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Abstract

As an attempt to understand linear isometries between C*-algebras without the surjec-
tivity assumption, we study linear isometries between matrix algebras. Denote by M, the
algebra of m x m complex matrices. If £ > n and ¢ : M,, — M}, has the form

XoUXe XV o  XeoUX eV

for some unitary U,V € M;, and contractive linear map f : M,, — My, then ||¢p(X)|| = || X||
for all X € M,,. We prove that the converse is true if £ < 2n — 1, and the converse may fail
if £ > 2n. Related results and questions involving positive linear maps and the numerical
range are discussed.
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1 Introduction

In [6], Kadison characterized surjective linear isometries on C*-algebras. The problem with-
out surjectivity seems very difficult even in the finite dimensional case. In this paper, we
study linear isometries from M, to M, that is, linear maps ¢ : M, — Mj such that
|o(A)]| = ||A]| for all A € M,,, where M,, is the algebra of m x m complex matrices. Clearly,
if such a linear isometry ¢ exists, then k > n. If k = n, it follows from the result of Kadison
[6] that ¢ has the form

X—UXV o X UXW,

for some unitary U,V € M,. One can modify the above maps to norm preserving linear
maps ¢ : M,, — M with k > n, namely, if U,V € M, are unitary and f : M,, — M;_, is a
contractive linear map, then ¢ : M,, — M, defined by

X—UX®a®f(X))V or X=UX'® f(X)|V

is a linear isometry. It is natural to ask whether the converse of this statement holds. We
have the following result.

Theorem 1.1 Suppose k < 2n — 1, and ¢ : M,, — My, is linear such that ||¢(X)| = || X||

for all X € M,. Then k > n, and there exist U,V € M, and a contractive linear map
f: M, — My_, such that ¢ has the form

X=UXef(X))V o X=UXaefX)V (1)

Moreover, if k > 2n > 4, then there exists a norm preserving linear map v : M,, — My, that
is not of the form (1).
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Recall that B € M, is essentially Hermitian if B = aA + bl for some Hermitian A and
a,b € C, equivalently, B is normal and its eigenvalues lie on a straight line. It turns out
that Theorem 1.1 can be deduced from the following result concerning unital linear maps
¢ : M,, — M}, that preserve the norm of essentially Hermitian matrices.

Theorem 1.2 Suppose k < 2n — 2, and ¢ : M,, — My, is a linear map. Then ¢ satisfies
o(1,) = I, and ||op(X)|| = || X|| for all essentially Hermitian matrices X € M, if and only if
k > n, and there exist a unitary U € My and a unital positive linear map [ : M, — My_,
such that ¢ has the form

X UX @ fXU* or X UXte f(X)U 2)

Moreover, if k > 2n—1 > 3, then there exists a linear map v : M,  — My, which is not of the
form (2) but satisfies ¥(I,) = Iy and ||(X)|| = || X|| for all essentially Hermitian matrices
X eM,.

We prove some auxiliary results in the next section, and give the proofs of Theorems 1.1
and 1.2 in Section 3. Some related results and questions are discussed in the last section.

In our discussion, we let {ei,...,e,} be the standard basis for C", and E;; = eie§- be the

standard matrix unit. Denote by H,, the real linear space of n x n Hermitian matrices, and
A(A) > -+ > A\, (A) the eigenvalues of A € H,,; we write A > 0 (respectively, A > 0) if
An(A) > 0 (respectively, A\,(A) > 0).

2 Auxiliary results

Theorem 2.1 Suppose ¢ : M,, — M, satisfies ||¢p(A)|| < ||A|| for all essentially Hermitian
Ae M, and U*¢(1,)V = 1,® D, where U,V € My, are unitary and D € Mj_, is a diagonal
matriz with diagonal entries in the interval [0,1). Use the first p columns of U (respectively,
V') to form the matriz Uy (respectively, Vi). Then the mapping ¢ : M, — M, defined by
(X)) = Ufo(X)Vy satisfies the following conditions:

(1) (L) = 1.
(2) [[v(A)|| < ||A]l for all essentially Hermitian A € M,,.
(3) ¥(A) >0 for all A > 0.
(4) Y(A*) = (A)* for all A € M,.
If, in addition, ||p(A)|| = || A|| for all A € H,, then
(5) |w(B)|| = ||B|| for all essentially Hermitian B € M,,.

