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Abstract
Suppose m and n are integers such that 1 < m < n. For a subgroup H of the symmetric
group Sy, of degree m, consider the generalized matriz function on m x m matrices B = (b;;)

defined by d”(B) = Y scn [1721 bjo(j) and the generalized numerical range of an nxn complex

matrix A associated with d" defined by
WH(A) = {d"(X*AX) : X is n x m such that X*X = I,,}.

It is known that WH(A) is convex if m = 1 or if m = n = 2. We show that there exist
normal matrices A for which W (A) is not convex if 3 < m < n. Moreover, form = 2 < n,

we prove that a normal matrix A with eigenvalues lying on a straight line has convex WH (A)
if and only if vA is Hermitian for some nonzero v € C. These results extend those of Hu,
Hurley and Tam, who studied the special case when 2 < m < 3 <n and H = 5,,.
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1 Introduction

Let M, be the algebra of n x n complex matrices. Suppose m is a positive integer such
that 1 < m < n, and H is a subgroup of the symmetric group .5,, of degree m. Define the
generalized matriz function associated with the principal character of the group H on an
m X m matrix B = (b;;) by

(B) = " 1] by

o€eH j=1

and define the generalized numerical range of an A € M,, associated with d? by
WH(A) = {d?(V*AV) : V is n x m such that V*V = I,,,}.
Denote by X [m] the leading m x m principal submatrix of X € M,,. It is easy to verify that
WH(A) = {d®(U*AU[m]) : U unitary }.

When H = S,,, then d(B) is the permanent of B, and W (A) is known as the mth
permanental range of A € M,,. When m = 1, the concept reduces to the classical numerical
range of A defined by
W(A) ={2"Az : 2 € C", "z = 1},

which has been studied extensively (see e.g. [4, Chapter 1]). There are many generalizations
of the classical numerical range, and W*(A) is one of the generalizations involving multilinear
algebraic structures introduced in [8]. This generalization has drawn the attention of several
authors [2, 5, 6, 7]. Very recently, it has been shown [1] that the mth permanental range is
related to quantum systems of bosons (particles carrying positive charges). This makes the
subject more interesting.

The celebrated Toeplitz-Hausdorff theorem (see e.g. [4, Chapter 1]) asserts that the
classical numerical range of a matrix is always convex. This result leads to many interesting
useful consequences in theory and applications. It is known [7] that if (m,n) = (2,2) then
WH(A) is convex. However, it was shown in [5] that there exists a normal matrix A € M,
such that the permanental range WSm(A) is not convex if 2 < m < 3 < n. Moreover, the
following conjecture was made.

Conjecture 1.1 Suppose H = S,,, 2 < m < n with (m,n) # (2,2). Then a normal matriz
A € M, is a multiple of a Hermitian matriz if and only if WH(A) is convex.

The authors of [5] commented that the methods in their paper are too special to be used to
deal with the conjecture, and urged for more general techniques. In this note, we make a
move along this direction. In particular, we establish some techniques and prove the following
results.

Theorem 1.2 Suppose 3 < m < n. There is a normal matric A = diag (u+1,1,...,1) €
M,, with a suitable choice of u such that W (A) is not conver.



Theorem 1.3 Suppose m = 2 < n. Suppose A € M,, is a normal matriz with eigenvalues
lying on a straight line. Then WH(A) is conver if and only if vA is Hermitian for some
nonzero v € (.

Besides extending the result in [5], our proofs may lead to useful ideas for studying their
conjecture and other types of generalized numerical ranges. Furthermore, in view of our
results, one may consider strengthening Conjecture 1.1 by removing the condition H = S5,,.

We remark that one can extend the class of normal matrices A such that W#(A) is not
convex to a wider class of nonnormal matrices by a simple continuity argument, as in [5,
Theorem 4].

2 Proofs

First, we introduce some notations and lemmas to prove Theorem 1.2. Our strategy is to
choose A = diag (u + 1,1,...,1) € M, for a suitable u € € so that W (A) lies in the
(closed) upper half plane in € determined by a certain line £ with £ N W (A) containing
at least two points z; and 29, but not the whole line segment joining them.

