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Abstract
Let Ay, ..., Ax be n x n matrices. We studied inequalities and equalities involving eigen-
values, diagonal entries, and singular values of Aqg = A;--- Ay and those of Aq,..., Ay. It

is shown that the matrices attaining equalities often have special reducible structure. The
results are then applied to study normality and reducibility of matrices, extending some
results and answering some questions of Miranda, Wang and Zhang.
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1 Introduction

Let A € M,. Denote by s1(A) > -+ > s,(A) the singular values of A, A\;(A),..., A\,(A) the
eigenvalues of A with [A(A)| > --- > |\ (A)[, and dy(A),...,d,(A) the diagonal entries of
A. Let Ay,..., A € M,, and A= A; -+ Ag. It is known [1, 6] that for r = 1,...,n, one has

r r r k
I 2 (A < ITs5(A) < IT 11 s5(A0). (1.1)
j=1 j=1 j=1i=1
r r r k
MA <D INA) <D T si(4), (1.2)
=1 =1 j=1i=1
r r r r k
Dodi(A) <D di(A)] <D 0si(A) <D si(A). (1.3)
j=1 j=1 j=1 j=1i=1
In this paper, we characterize those matrices Ay, ..., Ay for which any one of the equalities in

(1.1) = (1.3) holds. If the equality under consideration does not involve [;_; 15, s;(A;) or
i1 [1F_, s;(A;), then one can only deduce conditions on the matrix A, and such conditions
have been determined in [3]. Thus, we will focus on equalities that always involve the quanti-
ties [T5_y [Tl s;(A;) or 35—y TIiy sj(A;). It turns out that the extreme matrices Ay, ..., Ay

attaining the equalities often have special reducible structure. The results are then used to
study normality and reducibility of matrices, extending the results in [7, 10] and answering
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some questions in [7]. For example, in [7, Lemma 3 and Theorem 2], characterizations were
given to those matrices Ay, Ay and A = A; Ay in M, such that

T T

S s(A) =S [ s(4)  and i:l|dj<A>| =3 I s5(40).

J=1 J=li=1 j=1li=1

Furthermore, it was suggested (Comment 2 in [7]) that the results can be extended to more
than two matrices. We show in Section 2 (the discussion after Theorem 2.2) that this
comment is not accurate and extend the results utilizing the information of the ranks of the
matrices Aj, ..., Ar (Theorem 2.4). Furthermore, our results (Theorem 2.2 and Corollary
2.7) answer the questions raised in Comments 3 and 5 in [7]. In [10], the authors studied
the equality cases in (1.2) when r = n and A; = B or B* for a fixed B. Some sufficient
conditions for the matrix B to be normal were given. However, those conditions are not
necessary in general. A complete understanding of these conditions will follow readily from
our results in Section 4 (see Corollary 4.2).

We shall use the following notation of majorization in our discussion, see [6]. For two
real vectors x and y in R", if the sum of the m largest entries of z is not larger than that of
y form=1,... n, we write

T <w Y;

if in addition that the sum of all the entries of x is the same as that of y, we write
T <.

For two nonnegative vectors x and y in R”, if the product of the m largest entries of x is
not larger than that of y for m =1,... n, we write

Inz <, Iny;
if in addition that the product of all the entries of x is the same as that of y, we write
Inz < Iny.

For a complex vector x = (x1,...,x,) we write |x| = (|z1],. .., |xa])-
We remark that our results are valid for real matrices as long as the statements do not
involve complex numbers.

2 Main Theorems

We begin with the following lemma which plays a crucial role in proving our main theorems.

Lemma 2.1 Let A = Ay --- Ag, where k > 2 and A; € M, satisfies rank(A;) > r for all
1=1,..., k. Suppose

ﬁsj(A) = ﬁ I s5(4)

j=1i=1
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If Uy and U, are unitary matrices such that UfAU, = B & C with B € M, satisfying
det(B) = II};-, [15_, s;(A;), then there exist Uy, ..., Uy such that U A;U; = B; @ C; with
B; € M, with det(B;) = [I—; s;(Ai) fori=1,... k.

Proof. We prove the result by induction on k£ > 2. Suppose £ = 2. Let Uy and U; be
unitary so that UsA; AUy = B @ C with B € M, such that det(B) = [Ij_, s;(A1)s;(A2).