(6) ¥(A) >0 if and only if A > 0.



(7) For every A € Hy, M(A) = M (W(A)) and A\, (A) = M\ (¢(A)).

Proof. Conditions (1) and (2) follow from the definition.

For (3), suppose A > 0 and ¢(A) = B+iC, B, C € H,. For any unit vector x € C?, let
b= x*Bx and ¢ = x*Cz. We are going to prove that ¢ = 0. It will then follow that C' = 0.
To prove our claim, for each positive integer m, let A,, = A — bl,, + i(mcl,). Then

|A = bL|> +m*c® > |[(A—0bL,)* +m?AL

= (Al
= [An]”

> [[e(An)|?
> |2 (Am)al?

|z*(B — bl,, + i(mcl, + C))x|?
|z*Bx — b+ i(mc + 2*Cx)?
= |(m+1)c].

Hence, ¢ = 0 as asserted. So, ¥(A) = B. If s > 0 is small, then
1, — sB|| = [[¢(In — sA)|| < |1, — sA| < 1.

Therefore, B > 0.

Condition (4) follows readily from (3).

Now, suppose that [|¢(A)|| = ||A]| for all A € H,,. Let B € M, be essentially Hermitian,
that is, B = aA + bl for some A € H,, and a, b € C. We are going to show that ||¢)(B)|| =
|B|. The claim clearly holds if a = 0. So, without loss of generality, we assume that a = 1.

First, consider the case when b = 0. Hence, B = A € 'H,,. We may further assume that
|Al| = M (A); otherwise, replace A by —A. Then

1+ M(A) = [[n + Al = lo(In + A)|| = UL + A)V | = [|(1, & D) + U"p(A)V]].
So there exist unit vectors = and y in C* such that

1+ MA) =y ([, D)+ U p(A)V]z < |y"(I, ® D)z| + [y U p(A)Vz| <1+ A (A).

Therefore, y = x = (I, ® D)z and U*¢(A)Vx = A\ (A)z. Hence, z = [%1} where z; € CP

and Y(A)xy = A\ (A)x1. As aresult, ||[¢(A)|| = [|A]]-
For the general case, suppose B = A + (a + ib)I,, where A € H,, and a, b € IR. Then

l(B)I* = [lW(A+ al,) + b
= [[Y(A+al,)|* + [0
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= [|A+al,|* +[b]?
= ||[(A +al,) +ibl,||?
= ||B|*.

This proves (5).

For (6), let A € M, such that ¢(A) > 0. Let A = B+ iC where B, C € H,. Then by
(4), we have (B —iC) = (A*) = Y(A)* = ¢¥(A). Hence, (C) = 0 implies C' = 0, that is,
A e H,. For every t > ||¢(A)||, we have t > ||t1, — (A)|| = ||tL, — A||. Therefore, A > 0.

For (7), let A € H, and t € IR. By (6), we have

t>MA) <= t,—A>0 <= tl,—Y(A) >0 <= t > \(¢(A4)).

Therefore, A\j(A) = A1 (¢(A)). Similarly, A\,,(A) = A\, (¥(A)). O

Remark 2.2 Note that one cannot weaken the hypothesis in Theorem 2.1 to
lo(A)| < [|A]l for all Hermitian A € M,,.

For example, suppose ¢ : My — M3 is given by

S(A) = Ad[(a+d+ila—d)/2 i A:<Z Z)

Then ¢(I,) = I3 and |[¢(A)|| = ||A]| for all A € Hy. However, if A = [1] ® 0 € Hy, then
P(A) =A@ [(1+1)/2] ¢ Hs and
(24 4 2i1,)|| = ||(24 + 2i15) @ [1 + 3i]|| = V10 > /8 = ||24 + 2i L.