Let 1 <k <m and H be a subgroup of S,,. For any increasing subsequence (ji, ..., jk)

of (1,...,m), define 7(j1,...,Jx) to be the number of ¢ € H satisfying o(j) = j for all
J & {j1,.-.,jrx} with the convention that 7(1,...,m) = |H|. Furthermore, define

Fk(tl,...,tm): Z T(jla-'-ajk)tjl"'tjk

1<ji<<jp<m
for (t1,...,t,) € T,,, where

Note that
Fi(ty,. .. tm) =Y _t; =1,
j=1

and

Fo(ty, ... ty) = |H|t1 -ty (2.1)
Since H contains the identity permutation, we see that for k =2,... ,m — 1,

Fie(ty, ... tm) > Ex(t1, ..., tn), (2.2)
where Ey(tq,...,ty) is the kth elementary symmetric function of (1, ...,t,). We shall also

use the notation

With all these notations, we are ready to give a description for the elements in W (A)
for A=diag (u+1,1,...,1) € M,.



Lemma 2.1 Let A=diag(u+1,...,1) € M,,. Then 2 € WH(A) if and only if
2=1+ (pu)Fe(ts, ... tm)
k=1

with (t1,...,ty,) € Ty and p € P, where P =[0,1] if m < n, and P = {1} if m = n.

Proof. Suppose U € M,, is unitary such that the first row of U equal to (uq,...,u,).
Let J,, be the m x m matrix with all entries equal to 1, and let D = diag (u1, ..., uy). Set
(Juil?, ..., Juml?®) = p(te, . . ., tm) with p = >y luj[?. Then

d"(U*AUm]) = d™ (L, + pD* JnD) = 14+ > (pp)F Fi(ta, . .., 1),
k=1
Conversely, for any (ti,...,t,) € T, and p € P, where P is defined as in the lemma, there

exists a unitary U with the first row equal to (ug,...,u,) such that (Jui|?, ..., |un.]?) =
p(t1, ..., tm). Then

14+ S (o) Ei(ty, ... ty) = d?(U*AUm]) € WH(A).

NE

k=1
The result follows. O

By the above lemma, we see that if A = diag (u+1,1,...,1) € M,, and pu = Le® with
6 € [0,27), then the real parts and imaginary parts of elements in W (A) are of the form

1+ (pL)f cos kOF(t, . . . , tx)

k=1
and
i(pL)k sin kOFy(ty, ..., ty),
k=1
respectively, where (t1,...,t,) € T,, and p € P. In the next lemma, we show that one can

choose p so that the real parts and imaginary parts of the elements satisfy certain conditions.

Lemma 2.2 Suppose 2 < m and 1 < s < m. For each 0 € (v/m,n/(m — 1)) and L > 0,
define
FO,L)=inf{for(t1,...,tm) : (ts,.. . tm) € T},

where

m Fk(tl,-- 7tm)
t,. .y tm) =
Jor(ty, . tm) ]éFm(tl,.- ,tm)

Then the inf is always attained. Moreover, there exist 6y and Lo such that F(6y, Lo) = 0,
and for any (ty,...,tn) € T, satisfying 0 = F (6o, Lo) = foy.0o(t1,- - -, tm) we have
—|H]

Z Fi(ty, ... tm)LE coskfy < —
k=s

LF=%sin k6.




Proof. For a fixed 0 € (m/m,n/(m — 1)) and L > 0, the function fp  is continuous on
T,,. Moreover, we have

for(ti, ... tm)
Foa(ty, o tm)

> L™ sinmf + L™ sin(m — 1)@

Fo(ti, ... tn)
Eni(t, ...t 1
> L™ *sinmb + 7 (1t(1,1. - ,tm))Lm “Lsin(m — 1) by (2.2)
= L™ *sinmf + |H|™Y( Zt YL 5 sin(m — 1)6
7=1
> L™ *sinm + [H| 't L™ sin(m — 1)0), (2.3)

which will be larger than f* = fp o (1/m,...,1/m) if

|H|7t L™=~ sin(m — 1)6
|f*] + L™5| sin md)|

tj<5:

Thus, F(0,L) = f* or
FO,L)=inf{for(t1,....tn) : (t1,...,tm) €T, and t; >0 forall j}.

The collection of such (¢, ...,t,) form a compact subset of T,,. Hence the value F(0, L) is
attainable.