Let U; be unitary so that the last (n — ) columns of U; is orthogonal to the first  columns

of AUy, Then Ui AU = (% é‘?) for some By € M,. It U AU, = (51 ‘gl) with
2 1 1

By € M,, then the leading r x r submatrix of UjA;A2Us is just By Bs. It is known [9] that
s;(B;) <sj(A;) for j=1,...,r, and i = 1,2. Hence

H 8j(A1>Sj(A2) = det(B) det(3132 < H Sj Bl Sj BQ H 3] A2

j=1 7j=1 j=1

It follows that s;(A4;) = s;(B;) for j = 1,...,r, and ¢ = 1,2. By Lemma 2.1 in [3], we
conclude that A; = B; & C; for i = 1,2 as asserted.
Now, suppose the result is valid for the product of £ — 1 matrices with k£ > 2. Let

A=A -+ A, and Ay = Ay--- A,. Then H?ZlSj(Ag) < I} L Te 2 8j(A) forp=1,....n
Let Uy and U, be unitary such that USA1A2Uk = B ® C with B € M, satisfying det(A) =
IT;- TI5, s5(A;). By the induction assumption on the product A Ay, we see that there
exists Uy such that U; AUy = By @ Cy and Uy AUy, = By @ Cs with det(By) = Tj_; s;(A1),
and hence det(B;) = i1 85(A)/ det(By) = IT}—, [1F_, s;(A;). By induction assumption on

U1A2Uk, there exist unitary Us,...,U,_; such that U A;U; = B; ® C; with B; € M, with
det(BZ) = H;’:1 Sj(Ai) for ¢ = 2, e ,k. O

Theorem 2.2 Let 1 < r < n. Suppose Aq,..., A, € M,, where k > 1, and A = H§:1A
Then

lf[lsj(A) = ﬁ I1 si(A4) (2.1)

j=1i=1
if and only if one of the following s satisfied.

(a) r=n.

(b) One of the matriz A; has rank less than r.

(c) There exist unitary matrices Uy, Uy, ..., Uy such that U {A;U; = B; ® C; so that B; €
M, has singular values s1(A;), ..., ST(Ai).



Consequently,

r

ITX(4)

J=1

if and only if (a), (b), or (c¢) with Uy = Uy holds .

g (22)

j=1i=1

Proof. If (a) or (b) holds then clearly we have (2.1). If (¢) holds, then for X = [I,]0,,,—]
we have
r k r
[T 1T 55(A0) = | det(XUpAURX)| < T 55(A).
j=1i=1 j=1
By (1.1), we see that (2.1) holds.

Now, suppose A = A; - A satisfies (2.1). Assume that neither (a) nor (b) holds. Let
Uy and Uy, be unitary such that UyAU, = diag (s1(A),...,s,(A4)). By Lemma 2.1, we get
condition (c).

The proof of the last assertion is similar. The only difference is in the last part. Suppose
(2.2) is true. Then [T]7_; A;(A)| = IT}—; s;(A). If neither (a) nor (b) holds, then by Theorem
2.2 in [3] there exists a unitary matrix Uy such that U;AU, = B @ C, where B € M, has
singular values s;(A),...,s.(A). By Lemma 2.1, we get condition (c). O

Consider matrices Ay, ..., Ay and A = Ay --- Ag in M,,. When k = 2, it was shown in [7,
Lemma 3, Theorem 2| that

T

S s5(4) = 1T s5(4) (2.3)

j=1 j=1li=1

if and only if there exist unitary Uy, Uy, Us such that

Ui*—lAiUi = dlag (SI(A’L')7 ceey 37"(141)) ©® Bi, (24)
for i = 1,2; and
r r k
Soldi(A) =" TT si(4) (2.5)
Jj=1 j=1li=1

if and only if A = B ® C with B € M, and there exists a diagonal unitary matrix D € M,
such that DB is positive semi-definite with eigenvalues

1:[181(Ai) > 2 HST(Ai)7

and (2.4) holds. At the end of the paper, the author said (in Comment 2) that the same
result holds for & > 2. However, this comment is not accurate. In fact, if rank(A;) =
p < r, then neither (2.3) nor (2.4) convey much information about s;(A) for j > p. To
see an extreme example, let Ay = 0. Then (2.3) and (2.5) hold, but nothing can be said
about A, ..., Ax. Such a problem does not arise when £ = 2 because of the following
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reason: if A; has rank p < r, one can first find unitary Xy, X7, Xy so that X A4, X; =
diag (s1(Ai), ..., sp(Ai)) & B;, where By = 0. Then one can find unitary Y; and Y5 so
that Y*BoY, = diag (sp+1(Aa), ..., sn(A2)). As a result, Uy = Xy, Uy = X;i(I, @ Y1) and
Uy = Xso(1, ®Ys) satisty (2.4) for i =1, 2.