In fact, none of the conditions (2) — (7) holds.

Note also that the only place where we use the condition ||¢(A)|| < ||A] for all essentially
Hermitian A € M,, is in showing that ¢(A) € H;, for all A € H,. Hence, the proof of
Theorem 2.1 also gives the equivalence of (a)—(c) in the following theorem.

Theorem 2.3 Suppose k < 2n—2, and ¢ : H, — Hy is a linear map satisfying ¢(I,,) = Ij.
The following conditions are equivalent.

() 16X = |1X]| for all X € H,.

(b) A € H, is positive semidefinite if and only if ¢p(A) is positive semidefinite.

(c) For every A € Hy, M(A) = M (P(A)) and A, (A) = Me(0(A)).
)

(d) We have k > n, and there exist a unitary U € My and a unital positive linear map

f:H, — Hi_n such that ¢ has the form

X=UXe (XU o  Xe=UX'®f(X)U"



Proof. By the discussion before the theorem, we see that (a), (b), (c) are equivalent. It is
clear that (d) implies all the conditions (a) — (c). In the following, we assume that one, and
hence all, of the conditions (a) — (c) holds, and prove condition (d) by induction on n > 2.
By (a), we have k > n.

Suppose n = k. If X; € 'H, is a rank one orthogonal projection, then there exist rank
one orthogonal projections Xy, ..., X, such that 3%, X; = I,,. By condition (c), ¢(X;) is
positive semi-definite with largest eigenvalue equal to one for j = 1,... n. Moreover,

J

Y tro(X;) =tro ( Xj) =trl, =n.
j=1

n
=1

Thus, ¢(X;) has eigenvalues 1,0, ...,0, that is, ¢(X;) is a rank one orthogonal projection,
for j = 1,...,n. Hence, ¢ maps rank one orthogonal projections to rank one orthogonal
projections. By [3, Theorem 3], we conclude that there exists a unitary S € M,, such that ¢

has the form
X — SXS§* or X m— SX'S* (3)

Thus, condition (d) holds if n = k. Note that if n = 2, then n < k < 2n — 2 implies that
n = k = 2. So, condition (d) holds. Now, suppose n > 3 and n < k < 2n — 2, and the result

is true for linear maps from H, to H, for any » < n and s < 2r — 2. We shall establish the
following.

Claim. There exist unitary matrices V€ M,, and U € My, such that the mapping
A Up(VAVHU* (4)

has the form
X = g(X) @ f(X), (5)

where f : ' H, — Hi_n is a unital positive linear map, and g : 'H,, — H, s unital, linear,
and maps rank one orthogonal projections to rank one orthogonal projections.

Once the claim is proved, we can apply [3, Theorem 3] to g and conclude that g has the
form (3) for some unitary S € M,,. Consequently, the original map ¢ will satisfy condition

(d).
Note that we only need to show that there exist unitary matrices U and V' such that the
mapping in (4) is a direct sum of two linear maps in the form (5). It will then follow (say,

from (b)) that f is a unital positive linear map as asserted.
We establish several assertions to prove our claim.

Assertion 1. For each j € {1,...,n}, ¢(Ej;) has largest and smallest eigenvalues equal to

1 and 0, respectively. Moreover, if v € C* is a unit vector such that v*o(Ejj)v = 1, then
v*o(X)v =0 for any X € H,, with (j,7) entry equal to 0.



Proof. The first statement follows from (c¢). To prove the second statement, we may
assume that j = 1. Suppose v € C" is a unit vector such that v*¢(E;)v =1. If Y = [0]@Y;
with Y] € H,,_1, then for any ¢t € [—1,1],

v [@(En) + (Y < [En + 1Y = 1.

Thus, v*¢(Y)v = 0. If Z = e12* + ze} for some unit vector z € span{es,...,e,}, then
there exists a unitary matrix U = [1] & U; with U; € My_; such that UZU* = Ej5 + E9.
Therefore, for every t € [—1,1],

v [o(BEn) +td(Z)v < ||Bu +tZ|| = |[U(En +tZ2)U7||
= HEll—i_t(ElQ—i_EQl)H S \/1+2t2.

