220112

(3.18)

Its largest eigenvalue is no greater than 1+71 if mio =11 and it is 2 if mio >11.

3.2. Z; and Z; fully overlapped

When Z; and Z, are fully overlapped, results in the previous subsection are still
valid, only simpler. Here is the list of a few notably changes to what in the previous
subsection:

e r1=/{and ro=r3=0;
e Decompositions (3.7) and (3.8) are not needed, and consequently the decom-
positions in Theorem 3.1 are simplified to

Zn =MV, Z1o=UE1 V", Zoo = MoV}

(3.9) and (3.11) remain valid with Uy =1 and U3 =1I;

(3.16) and (3.17) are equalities, and in fact W; :Z“ZIZUf for i=1,2;
Theorems 3.3 and Theorems 3.4 are valid as they are, and furthermore The-
orem 3.4 has a stronger version — Theorem 3.5 below.

THEOREM 3.5. Let 7 be defined by (3.18). If Z1 and Zy are fully overlapped, then

_ _\pl (I4+7) if mia=40, | 1
(1—7)P} 5P5{2 ) (P (3.19)

Furthermore,

Py L (Tnl) | Tl)) [ bl cha(Z)) (g

mint =2\ 020 (Z11) T 020 (Z22) 0rax(Z11)  0hax(Z22)

where omin and omax denote the smallest and the largest singular value respectively.

Proof. (3.19) is a consequence of Item 3 of Theorem 3.2 and the proof of Corol-
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lary 2.3. From (3.18), we have
1

VI+1Z0l321 2002 1+ 11222l 25115
(1+ 1120 ll5 212515 (A + | Zeall3 21 2E515) — 1
21+ Zusllz 21 28052 1+ 11 22201521 25 15%)
o 12032120052 + 1 21151 2155
T 20141 Zullz * 1225 + 1 22201521 2L 115%)
__ ooin(Z12) /00 (Z11) + 03, (Z12) /00 (Z22)
2[1+02,,(Z12)/020x(Z11) + 051, (Z12) | 02, (Z22)]

)\+

min

(P)=>1

>

as expected. O

The theorem implies that if Z1o has full column rank but with nearly linearly
dependent columns, omin(Z12) is small and the smallest nonzero eigenvalue AT (P)

min
may also and can be nearly zero. In particular, A (P) may be of order o2 (Z;3).

REMARK 3.2. Independently, Zha and Zhang [10, Theorem 5.1] obtained, in our
notation, the following result (original version was for Z; whose first column is all

ones): Let Pé-j =Q;Q; (=1,2) and partition

mi1 Qll ma1 Q21
Ql_mlfz <Q12>’ QQ_mzz (6222>7

conformally to those in (3.1). If Zy and Zs are fully overlapped, then the smallest
nonzero eigenvalue of P is given by 1 —omax(Q75Q21). This will obviously give the
same smallest nonzero eigenvalue of P as one can deduce from Theorem 3.3, but since
Q; depends on Z; in a nontrivial way, i.e., there is no explicit expression to write
down @ in terms of Zj, it is not clear if one could establish any lower bound based
on 1 —0omax(Q72Q21) in terms of Z;, as we did in Theorem 3.5 based on Theorem 3.3.
Zha and Zhang also extended their result for more than two submatrices, the case we
will be dealing with in the next section.

Next we give an example to show that the bound in Theorem 3.5 can be asymp-
totically attained and hence sharp.

ExAMPLE 3.1. Consider mq1 =1=mog, mi2 =2, and £=2:

1la 1
Z1 = (gll) = 17(31 5 ZQZ (221> = 1 c2 1,
12 1 ¢ 22 b

assuming c¢j # cg, i.e., Z19 =72 is nonsingular. All numbers are real. Z as such
comes from nonlinear manifold learning [9]. Calculation by Maple! shows that the
characteristic polynomial of P is

—c)?A
2(\2_9 (c1—c2)
JASPACN ()\ A+ A, ;

Thttp://wuw.maplesoft.com/.
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where
Ar=(a—c1)*+(a—c2)* +(c1 — )3,
Ap=(b—c1)?+(b—c2)*+ (c1—2)?,
A=(a—c1)*+(a—c2)* +(c1— )+ (b—c1)* + (b—c2)? +(a— D)2

So there are two zero eigenvalues and two nonzero ones, as expected. The two nonzero
eigenvalues are

. VAIA; —(e1—c2)?A _ (c1 —c2)’A
VAR, VAR + /ARy — (=) AT gy

1+ \/AlAQ — (Cl —02)2A
VA1A, '

Calculations also show

A1Ay—(c1— c2)’A= [(ca—a)(ca—b)+(c1—a)(er — b)]z.