Now we fix 0 € (7/m,n/(m — 1)) and let L vary. If L — oo, then F(6, L) tends to —oo
since

FO,L) < f*=L"*sinmb + Z - Llm, .1/ m) LF~* sin k6.

= Fn(l/m,....1/m)

Relations (2.1) and (2.2) and a standard calculus argument imply that

Byt tn) o Btote) o E(m, . 1/m)

>0
Fo(ty, ... tw) — |H|En(t1, .. tm) — |H|EL(1/m,...,1/m)

for all (t1,...,ty,) € T,,. Since

E(ty, ... tn) .
for(ti, ... tm) > L™ *sinmb + 7 ((tllj,...’,tm)) sin s6
we have
1 F@Lﬁ>Lf Bt stm) oo (t tm) € Tt >0
im —in sin s6 : ey tm . )
- ’ -2 Fm(th Jtm) b ’



By the intermediate value theorem, there exists Ly such that F'(0, Ly) = 0. By the estimate
in (2.3), we see that if (t1,...,t,) € T, satisfies 0 = F(0, Ly) = for,(t1,...,tm), then for
each 7,

n(m —1)0

si
tjLo > |H|™" 2.4
g0 ’ ’ \sin me‘ ( )
Now, choose 6y € (7/m,m/(m—1)), which is very close to m/m, so that cosmfy = —1/2—r
with r € (1/4,1/2) and
sin(m — 1)6, , sin k6
1r|H|} < ———F#F—— = — 1 <k<m-—-1;. 2.5
max{1/r, |H|} < | sin mby| i |sinmby| = (25)

Let Ly > 0 be such that F(0y,Ly) = 0. Then for any (ti,...,t,) € T, with 0 =

foo.ro(t1, - tm) we have
tjlo > 1 (2.6)

for all j by (2.4) and (2.5). Furthermore,

—L§F(t, ... tm)

0 t1,...,tm
|sinm90| f@o,Lo( 1, ) )
m-l sin k‘eo
= LB, (t1, ... tm) — > Fulty, ... tpm)LE—"
0 (17 ) ) kz::S k(l ) 0|sinm00|
1m—1
< LPFn(t, .. tm) — " 7 Filti, ... tm) LS, (2.7)
k=s
where the last inequality is based on (2.5). It follows that
> Fi(t, ... ty)L§ cos kb
k=s
m—1
< Fon(ty, ... ty) LG cosmby + Z Fi(ty, ... tn)LE
k=s

—1 m—1

= 7Fm(tl, cotm) Lyt — (rFm(tl, o tm) Lyt — Z Fi(tq, ... ,tm)ng>
k=s

-1
< 7Fm(t1, cetm) Ly by (2.7)

-1
= 7(|H|t1...tm)L8‘ by (2.1)

—|H
< M by (2.6)

2
Thus the last assertion of the lemma follows. O



We are now ready to present the

Proof of Theorem 1.2.
First, suppose m < n. Let Ly and 6, satisfy the conclusion of Lemma 2.2 with s = 1.

Suppose p = Loe'® and A = diag (u+1,1,...,1) € M,,. By Lemma 2.1, W (A) consists of
complex numbers of the form

2(p,t1, .y tm Z VW F(ty, .. tm),

where (t1,...,t,) € T, and p € [0,1]. By our choice of 6y and L,, we see that there

are at least two points z; and 2z, in W (A) with imaginary parts equal to 0, namely,
z1 = 2(0,1,0,...,0) = 1 and 2o = z(1,¢},...,¢,) for a certain (t],...,t) € T,, attain-
ing F(0y, Lp). We know that z; # 25 because the real part of 25 — 21 is equal to

4l H
Z (t7,...,t m)chosk;60<|2|

by Lemma 2.2.
We claim that W#(A) does not contain the entire line segment joining z; and 2. To
prove this, let