Again, we have v*¢(Z)v = 0. Consequently, if X is any (real) linear combination of two
matrices Y and Z of the above form, we have v*¢(X)v = 0. O

Assertion 2. There ezists a rank one orthogonal projection X such that ¢(X) is unitarily
similar to [1] & O, & Dy, where g+ 1 < k and Dy is a diagonal matriz with diagonal entries
in the interval (0,1).

Proof. By Assertion 1, each ¢(£};) has largest and smallest eigenvalues equal to 1 and
0, respectively. Since n < k < 2n — 2 and

k=trl, =tro(l,) = itr o(Ejj), (6)

we see that there exist at least two matrices ¢(E};) with exactly one eigenvalue equal to 1.
If one of these matrices, say, ¢(E;;), is not an orthogonal projection in Hy, then Ej; is a
desired matrix X.

Suppose each matrix ¢(E;;) with one eigenvalue equal to 1 is an orthogonal projection,
and ¢(Ey;) is one of them. Since n < k, by (6) again there exists ¢(E,,) with at least two

eigenvalues equal to 1. Without loss of generality, we may assume that p = 2. By Assertion
1, there exists a unitary U € M}, such that

O(F11) =U(Ey @ Or_,)U"  and  ¢(Ee) =U([0]® I, & Cy)U”

so that > 1 and ||Cy|| < 1. For simplicity, assume that U = Ij; otherwise, replace ¢ by the
mapping X — U*¢(X)U. So,

¢(En) = En ® Op—py and  ¢(Ex) =[0]& I, ® Cs. (7)

Let Y1 = ¢(E11+ Eg), Yo = ¢(E1a+Eo), and Y = (Y1+Y32)/2 = ¢(E11+ Esa+ Eo+ Eo) /2.
Since [|¢(Z)]| = || Z]|, we have

L= [V = [IYall = [[Yz]]-
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Applying Assertion 1 to the matrices ¢(E1;) and Ys, and also to ¢(FEsy) and Ys, we see that

0 uj wub
}/2: U1 Or * (8)

(%) * *

for some u; € C" and uy € C* 17", If v € C” is a unit vector so that v*Yv = 1, then
2=2"Yv=vYw+ 0V < V1] + [[Y2] =2,

and hence v*Yjv = 1 = v*Yavu. Since Yy = Iy, ® Cy with A\ (Cs) < 1 by (7), we see that
v € span{ey,..., e} C C*. Thus, if P is obtained from I by taking its first 147 columns,

then
L= ||Y2]| = v"You < [|[PTYLP|| < [|Y2.

It follows that

?

X 0 ul
== o)

thus, u is a unit vector. Since Y3 in the form (8) has norm 1, we see that uy = 0 and there

0 1

exists a unitary matrix W = [1] ® W; @ I_;_, such that WY, W* = (1 0

) @® Z5. Hence,

1 1

W(Y: + Ya)W* = (1 .

) @ Zy, and Zj is nonzero positive semidefinite such that

0 1
| Zo]| < H(1 1) ® Zy|| = ||¢(Eaz + Era + Ea)|| = || Eaz + Er2 + Ean ]| < 2.

Thus, Y is unitarily similar to the direct sum of a rank one orthogonal projection and a
non-trivial D with 0 < A\(D) < 1. So, X = (E11 + Eas + Eis + Es1)/2 is a desired rank one
orthogonal projection. O

Assertion 3. There exist unitary U € My and V' € M, such that the mapping b defined by

X — Ugp(VXVHU* (9)

satisfies
o(Y)=Y @ f(Y) forall Y =[a®Y;, or (10)
oY)=Y'® f(Y) foral Y =[a]® Y, (11)

where f : Hy, — Hy_n is a unital positive linear map satisfying 0 < || f(E1)| < 1.