Now let us look at what our bounds by Theorem 3.5 say. We have

o 1 C2 —C1
21222121: (_1 1 >7

C2—C1

Z11Z1_21: (ca—a a—cy), Zngl_Zl: (ca—b b—cy).

C2—C1 C2—C1

The lower and upper bounds by Theorem 3.4 are

Via—c1)?+(a—c2)? \/(b—c1)?+ (b—cy)?
VAL VA

which can be verified to be exactly the two values in (3.21) if

[(e2—a)(c2=b)+(cr—a) (e =b)|=V/(a—c1)? +(a—c2)?V/(b—c1)? + (b—c2)?,

i.e., when two vectors (ca—a a—cq) and (ca—b b—c¢q) are parallel, which happens
when ¢; =c¢3. When ¢; =cs, however, {Z7,Z5} is not fully overlapped. But by making
¢1 # co while as close as needed, {Z1,Z5} is fully overlapped and at the same time the
lower and upper bounds by Theorem 3.4 can be made as close to the two values in
(3.21) as wished.

1+

(3.22)

4. The case of more than two submatrices

In general for s >3, our approach in the previous section appears to break down.
In what follows, we shall describe a way to recursively bound the smallest nonzero
eigenvalue A\, (P) from below. To do so, we define a function 7 which takes two
submatrices of Z with all columns as arguments. Given

Zi=21, =12
we define
5 ooidef b to T
Z1,Z) = , ti:HZ 2G0Ty 41
T( 1 2) 1+t% \/ﬁ (J45:) I1N1I2,:)]l2 ( )
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where J; is the complement set of I, ﬂfz in L
Throughout the rest of this section, we adopt in whole the notation associated
with Z and Z; as introduced in Section 2, and we assume that Z={Z;,1<j<s} is
fully overlapped, and (2.2) holds.
From Definition 2.1, Z can be partitioned into two nonempty disjoint subsets Z;
and Z, each of which is a fully overlapped collection and that
Zy=2

=2 (4.2)

(717:)7 (T27:)

are fully overlapped, where I, and I, are defined as in (2.5). By Theorem 3.5, we
have

2
[1-7(20.22)| P 2D (NG ) < P x (I, .
j=1

Now recursively bound Pi-_ in exactly the same way because Z; is fully overlapped

until the right-hand side becomes P. The following procedure recursively computes
a(Z) that satisfies a(Z)P# < P:

a({Z:ih)=1, (4.3)
({ZuZ }):1 (ZHZ) (4'4)
[1 7(Z1,2,)| min{a(Z1),a(Z5)}. (4.5)

P) is then no smaller than «(Z).

THEOREM 4.1. Suppose Z={7Z1,Za,...,Zs} is a fully overlapped collection, where
Z; are submatrices of Z € CN*¢ as defined by (2.1) and (2.2). Let a(Z) be computed
recursively by (4.3) — (4.5). Then a(Z) Py < P, where alignment matriz P is defined
by (2.4).

The smallest nonzero eigenvalue A, (

EXAMPLE 4.1. Consider s=3. Suppose Z; and Z2 Z(I2UI% ) are fully overlapped.
Let 72 'r 2JI3. Then we have by Theorem 3.5

[1—7(21,22) Pz 2(IN){1,.) X Py x UN) (2 +UN) 7, ) % P, < (IN) 7,
and
3
[1—7(22,23)](1N)(I )><P x (In) i 52; IN) (7,0 X Pg, < (IN)x,.)-
j:

Put the two inequalities together to get a(Z)Py < P with

a(Z)= [1—7(21,22)} [1—7(Zs,75)].

EXAMPLE 4.2. Consider s=4. Suppose Z; and Zs, Zs3 and Zy, and 21 Z(11UI27 )
and 22 = Z(13U1471) are fully overlapped pairs. Let I1 = I1 JI2 and Ig IgUI4
Then we have by Theorem 3.5

[1—7(21722) Pz =(In) § XP X(IN)(II,:)+(IN)(I )XPZX(IN)(TZ,;)a

(I1.)
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and
2

=20 Z) (I, % P2 X (IN) 3, 2 DN, % PE X )1,

=

4
(25, 22 (NG, % P, % (U gy 2SI % Ph % () 1,0,
j=3

Put the three inequalities together to get a(Z)PZ < P with
a(Z)=|1-1(Z1,Z5) | min{[1—7(Z1,22)],[1 — 7(Z3, Z4)]}.