To get around the problem mentioned above, we make use of the quantity

_{r if k=2,

min ({r} U {rank(4;) : 1 <i <k}) otherwise, (2.6)

in our results. In particular, it follows from Theorem 2.4 below that if rank(A;) > r for
all 7, then (2.3) holds if and only if there exist unitary Uy, ..., Uy such that (2.4) holds for
i=1,...,k. Actually, (2.3) is just one of the many conditions leading to (2.4) as shown in
the theorem following the next definition.

Definition 2.3 Let P = [0,00). Forr > 1 let F, be the set of functions f : P" — R such
that for any x,y € P" with Inx <, Iny we have f(x) = f(y) if and only if v = Qy for a
permutation matriz Q.

The set F,. contains many different functions, see [6, Chapter 3|. For examples, the mth
elementary symmetric function E,,(z1,...,z,) with 1 <m < r, and the {,-norm on R" with
1 < p. In particular, the function f(xy, -, x,) = x1 + -+ + x, is F,.. Thus it follows from
(1.1) that conditions (a)—(c) in the following theorem are equivalent.

Theorem 2.4 Let Ay,..., Ay € M, with1 < k. If 1 <r <mn, then the following conditions
are equivalent.

(a) f(s1(A),...,5.(A)) = fFTIF, s1(Ay), ..., TTI%, 5,.(Ay)) for all (or some) f € F,.
(b) s1(A) + -+ s0(A) =TTy s1(A) + - + T s(Ad).

(c) s;(A) =TIy 5;(Ai) forj=1,....r

(d) There exist unitary Uy, ..., Uy such that U | A;U; = diag (s1(4;), ..., sm(A;)) & B; for
1=1,...,k, where m 1s deﬁned as in (2.6).

Proof. By the remark before the theorem, conditions (a) — (c) are equivalent. The
implication (d) = (a) is clear.

Now, suppose (c) holds. If k£ = 2, then condition (d) holds by the result in [7]. Suppose
k > 2. Then s;(A) = [1F,s;(A;) for j = 1,...,m. We prove condition (d) by induction

on m as follows. If m = 1, the result follows from Theorem 2.2. Suppose that the result
is valid for the m — 1 singular values. Since s1(A) = [T;—; s1(A4;), by Theorem 2.2, there

exist unitary X, ..., X; such that X7 | A;X; = [s1(4;)] @ A;. By induction assumption on
Ay, ..., Ay, there exist unitary Yy, ..., Y} such that Y;* | A;Y; = diag (s5(4,), . . ., 5m(A;)) ® B;
fori=1,... k. Setting U; = ([1] @ ¥;)X; for i =0, ..., k, we get condition (d). O



Corollary 2.5 Suppose Ay,..., Ay € M, with 1 <k, and 1 <r <n. Let m be defined as
in (2.6). The following conditions (a.i) — (a.iil) are equivalent, and conditions (b.i) — (b.iii)
are equivalent.

(a.d) iy [d;(A)] = Zjo T 85(Ay).

(a.il) A= B®C with B € M, and there exists a diagonal unitary matriz D € M, satisfying
DB is positive semi-definite with eigenvalues

k

[Is1(4)>---> l:IlsT(A

=1

(a.iii) There exist unitary matrices Uy, -, Uy € M, such that UD =U, =V &I, for
some diagonal unitary matriz D and U | A;U; = diag (s1(4;), ..., sm(A;)) ® C; for

1=1,...,k.
(b) [So di(A)] = S5, T, 85(A)
(b.ii) A = B ® C where B € M, is a unit multiple of a positive semi-definite matriz with
eigenvalues
k k
[[s1(A)>--->]]s-(A
i=1 i=1

(b.iii) There exist unitary matrices Uy, - -+, Uy € M, such that Uy = eFtUk Ve, with
teR, and U | A;U; = diag (s1(A4;), ..., sm(A)) @ C; fori=1,... k.