Proof. By Assertion 2, we may replace ¢ by a mapping of the form (9) and assume that
¢(En) = [1] ® O, & Dy, where ¢+ 1 < k and D; is a diagonal matrix with diagonal entries
in the interval (0,1). Let Y = [0] @ Y; € H,,, where Y] € H,,_1, ||Y1]| = 1. By Assertion 1,



the (1,1) entry of ¢(Y') is 0. Since ||¢(E1 + Y)|| = ||Ev + Y| = 1, the first row and column
of ¢(Y) are all zero. Therefore,

0 0 0
p(Y)=10 (1) =
0 * *

with (Y1) € H,. Since 1 = ||¢(Y)]], there exists a unit vector v such that 1 = [v*¢(Y )v| =

0
|o(Y)||. Clearly, the first entry of v must be zero. Suppose v = | vy | with v; € C? and
(%)

vy € C* 179, Since ¢(Fyy) = [1] ® O, © D, and
|U;D1U2 + U*¢(Y>U| = ’U*¢(E11 + Y)’U‘ S ||E11 + Y” = 1,

we see that v = 0 and |vj¢(Y1)v1] = 1 = ||Y3||. Hence, the mapping from M,_; to M,
defined by Y] +— (Y1) is unital and satisfies ||v(Y1)|| = [|Ya]| for all Y € H, 1. Since

g < k—2<2n—4, we can apply induction assumption to ¢ and conclude that ¢ on H,,_;
has the standard form:

Ve Une fIU o Vi UYEe fOA)U
for some unitary U € M,. Now, the mapping ¢ defined by
X—=([1]eUe q1)o(X)([] @U" & [r_q-1)
satisfies (10) or (11). O

Proof of the Claim. By Assertion 3, we can modify ¢ to ¢ that satisfies (10) or (11),
where f is a unital linear map satisfying 0 < ||f(Ey;)|| < 1. We may further assume that
¢ satisfies (10); otherwise, replace ¢ by the mapping A — ¢(A"). For simplicity, we assume
that ¢ = ¢.

To prove the claim, we note that every matrix in H, is a linear combination of rank
one orthogonal projections. Therefore, we only need to show that if X € H,, is a rank one
orthogonal projection, then

o(X) = g(X) @ f(X), (12)

where ¢g(X) is a rank one n x n orthogonal projection.
If X = Ey; or X has the form [0]@ X, then we are done because ¢ = ¢ satisfies (10). Now,
suppose X is not of these forms. Then X = uwu*, where u = ae; + bv € C" is a unit vector
such that v € ef and a, b are nonzero complex numbers satisfying |a|> + |b]> = 1. Replacing

u by & u for a suitable complex unit &, we may assume that a > 0; then replacing v by &u
for a suitable complex unit &, we may assume that b > 0 as well. So, (a,b) = (cos6,sin0)
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for some 6 € (0,7/2). Suppose V' € M,, is a unitary matrix with e; and v as the first two
columns. Then V has the form [1] & V; and satisfies

V*XV = cos?> 0F); + cosOsin(E1s + Ey) + sin? 0 Ey.
Consider the mapping ¢y defined by
A= (V2@ L) o(VAV)(V @ Li—y).

Note that the mapping ¢y inherits all the properties we have established in Assertion 1, 2
and 3 (10) for ¢. Moreover, if we can show that ¢y sends the matrix

cos? OFy, + cossin0(Eyy + Eay) + sin? 0 Fys

to a matrix of the form Z; & Z, so that Z; € M, is a rank one orthogonal projection,
then ¢(X) = (V@ L_n) oy (VXV)(V* D I_,,) = VZIV* @ Zy, where VZ,V* is a rank one
orthogonal projection as desired. So, we focus on ¢y. For simplicity, we write ¢y as ¢ in
the rest of our proof. For j € {1,...,n}, let

¢(Ej5) = Ej; @ Cj.

Then C) = f(Ey;) satisfies 0 < ||C4|| < 1 and

We consider two cases.

Case 1. Suppose A\ (C] + Cs) < 1, that is, ¢(FE11 + Ea9) only has 2 eigenvalues equal to 1.