ExAMPLE 4.3. This is for the sequentially fully overlapping case, i.e., Z; and Z; are
fully overlapped if i — j==+1 and Z; and Z; have no overlap at all if |i —j| > 2. Write

£

mi1 Zjl
Zi=mjp | Zj2 |, mi1=ms3=0, kj=mj1+mjz+m;s,
mjs ng

where Z;j1 = Z;_13 is the overlapped part between Z;_; and Z;. Recursively, we have

a({Zl,...7ZS}) = [1 7T(Z(1:p+mj7137:),Z(p+1:s7:))]
><min{a({Zl,...,Zj_l}),a({Zj,...,ZS})},

where p= Z@ 1(mzl +my2), and

t1 = HZ(lzp,:)ZijL?.‘ 27

to= ‘)Z(p+mj1+1:s,:)z;1‘ 5’

to

T(Z(l:erm]'—ls,t)v (p+1:s,: )) \/W \/W

The ending conditions (4.3) and (4.4) still apply. For shortest recursion, j should
be picked about s/2, e.g., the smallest integer that is no less than s/2. To see how
good our recursive bound is, we have tested on random Z and random Z with its first
column being all ones to mimic cases from nonlinear manifold learning. Figure 4.1
plots )\jlm(P) vs. a(Z) for2<s<10and 2<¢<5. Our bounds for small s (about s <4

here, especially for s=2) look pretty good; however, they very much underestimate
pu ( ) for big s (about s>4 here).

min
EXAMPLE 4.4. Consider Z € CV*? with the first column Z.,1) being all ones and
the second column Z. 5y being 1,2,...,N, and Z;=Z(;.j12,,) (1<j <s=N-—2). This
corresponds to the one-dimensional case in manifold learning with data points equidis-
tantly sit on a straight line. The case is so special that it allows us to estimate more
precisely our bound and AT, (P) through analytical means. It can be seen that

1-2 1
2 5.4 1
121 1-4 6-4 1
Pr=5|"2 42| P=g e
1-2 1 1-4 6-4 1
1-4 5-2
1-2 1
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Fic. 4.1. XL, (P) (red o) vs. a(Z) (green a): mji=mjz=~£ and mjo=L—1 (except
mi1=ms3=0). Left / plots: random Z; Right 4 plots: random Z (except Z(. 1y all ones).

It can be verified that 6P =UTU, where U = (61 T es) € C**N ey and e, are the first
and last column of the identity matrix I, and T'€ C**° is the famous tridiagonal
Toeplitz matrix with diagonal entries —2 and off-diagonal entries 1. Thus 61, (P)
is the smallest eigenvalues of

UUT:elerlr—I—TQ—l—ese;F -T2,

The eigenvalue system of T is explicitly known [2, 4], and so is T?: T'=QAQ™, where
A=diag(A1,...,As) with

j 2 )
Aj:—2—|—20080]',0j28j_7177, Q(Z’J):Sln< >

for 1 <14, j <s. Therefore

1 8 . 401 d 71'4
Ain(P) > =(2—2cos6,)? = —sin — ~ = 4.6
mln( )—6( COS 1) 3Sll’l 2 6($+1)4 6(N71)4 ( )
for large N. We now establish an upper bound on AT. (P). Note that
UUT =TI+ XXT=1+|X|HT? X=(T""er T es).
This implies
1
Amin (P) < 5(2=2c0861)* (14| X|[3). (4.7)
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We now bound || X||2. We have
XI5 <7 eall3+ 1T es 3 =21T el

S

9 0
s+1zsm _s+1200t25j

2 .0, 4 [?
<2 cot? 2 4= / cot?tdt
s—|—1 2 ™
2(s+1)
2 91+4< tt—&-?T t) w/2
s—|—1 2 2 Py
—icot2f1+* cot —— + T__T
s+l 2 T 2(s+1)  2(s+1) 2
8(N-1)
N77T2 5
for large N. Combine this with (4.7) to get
1 472
A (P) <~ (2—2c0s01)?(1+ || X|I3) ~ 5 4.
mm( ) 6( cos 1) ( +|| ||2) 3(N—1)3 ( 8)

Next we estimate what we may expect from our bound «(Z). It can be seen that a
key step in our recursive procedure for a(Z) is for

1 1 1 m
~ : : ~ 1m—|—1
ZIZ ) . ) 22: . . )
1 m o
1m+1 1

where 7 <m <m+1<j with m about half way between 7 and j. Let Zlg be their
common part, Z11 the part in Z; excluding Z15, and Z3o the part in Z5 excluding Z12
also. We have

m—i+1—(m—i) -1 2
Z11Z1y= 3 , y ZaZiy= :
2 -1 —(j—m—=1)j—m

For large j —i and m about half way between ¢ and j,

. 3/2
120 2 lo~ | Zaa Z iyl ~ —= (H) .
3\ 2

Consequently for large j—1

o({Z1, Z2}) ~ Hézj;)s ”3<jiz‘>3'

This implies a(Z), modulo a constant factor, is approximately

[logy N 9 \3 . glogy N o(logy N)? /2 3 .
H 3 <]V/2k> ~ 3782 Nlogs N = N (og; N)/23 Tog;3° (49)
k=1
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where [log, N is the smallest integer that is no less than log, N. Compared to (4.7)
and (4.8), this very much underestimates A\, (P) for large N, a conclusion similar to

what we have made at the end of Example 4.3.