Proof. The implication (a.i) = (a.ii) follows from the fact that (2.5) holds if and only if
the last two inequalities in (1.3) become equalities, and Theorem 3.1 in [3]. The implication
(a.ii) = (a.iil) follows from Theorem 2.2. The implication (a.iii) = (a.i) is clear.

The proof of the equivalence of (b.i) — (b.iii) is similar. O

We now turn to the inequalities in (1.2). Clearly, the first inequality becomes an equality
if and only if all \;(A) has the same argument for ¢ = 1,...,r. The equality case of the

second inequality can be treated in the same way as the equality case of ’H§:1 d; (A)‘ =

I, e, s;(A;) once we put A in triangular form by a suitable unitary similarity.

Corollary 2.6 Suppose Ay,..., A € M, with 1 <k, and 1 < r <n. Let m be defined as
in (2.6). The following conditions are equivalent.

(@) FOA(A)], .., M (A)]) = FIOITE s10(Ay), ... TIE 50.(Ay)) for all (or some) f € F,.

(b) [Au(A) + -+ A (A)] =TTy s1(Ai) + -+ 4TIy se(Ad).



() IN(A) =TTy s;(Ay) forj=1,....r.

(d) There exist unitary Uy, ..., Uy such that U.U; is a diagonal matriz and U} {A;U; =
dlag (Sl(Ai)a . ,Sm(Al)) () Bz 1= ].7 ce k.

Corollary 2.7 Suppose Ay,..., A € M, with 1 <k, and 1 < r <n. Let m be defined as
in (2.6). Then

=3 T s5(4) (2.7

j=1i=1

i&w

if and only if there exist unitary U, ..., Uy such that U U] is a scalar matriz and U} { A;U; =
diag (s1(A;), ..., sm(A)) @ B; fori=1,... k.

Define the generalized spectral radius by

J=1

p(Ay, ... Ag) = max{

k
tr (H(U;AjUj) ‘ : U; is unitary and

U; A;U; is triangular for j =1,..., k} :

The quantity p(C, A) is known as the C-spectral radius of A in the literature (see [4]
and [5]) and has been studied as a generalization of the spectral radius of A (when C' =
diag (1,0,...,0)). It is known that p(C, A) < 3% s;(C)s;(A) and the equality case has
been determined. Here we study the equality case for the inequality

n k
p(Ah s >Ak> < Z H SJ(A’L)
j=li=1
Proposition 2.8 Let Ay,..., Ay € M,, such that min{rank (A;) : 1 <i <k} =r. Then

p(A17~--;Ak) :Z

j=1i

554 (23)

[y

if and only if A; is unitarily similar to diag (A (A;), ..., A\(A4;)) @ B; with B; € M,,_, for all
i so that TT"_, \j(A;) = eV U1 5;(A), t €R, forallj=1,...,r.

Proof. The (<) part is clear. Suppose (2.8) holds. Let U; be unitary such that U} A;U;
is in upper triangular form satisfying

tr (ﬁ(U;‘AiUi>

=1

n k r k

:p(A1a7Ak:>:Z S](Az) :ZHSJ(AZ)

j=11i=1 j=14=1



Let A =1]I’_, UrA;U;. Since

T T

A <3 s;(A) gzﬁ Ur AU,

j=1

we see that all the inequalities become equalities. It follows that the first r diagonal entries

of A must equal eV~ "[T5, s1(4;),..., eV 1", s.(A;) for some t € R. Hence, the first
r diagonal entries of each U;A;Uj must be \;(A4;) with |X\;(A4;)| = s;(4;) for j =1,....r
As a result, UsA;U; = D; @ B; for some diagonal matrix D; € M,. Applying a suitable

permutation similarity to all D; yields the conclusion. O

3 Powers of a Single Matrix

The results in Section 2 can be used to study normality of matrices. We begin with the
following theorem.

Theorem 3.1 Let A € M,,. The following conditions are equivalent.

(a) A is normal.
(b) There exists m > 1 such that s;(A™) = s;(A)™ forj=1,...,n

(¢) There exists m > 1 such that f(si(A™),...,s,(A™)) = f(s1(A)™, ..., s,(A)™) for all
(or some) f € F,.

(d) There exists m > 1 such that s1(A™) 4 -+ 4+ s, (A™) = s1(A)™ + ... + s5,(A)™.
(e) There exists m > 1 such that |\;(A™)| = s;(A)™ forj=1,...,n

(f) There exists m > 1 such that f(|A\(A™)],...,|[A(A™)]) = f(s1(A)™, ..., s,(A)") for
all (or some) f € F,.