If v € C" satisfies v*(¢(F11 + Fa))v = 1, then only the first two entries of v can be nonzero.
Now,

2 = |[(er +ex)(er +ea) || = [[p((er + e2)(er + e2))||
< lg(ere] + eaer)|| + [[p(ere; + exe])|| = 2.
So, there is a unit vector v € C" such that
v*(p(ere] + eze3))v =1 = v*(p(eres + eze]))v.

Thus, the leading 2 x 2 principal submatrix of ¢(eje; + e2e}) has norm one. By Assertion 1,
the (1,1) and (2,2) entries of ¢(eje} + ese}) are zero. Hence, there is a complex unit p such
that

p(erey + exe) = (perey + fiezey) & D.

Therefore,

cos? fucos 0 sin 6 ) ~

¢((cos Beq + sin feq)(cos fey + sinfey)™) = <M cos 0 sin sin? 0 @ D.
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Since

H(b ((cos fe1 + sin ey ) (cos fey + sinfey)) £ eje;) H =1,

Jj=3

we see that D has the form O, _» @ D. Hence, ¢((cosfe; + sinfes)(cos fe; + sin fey)*) has
the desired form (12).

Case 2. Suppose A\ (Cy 4+ Cy) = 1. We shall prove that there exists a sequence of unit
vectors {v,} in the linear span of {es,...,e,} C C" such that v, — eq, and for each r,
¢(FE11 + vv)) has only two eigenvalues equal to 1. By the result in Case 1,

¢((cos fey + sin Ov,.)(cos fey + sin bv,.)*)
has the desired form (12). By continuity, we see that
¢((cos Beq + sin feq)(cos bey + sin feg)™)

has the desired form (12) as well.
To construct our sequence {v,}, note that by (13) and the fact that 0 < ||C}] < 1, we

have
(Ik—n - Cl)_1/2(02 +---+ Cn)(]k—n - Cl)_1/2 = ]k—n~

Since k — n < n — 2, comparing traces, we see that there exists 7 > 3 such that

(LTg—n — 01)71/203'(1}% — 01)71/2

is a strict contraction, equivalently, A\;(C; + C;) < 1. Without loss of generality, we may
assume that ] = 3. Let ¢(E23 + E32) = (Egg + E32) D 023. For t € [0, 7T/2], let

F(t) =v(t)v(t)" with  v(t) = costes +sinte; € C".
Then
¢(Ey + F(t) = [En + F(t)] @ [C) + cos® tCy + sin® tC3 + cost sin tCag).
If ¢(E11 + F(t)) has more than two eigenvalues equal 1, then

0 = det(Iy_, — (C1 + cos?tCy + sin? tCs + costsin tCo3))
= det(cos®t[(1 + tan®t)(I_, — C) — Cy — tan®tCs — tan tCys))
= cog?k—n) tdet((Iy—n, — C1 — Cy) — tantCys + tan® t(I_,, — C1 — C3)). (14)
Since ¢(E1; + E33) has only two eigenvalues equal to 1, det(ly_, — C; — C3) # 0. It follows
that (14) only has finitely many roots in the interval [0, 7/2]. Thus, we can find a sequence

{t,} — 0 such that {v.} = {v(t,)} — ez, and for each r, 1, + v,v} has only two eigenvalues
equal to 1 as desired. O
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3 Proof of the main theorems

Proof of Theorem 1.2 The ‘if” part of the theorem is clear. Suppose k < 2n—2, ¢(1,,) = I
and ||¢(X)|| = || X|| for all essentially Hermitian X. By Theorem 2.1, ¢(X) is Hermitian

whenever X is Hermitian. Now, the result follows from Theorem 2.3.
For the last statement, suppose n > 2 and k > 2n — 1. Let

1 1
L 0 & 0
W=|0 L. 0 0
0

[\

Define ¢ : M,, — M, by

A, Awr o Ay
g A
¢(A) = WA ATW* @ (tr A/n) I op1 = % Az 0 | ®(tr A/n)j—oni1
4o A
V2 22

for any

_ All A12 .
A= <A21 A22> with A22 S Mnfl.