4.1. Necessary Condition In the case s=2, Theorem 3.2 states that the fully
overlapped condition is also a necessary condition for null(P)=span(Z), provided that
all Z; have full column rank. It turns out it is not a necessary condition in general
when s>3. We shall first give a counterexample to illustrate this and then give a
result on when null(P)=span(Z) does not hold.

EXAMPLE 4.5. Consider the 7 x 4 matrix

1001
1100
1101
Z=11010
1000
1011
1110

s L1=Zs,), L2=Z3my, L3=2({1,2,5:7),0)-

Then all Z; have full column rank and they are pairwise not fully overlapped. More-
over, {Z1,Z5,Z5} is not fully overlapped. Computation by Maple’s nullspace (P)
gives a basis of 4 vectors, i.e., dimnull(P) =4 which implies

null(P)=span(Z),

since PZ =0 and rank(Z)=4.

While the fully overlapped condition is not a necessary condition, each Z; in
this example is fully overlapped with the union of the remaining Z;’s. The following
theorem shows that this is indeed necessary for null(P)=span(Z).

THEOREM 4.2. Assume that Z; has full column rank for 1<j<s and that Z =
{Z;,1<j<s} can be partitioned into two nonempty disjoint subsets Z1 and Zy such
that the union set of Z1 and that of Zo are not fully overlapped, i.e.,

7 =2 Zy=7

(4.10)

(Tlv:)7 (72»:)’

are not fully overlapped, where Iy and Iy are defined as in (2.5). Then span(Z) is a
proper subspace of null(P).

Proof. Without loss of generality, let
le{ZJ,lngp} and ZQZ{ZJ,p+1§]SS}
Since 71 and Tg are not fully overlapped, it follows from Theorem 3.2 that

2
dim null Z(IN)(TTj )XPZLJX(IN)(L,:) >/

,:

j=1

Utilizing the fact that null(X +Y)=null(X)Nnull(Y") for two positive semi-definite
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X,Y >0, we also have

2

null Z(IN)(I )><P~ IN),
j=1

:null((IN)(I )XP X IN )ﬂnull(fzv )XP’ZJ';X(IN)(E,:))

Cnull(®1+---+D,) ﬂnull p+1+~~~+<1)s)
=null(P).

Thus, dimnull(P) >¢=dimspan(Z) and the theorem is proved. O
The following is an interesting corollary that is not obvious from Definition 2.1.

COROLLARY 4.3. Suppose Z={Z1,Z,...,Zs} is a fully overlapped collection, where
Z; are submatrices of Z€CN*t as defined by (2.1) and (2.2). Then for any two
nonempty disjoint subsets Z, and Z4 of Z,

Z,=7 Zy=7

Iy, (I2,:)

must be fully overlapped, where I, and I, are defined as in (2.5).

REMARK 4.1. Zha and Zhang [10, Theorem 3.2] also established some necessary
conditions for null(P)=span(Z) in terms of full overlap as well as connected overlap
for Z; whose first column is all ones.

5. Conclusions

We have studied the eigenstructure of the alignment matrix P in a slightly more
general context than in nonlinear manifold learning. It is proved that a(Z)Pz <
P under the condition that Z is a fully overlapped collection, where a(Z)>0 is
computed recursively. For s=2, the bound is no worse than proportional to the
square of the ratio of the smallest singular value of the matrix in the overlapped part
to the largest singular value of the matrix in the non-overlapped part and this ratio
can be considered as a measure of the “amount” of overlap.

From the computational point of view, the bigger the smallest nonzero eigenvalue
AF.(P), the less difficult it is to recover null(P) numerically. Our lower bound can
be used as an indicator on the difficulty of numerically recovering null(P).

Another implication of our result is concerned with how to make AT, (P) bigger —
increase the overlaps as one naturally expects. But we provide a quantitative measure.
Our present study contributes to the theoretical foundation of the LTSA algorithm
[11]. But further studies are necessary. We mention two unanswered issues that need
to be addressed in the future.

1. For s=2, our bound a(Z) is tight and asymptotically achievable, but for
s> 3, the recursively computed a(Z) >0 depends on how Z is partitioned as
in Definition 2.1 and could very much underestimate A\*. (P). How do we
improve the bound?

2. Any practical use of our result here remains to be investigated because in
practice data errors may and will complicate the analysis and must be taken
into account.

min (

We shall leave these issues, among others, to our future studies on the subject.
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