2(p,t1y .. tm) € WH(A)

have imaginary part

Z pLo sin k’goFk(th “e e 7tm> =0.
If p =0, then z(p,ty,...,t,) = 1 = 2. Suppose p > 0. If t; = 0 for some j, then
Fo(ti,...,t,) = 0. Hence
m—1
Im(z(p, t1,...,tm Z (pLo)* sin kOg Fy(t1, ... ty) > 0.
k=1
Now, suppose all t; > 0, i.e., (t1,...,ty) € T)y, and 0 < p < 1. By our choice of 6, and Ly,

we see that

Im(z(p, ty,...,tm)) = Z pLo)* sin ko Fi,(t1, . . . . tm)

> pm (Z L sin k0o Fy(ty, . .. ,tm)>
_— k=1
Finally, suppose t; > 0 for all j and p = 1. If
0 = Im(z(p,ti,...,tm))
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= Z L’g sin k0o F.(t1, ..., tm)

k=1
= L()Fm(tl, N 7tm)f907L0(t17 e ,tm),

where fy, 1, is defined as in the proof of Lemma 2.2, then (¢4, ...,t,,) € 1), attains F'(6y, Lo).
By Lemma 2.2, the real part of z(1,%,...,t,) — 21 is equal to

n —|H
> Fi(ty, ... ty) L coskfy < 7|
k=1 2
Thus, if 2(1,t1,...,t,) € WH(A), then z(1,t1,...,t,) # 21 + x whenever z € [—|H|/2,1].
Next, we turn to the case when m = n > 3. Let Ly and 6, satisfy the conclusion of
Lemma 2.2 with s = 2. Suppose p = Loe’” and A = diag (1 +1,1,...,1) € M,,. By Lemma
2.1, WH(A) consists of complex numbers of the form

2t tm) =14 pF Pty .. ty)
k=1

with (t1,...,t,) € T,y By our choice of 6y and Ly, we see that there are at least two points z;
and 2z in W (A) with imaginary parts equal to Lg sin y, namely, z; = 2(1,0,...,0) = 1+ pu
and zo = 2(t3,...,t",) for a certain (¢7,...,t;) € T,, attaining F'(6y, Ly) = 0 in Lemma 2.2.
We know that z; # 29 because the real part of 2, — 21 is equal to

—|H|

SRt .. ) Ly coskfy < ——
k=2 2

by Lemma 2.2.

We claim that W (A) does not contain the entire line segment joining z; and 2z,. To
prove this, suppose

2(ty, .. t,) € WH(A)
has imaginary part

Z ng sin I{?eng<t1, e ,tm) = LQ sin@o.
k=1

If t; = 1 for some j, then 2(t1,...,t,) = z1. If t; =0 for some j, but ¢; # 1 for all j, then
m—1

ZLIS sinonFk(tl, ce ,tm) = Z ng sinkQOFk(tl, C ,tm) > Lg SiHQQOEQ(tl, . ,tm) > 0,
k=2 k=2

and hence
Im(2(t1,...,tm)) > Losinby.



Now, suppose t; > 0 for all j, and
Im(2(t,...,tm)) = Losinby.

Then

0= LisinkOoFy(tr, .. tm) = LEEm(tr, - tm) faoo (s - - - s tm),s
k=2

where fy, , is defined as in the proof of Lemma 2.2. Thus, (¢,...,t,) € T, attains
F(0y, Lp). By Lemma 2.2, the real part of z(t1,...,t,) — 21 is equal to

m —|H
> Fi(ty, ... tm) L coskfy < 7|
k=2 2

Thus, if z(t1,...,tm) € WH(A), then 2(ty,...,tm) # 21 + = whenever z € [—|H|/2,1]. O

Next we turn to the proof of Theorem 1.3. Notice that if m = 2, then H = {e} or
H =S;. We need some more lemmas to prove Theorem 1.3.

Lemma 2.3 Let H be a subgroup of Ss. Suppose B € My is Hermitian and has eigenvalues
1 > po. Then

Hopy ) lpe, (oo + p2)? /4] if H = {e},
W) = { g, (2 +18)/2) if H = S,

Proof. By direct computation or by the result in [7].

Lemma 2.4 Let B = diag (u1, ..., pn) € M, with py > --+ > u,. There exists a unitary
matriz U such that U*BU[2] has eigenvalues vy > vy if and only if vy € [pn_1, 1] and

Vy € [fin, fa].

Proof. See [3].