(g) There exists m > 1 such that |\ (A™)] + -+ [A(A™)] = s1(A)™ + ... + 5,(A)™.
(h) There exists m > 1 and a unitary U such that 32%_, |d;(U*A™U)| = 35_; s;(A)™.

(i) There evists m > 1 and a unitary U such that 3°5_, [tr (A™U)| = X25_; s;(A)™.

Proof. 1f (a) holds, then all other conditions hold. By Theorem 2.4, Corollary 2.5, and
Corollary 2.6, if any of (b) — (i) holds, then s;(A?) = s;(A)? for all j = 1,...,n. As a result,
tr A2(A*)? = tr (AA*)? and hence tr (AA* — A*A)(AA* — A*A) = 0. Thus A is normal. O

Corollary 3.2 Let A € M, and m > 1. Then [tr A™| = 3", s;(A)™ if and only if A is

normal and the unitary part of A in its polar decomposition A = PU satisfies U™ = ¥V~ M]
for some t € R.



Proof. The sufficiency part is clear. For the necessity part, note that

n

DN

=1

[tr A™| =

En: AMSi

Since inequalities become equalities, we see that A is normal by Proposition 3.1 and A}* have

the same argument for all j. Thus U™ is a scalar matrix. O

Sometimes, we can use equality cases involving part of the singular values of A™ to derive
reducibility for A.

Corollary 3.3 Suppose A € M,,. The following conditions are equivalent.

(a) A is unitarily similar to B & C, where B € M, is normal with singular values s;(A)
forg=1,...r

(b) There exists m > 1 such that |\;(A™)| = s;(A)™ forj=1,...,r

(c) There exists m > 1 such that |\ (A™)| + -+ [ M(A™)| = s1(A)" + - - + 5,.(A)™.

(d) There exists m > 1 such that f(|A(A™)],....|\(A™)]) = f(s1(A)™, ..., s.(A)™) for
all (or some) f € F,.

Consequently, | 3%y N(A™)| = X7_; s;(A)™ if and only if (a) holds and the unitary part of
the polar decomposition of B = PU satisfies U™ = eV~1],..

Corollary 3.4 Let A€ M, and m > 1.
(i) We have 37_, |d;(A™)| = 15;(A)™ if and only if A = B® C, where B € M, is

normal with singular values sl(A), o se(A).

(ii) We have | 327_, d;j(A™)] = X7_; s;(A)™ if and only if A = B ® C, where B € M, is
normal with singular values s1(A),...,s.(A) and the unitary part of the polar decom-
position of B = PU satisfies U™ = eV~1],.

Corollary 3.5 Let A € M,, have rank at least r. The following conditions are equivalent.
(a) A is unitarily similar B ® C with B € M, satisfying det(B) = II;_, s;(A).
(b) There exists m > 1 such that |[Tj—, \;(A™)| = [T s;(A)™.

(¢) A s unitarily similar to a matriz with diagonal entries dy, . .., d,, such that 327_, |d;| =

Z§=1 sj(A).



Apart from the above corollaries, for a given r < n, even if there exist m > 1 such that
s;(A™) = s;(A)™ for all j = 1,...,r, we may not be able to get reducibility for A. For
example, let A € M, be the upper triangular Jordan block of zero. If r < n — 2, then
sj(A?) = s;(A)? for all j =1,...,r. Clearly, A has no reducing subspace. Nonetheless, one
can use the argument in [8] (see also [2, pp.44-45]) to get the following.

Theorem 3.6 Let A € M,, and let p be the degree of the minimal polynomial of A. The
following conditions are equivalent.

(a) A is normal.

(c
(d

)

(b) There exists an integer m > p such that s;(A™) = s;(A)™ for all j=1,...,m.
) There exists an integer m > p such that s;(A™)+- - +5,(A™) = s1(A)™+- - -+s,(A)™.
)

There ezists an integer m > p such that for all (or some) f € F,,

f(1(AT), .50 (AT)) = fs1(A)™, .. 50 (A)™).