Since WW* = I,,,_1, by the interlacing inequalities for eigenvalues of Hermitian matrices [4,
Theorem 4.3.6], if A € H,, and B = W[A & A'|W*, then \{(B) = A\ (A) and )y, 1(B) =
An(A). Consequently, [|¢p(X)|| = ||X|| for all essentially Hermitian X € M,,.

If ¢ has the standard form (2), then there exist a contractive linear map f : M,, — Mj_,
and a unitary matrix U € M, such that Up(A) = (AT @ f(A))U, where AT = A or A
Partition U into U = (Uij)?,j:17 where Uy € Mj,_1, then we have

An 4z 24 0
(UH U12> % A22 0 0 :<AT 0 )(UH U12>
U Us AT% 0 Aéz 0 0 f(A) U Uz
0 0 0 (trA/n)[k_gnH

Let A = Ey; and consider the first row on both sides. We have (U;; 0) = (Uyy Upa).

Hence, U, = € for some real number @ and Ujy, Uy are both zero. Consider the first row
on both sides in the general case, we have

eie(Au % % 0):(AJ{2 0)Uss,

for all A € M,,, which is impossible. Hence, ¢ is not of the standard form (2). O

Proof of Theorem 1.1 Suppose k < 2n — 1, and [|¢(X)| = || X|| for all X € M, Clearly,
we have k > n. If k = n then (1) follows from Kadison’s result [6]. So we may assume that
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n < k < 2n — 1. By the result in [1], it is impossible that ¢(U) is unitary for every unitary
U € M,,. Thus, there exists a unitary X € M, such that ¢(X) is not unitary. By replacing
¢ with the map A — ¢(X A), if necessary, we may assume that X = I. Therefore, ¢ satisfies
all conditions in Theorem 2.1 with 1 < p < 2n — 2. Let U, V € My, and ¥ be as given by
Theorem 2.1. Then v satisfies the conditions for Theorem 1.2 (with ¢, k replaced by 1, p).
So, there exists a unitary W; € M, and a unital positive linear map f:M, — M,_,, such
that 1) has the form
A WAl @ F(A)WF,

where AT = A or A'. Let W = W, & I._,. Then the mapping ¢o : M,, — M, defined by
A — W*U*¢(A)V*W has the form

Af 0 *
A= 0 f(A)  +
* * g(A)

If A € M, is unitary, then ||¢o(A)| = ||A|l implies that

_ gt fla) o« )
dof4) = Ao (11 o) (15)
Since this is true for n? linearly independent unitary matrices A, it follows that (15) holds
for any A € M,,. Consequently, the original map ¢ has the form (1) as asserted.

For the last statement, suppose n > 2 and k > 2n. Let

1 1
W — 0 n0*1 0 I, and P =I5, 1 ® Op_opt1.
1 —1
v 0o 0
Define ¢ : M,, — M}, by
Ay B 000
A)y=PW eI, Ad At® O W el AT%I e % :
_ *— | At Al
o(A) (W @ I—2,)[AD A" ® Op_opn|(W @ Ij—2n) N Aby -5 0
0 0 0 0 0
0 0 0 0 0

for any

_ All A12 :
A= <A21 A22> with A22 € Mnfl.

Note that ¢p(A)p(A)* = B @ Og_2n41, where B € Hy, 1 is a leading principal submatrix of
W(AA* @ (AA*)")IWW*. By the interlacing inequalities for eigenvalues of Hermitian matrices
[4, Theorem 4.3.6], we have ||¢(A)|| = ||A]|. By an argument similar to the one in the proof
of Theorem 1.2, we can show that ¢ is not of the form (1). O
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4 Related results and questions
Motivated by Theorem 1.1 and the example constructed in its proof, we have the following.