Lemma 2.5 Let H be a subgroup of So. Supposen > 2 and A = diag (1 +4, . . ., pn+i) € M,
with py > -+ > . Then x+iy € WH(A) if and only if y = v1 + vy for some vy € [fn_1, 1]
and vy € [fin, po], and x +1 € R, with

R — [1/11/2, (V1 + V2)2/4] ZfH = {6},
Y (v, W2 +13)/2]  if H= 5.
Furthermore, if x + iy € WH(A) is such that y = py + v with v € [y, po], then © + 1 has

mazximum value
(i +v)? /4 if H={e},
(W2 +v%)/2 if H=S5,.



a+i b
b c+1
B — il is a submatrix of U*diag (u1, ..., tn)U. By Lemma 2.4, if B — il5 has eigenvalues

Proof. Suppose B = U*AU|[2] for some unitary U. Then B = < ), where

V1 > vy, then vy € [p,—1, 1] and vy € [pp, p2]. Now,
dH(B)_{ac—l—i-i(a—i-c) if H = {e},
lac+ b —1+i(a+c) if H=29,.
Clearly, we have a + ¢ = vy + 5. Furthermore, we have Re(d”(B)) +1 € WH(B —il,). By

Lemma 2.3, Re(d”(B)) + 1 is of the asserted form.
Conversely, suppose x + iy is of the asserted form. Then we can find a suitable unitary
matrix U so that U*(A — il,)U[2] has eigenvalues v; > 15 by Lemma 2.4. Then we have

r +iy = dI(U*AU[2)) € WH(A).

Finally, consider the last assertion of the lemma. If z + iy = d”(U*AU[2]) € WH(A) is
such that y = py + v with v € [pn, po] and U*(A — il,)U|[2] has eigenvalue vy > vy, then
=t —0and vy = v+ with 0 < § < (g1 — v)/2 and = + 1 has maximum value

{ (1 +v)?/4 if H = {e},

One easily checks that the maximum occurs when 6 = 0 if H = S5. The result follows. O

We are now ready to give the
Proof of Theorem 1.3.

Let m = 2 < n, and let H be a subgroup of S,,. Suppose A € M,, is such that vA is
Hermitian for some nonzero v € €. Then W (A) is just a line segment in €, and is convex
(see [7]).

To prove the converse, assume that A has eigenvalues lying on a straight line, but pA is
not Hermitian for any nonzero v € €. Then the eigenvalues of A cannot lie on a line passing
through origin. There exists a nonzero v € C so that vA has eigenvalues lying on a line
parallel to the real axis. Furthermore, by adjusting the magnitude of v, we can assume that
v A has eigenvalues p; + i with real y;, j = 1,...,n. We claim that WH# (v A) = 12WH(A) is
not convex. The result will then follow.

To prove our claim, we assume that v = 1 for simplicity. Since W (A) = WH(U*AU),
we may further assume that A = diag (3 +14,. .., u, +1) € M,, with gy > -+ > p,,. Since A
is not a mutliple of a Hermitian matrix, we have p; > p,. We further assume that s > p,.
If not, we have p1 > ps = ... = p,. We may replace A by —A* because

WH(—A") = {(-1)"z: 2 e WH(A)},
and thus W#(—A*) is convex if and only if W (A) is.

Now, let By = diag (1, p2) + il and By = (ag—z aﬁ—i) with @ = (1 + pn)/2 and
b= (1 — pn)/2. Then 21 = d"(B1) = (pap2 — 1) + (1 + p2) and
2y = dH<B2) —_ (CL2 _ 1) + Z(:ul + ,un) it H = {6},
((uf +pp)/2 = 1) + i + pn)  if H =55,
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are elements in W (A). We claim that (21 + 22)/2 ¢ W#(A) to get the desired conclusion.

To this end, notice that if x + iy € WH(A) with y = Im(z1 + 22)/2 = p1 + (2 + pn) /2, then
by Lemma 2.5 x + 1 has the maximum equal to

{ (n1+v)?/4 if H = {e},
(u2+0v?)/2 if H=25,.

with v = (ug + pn)/2. Since g > i, by the strict convexity of the function ¢ — * on IR,
we see that < Re(z1 + 22)/2. The result follows. O

We remark that in the above proof one can actually show that all the points in the open
segment joining z; and 2, do not belong to W (A).
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