4 Words involving A and A*

In [10], the authors used some trace equalities of matrices of the form A;--- Ay with A; €
{A, A*} to give sufficient condition for the normality of A. Such a product is denoted by
W (A, A*) and referred to as a word with letters A or A*. If W(A, A*) = A™ or (A*)™,
then we are back to the study in Section 3. We also exclude the words W (A, A*) = (AA*)™
or (A*A)™, which reduce to the problem of studying tr(X™) with X = AA* or A*A. In
the following, we show that one can get necessary and sufficient conditions for the trace

equalities considered in [10], and obtain other equivalent conditions for normality in terms
of other trace equalities.

Theorem 4.1 Let A € M, and let W(A, A*) be a word of length m > 1 not equal to A™,
(A*)™, (AA*Y™? or (A*A)™2. Then the following conditions (a.i) — (a.iii) are equivalent,
and conditions (b.i) — (b.iii) are equivalent.

(a.i) ;(SI(W(A,A*)),...,sn(W(A,A*))) = f(s1(A)™, ..., 8,(A)™) for all (or some) f €

(a.di) s;(W(A, AY)) = s;(A)™ forall j=1,...,n.
(a.iii) A is normal or W(A, A*) is of the form A(A*A)Mm=1/2 o A*(AA*)(M=1/2,

(b.i) ;(|)\1(W(A,A*))|, ey A (WA A%))]) = f(s1(A)™, ..., 80 (A)™) forall (or some) f €

(b.ii) [N;(W(A,A*))| = s;(A)™ forallj=1,...,n.

10



(b.iii) A is normal.
Proof. (a.i) = (a.ii) follows from the definition of f and the fact that
In(s1(W(A,A%)), ..., sn(W(A,A%))) <In(s:(A)™, ..., s, (A)™).

(a.ii) = (a.iii) Suppose (a.ii) holds. If there exists 2 consecutive A in W (A, A*), then
there exist unitary matrices X, Y, Z such that X*AY = Y*AZ = diag (s1(A), ..., sn(A)) by
Theorem 2.3 (c). Thus, we see that A% have singular values s;(A)?, ..., s,(A)?, and hence A
is normal by Proposition 3.1. Similarly, if there exist 2 consecutive A* in W (A, A*), then we
are done. If none of the above two cases holds, then W (A, A*) must be of the form (AA*)"A
or (A*A)" A* for some r.

(a.iii) = (a.i) is clear.

The proof of (b.iii) = (b.i) = (b.ii) is similar. Suppose (b.ii) holds. Then (a.ii) holds,
and then (a.iii) follows. Since XY and Y X have the same eigenvalues, if W (A, A*) has the
form A(A*A)m=D/2 we see that |\;((A*A)™=D/2A)| = |\ (W (A, A%))| = s;(A)™ for all j.
Now, the last two letters of the word (A*A)™~1/2A are equal to A. We conclude that A is
normal. Similarly, we can show that A is normal if W (A, A*) = A*(AA*)(m=D/2, O

The following corollary follows easily.

Corollary 4.2 Let A € M, and let W (A, A*) be a word of length m > 1 not equal to A™,
(A5)™, (AA*)™?2 or (A*A)™/2. Suppose p of the letter in W (A, A*) equal A and ¢ = m — p.
Then

(A, A7)] = 3 5, (A)"

=1

if and only if A is unitarily similar to the diagonal matriz DB such that D is a diagonal
unitary matriz and B = diag (s1(A), ..., sn(A)) satisfying DP~1 = pl ; in particular,

(i) A is simply normal without additional condition if p = q,
(ii) A is a multiple of a positive semi-definite matriz if |p — q| = 1,
(iii) A is a multiple of a Hermitian matriz if |p — q| = 2.
In [10], the authors proved that A is normal if

n

(W (A, A7) = 3 s(A)™ (4.1)

J=1

By Corollary 4.2, we see that one can get more precise information about A if (4.1) holds.
Furthermore, we have the following corollary.
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Corollary 4.3 Let A € M, and let W (A, A*) be a word with 2m letters so that m of the
letters equal to A, but W (A, A*) # (AA*)™ or (A*A)™. Then A is normal if and only if one
or both of the following equalities holds: W (A, A*) = A™(A*)™, W(A, A*) = (A*)™A™.

Remark 4.4 In general, one cannot get reducibility condition on A if the equality involves
only part of the singular values of W (A, A*). For example, let A € M, be the upper triangular

elementary Jordan block of zero, and let W(A, A*) = AAA*A*. Then ¥f_ \;(W(A, A*)) =
Z;‘?zl s;(W(A, A%)) = Z;‘le si(A)* fork=1,...,n—2, but A has no reducing subspace.
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