Proposition 4.1 Suppose P and Q are n(p+ q) x m matrices such that I — PP* > 0,
I —QQ* >0, and rank(I — PP*) + rank(I — QQ*) < p+ q. Let W1, Wy € My, be unitary,
and let f : M,, — M;._,, be a contractive linear map. If ¢ : M,, — My, is defined by

(X) =Wi{P[(X @ L) & (X'® 1)]|Q & f(X)} W,
then ||op(X)|| = | X|| for all X € M,,.

Proof. Tt is clear that ||[¢(X)| < ||X]||. To prove the reverse inequality, suppose P has
singular value decomposition UDV', where U € M, 1, and V € M, are unitary, and the

singular values of P lie in the (1,1),(2,2),... positions of D in descending order. Let D be
obtained from D by setting all the entries in (0,1) to 0, and let P =UDV. Apply a similar
construction to @ to get Q. Then

rank (I — PP*) + rank (I — QQ*) = rank (I — PP*) +rank (I — QQ*) < p+q. (16)

If the largest singular value of X is s; = [|X]|, then s; is a singular value of (X ® I,) &
(X' ® I,) with multiplicity at least p + ¢. By (16) and a result of Thompson [7], the matrix
P (X ® I,) ® (X' ® I,)]Q has largest singular value equal to s, also. Thus, we have

IXII =51 = | P*[(X @ L) ® (X' @ 1,)] Q| < [6(X)].
a

Using a similar argument in the proof of Proposition 4.1 and the interlacing inequalities
on Hermitian matrices (see [4, Theorem 4.3.6]), we have the following.

Proposition 4.2 Suppose P is an n(p + q) X m matriz such that P*P = I,,, where 0 <
np+q) —m < p+q. Let U € My be unitary, and f : M, — My_,, be a unital positive
linear map. If ¢ - M,, — My, is defined by

¢(X) =U{P (X o) (X' @L)Pe f(X)}U,
then ||p(X)|| = || X|| for all essentially Hermitian X € M,,.
Recall that the numerical range of a matrix A € M,, is the set
W(A) ={a"Ax : x € C", 2’z = 1},

which is a useful concept in matrix and operator theory, and has been studied extensively;
see [5, Chapter 1]. We have the following.
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Proposition 4.3 Let V,, = M, or 'H,,. Suppose ¢ : V,, — V} is linear. If ¢ has the form
in Proposition 4.2, then

W(p(X)) = W(X) for all X € V,. (17)
When k < 2n — 2, (17) holds if and only if ¢ has the form (2) in Theorem 1.2.

Proof. Suppose ¢ has the form in Proposition 4.2. If X € H,, then X and ¢(X) have
the same largest and smallest eigenvalues; since W (X) is the convex hull of the largest and
smallest eigenvalues of X, it follows that W (¢(X)) = W(X).

Suppose V,, = M,, and X € M, is not Hermitian. Then X = H + ¢G for some Hermitian
H and G. Now, ¢(costH + sintG) and costH + sintG have the same largest and smallest
eigenvalues for all ¢ € [0, 27), we see that the two convex sets W (X) and W (¢4(X)) have the
same support lines; see [5, Theorem 1.5.11]. Thus, the two sets are equal.

Suppose k < 2n — 2. If V,, = H,, the result follows readily from Theorem 2.3. If
V. = M, one can use the fact that W (X) C IR if and only if X is Hermitian to conclude
that ¢(H,) C Hg. Then the result follows from the Hermitian case. 0

There are several related problems that deserve further investigation.

1. If ¢ : M,, — Mj, has the form in Proposition 4.1, then ||¢(A)|| = ||A]| for all A € M,. Tt
would be nice to know whether the converse is true.

2. If ¢ : M,, — Mj, has the form in Proposition 4.2, then ||¢(A)|| = ||A|| for all essentially
Hermitian A € M,,. It would be nice to know whether the converse is true. Note that by
Theorem 2.1 and Theorem 2.3 (b), the problem is equivalent to studying positive linear
maps ¢ such that A is positive definite whenever ¢(A) is positive definite.

3. One can ask whether the converse of the first statement in Proposition 4.3 is true.

4. One can study the above problems under the additional assumption that ¢ is a decom-
posable or completely positive linear map.
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