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Abstract

Let A and B be Hermitian matrices and let C' = A + iB. Inequalities and equalities for
the eigenvalues, singular values of the matrices A, B, and C' are discussed. Known results
on inequalities are surveyed, new results on equality cases are proved, and open problems
are mentioned.

1 Introduction

Let M, denote the set of all n X n complex matrices. For any C' € M,, we can write
C =A+iB, in which A = (C + C*)/2 and B = i(C* — C)/2 are both Hermitian. This is
called the Cartesian decomposition of C. We discuss inequalities and equalities involving the
eigenvalues and singular values of A, B, and C. We survey known results on inequalities,

prove new results on equality cases, and mention some open problems.
Given an X € M, let s(X) = (s1(X),...,s,(X)) be the vector of singular values of X

with s1(X) > -+ > s,(X), and let A(X) = (M (X),..., A\ (X)) be a vector of eigenvalues of
X. If X is Hermitian, we assume that A;(X) > --- > A\, (X).

General references on matrix inequalities are [1, 11, 12, 19]. Some equality cases of
matrix inequalities have been studied in [5, 13, 14, 16]. We use the following notation for

majorization in our discussion [19]. For two real vectors x and y in R™, if the sum of the m
largest entries of x is not larger than that of y for each m = 1,...,n, we write

T =<0 Y; (1.1)
if, in addition, the sum of all the entries of x is the same as that of y, we write

r<y. (1.2)
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The relation (1.1) is called weak majorization; the relation (1.2) is called majorization. De-
note by x oy the entrywise (Hadamard) product of two vectors. Let x| and x; denote the
vectors obtained from the real vector x by rearranging its entries in descending and ascending
order, respectively.

For a complex vector z = (21, ..., 2,) we write |z| = (|z1], ..., |2n]), Rez = (2 +2)/2, and
Imz=1i(z—2)/2.

Many of our results are valid for compact operators acting on separable Hilbert spaces.
Also, if the results do not involve complex numbers, they are often valid for real matrices or
operators as well.

The following results, which are of independent interest, are used frequently in our study.

Proposition 1.1 Let A, B, and C = A+ B be n X n complex matrices, and let s(A) =
(a1,...,a,), s(B) = (b1,...,b,), and s(C) = (c1,...,¢,). For every integer k € {1,...,n},

Z:Cj < Z:(aj +b;). (1.3)

Equality holds in (1.3) for some k if and only if there exist unitary matrices U and V' such
that UAV = A; @& Ay and UBV = By @ By, where Ay and By are positive semi-definite
matrices with eigenvalues aq, . ..,a, and by, ..., by, respectively.

Proof. By the singular value decomposition [11, p. 414], we may assume that C' =
diag (c1,...,cx) ® Co. Let A = (a;5) and B = (b;;). By [23, Theorem 1], for every integer
ke{l,...,n},

k

k k k k b
o= (a5 +bj) =) aj;+> by <D a;+ b (14)
j=1 j=1 j=1 j=1 j=1

=1

Equality holds in (1.4) if and only if Z?Zl aj; = Zle a; and Z?Zl bj; = ;?:1 b;. The result
follows from [16, Corollary 3.2]. 0

The inequality (1.3) is the triangle inequality for the Ky Fan k-norms [11, Section 3.4].
The key to the rest of the proof of Proposition 1.1 is the case of equality in Von Neumann’s
celebrated trace inequality [12, Section 3.1, Problem 4].

Proposition 1.2 Let A, B, and C = A+ B be n x n Hermitian matrices with s(A) =
(a1,...,an), s(B) = (b1,...,b,), and s(C) = (c1,...,¢c,). For every integer k € {1,...,n},

;Cj < ;(aj +b;). (1.5)

Equality holds in (1.5) for some k if and only if there exists a unitary matriz U such that
U*AU = A1 ®AsP Az and U*BU = B, @ By@® Bs, where Ay and By are positive semi-definite
matrices of the same size, Ay and By are negative semi-definite matrices of the same size,
and the k X k matrices Ay & As and By @ By have singular values aq, ... ,a and by, ..., by,
respectively.



Proof. The inequality in (1.5) follows from Proposition 1.1. We need to consider only
the case of equality. (<) By direct verification.

(=) As C' is Hermitian, its singular values are the absolute values of its eigenvalues. Let U
be a unitary matrix U such that U*CU = diag (y1,...,Vn) With y3 > -+ > 7. > 0> 7,41 >
oo >y satisfying {7, ..., %l = {s1(C), ..., sk(C)}. Then for D = I, & — I, & I,
we have DU*CU = diag (cj,, ..., cj,) ® Cy, where (j1, ..., ji) is a permutation of (1,...,k).
Proposition 1.1 shows that DU*AU = A; & Ay and DU*BU = B, ® B, where A; and B, are
positive semi-definite matrices with eigenvalues ay,...,a; and by, ..., by, respectively. Since
D(A; @ Ay) = U*AU is Hermitian, (I, ® —Ij_,)A; is Hermitian. This means that I, & —1I;_,
commutes with A;; so A; must be in block diagonal form: A; = A’@ A”, where A" is an r x r
positive semi-definite matrix and A” is a (k —r) x (k — r) negative semi-definite matrix. A
similar argument shows that Bj is also of the same form. 0O

2 Eigenvalues

In this section, we survey some results and problems involving the eigenvalues of the Hermi-
tian matrices A and B, and those of the matrix C' = A + ¢B. The majorization relations in
the following theorem were proved in [7, 2], and the equality cases were treated in [16].

Theorem 2.1 Suppose x,y € R" and z € C".
(a) There exists a C € M, such that \(C) = z and \(C'+C*) = 2z if and only if Rez < z.
(b) There exists a C € M, such that \(C') = z and iA(C*—C) = 2y if and only if Im z < y.
Furthermore, suppose A, B € M,, are Hermitian, C = A+iB, and 1 <k < n.

(1) Z?Zl Re )\ (C) = Z?Zl i (A) if and only if C is unitarily similar to Cy & Cy, where
Cy1 € My, satisfies A(C1) = (M(C), ..., \(C)) and AM(Cy + CF) = 2(M(A), ..., \(A)).

(ii) XF Im A (C) = S5y N (A) if and only if C is unitarily similar to Cy & Cy, where

Cy € My, satisfies \(C1) = (A (C), ..., \(C)) and iAN(CT —C) = 2(A(B), ..., \(B)).

Problem 2.2 Determine necessary and sufficient conditions on x,y € R™ and z € C™ for

the existence of a C = A+iB € M, with A\(A) =z, A\(B) =y, and \(C) = z.

Clearly, the conditions
Rez <z and Imz <y (2.1)

are necessary, but they are not sufficient even for 2 x 2 matrices.

Example 2.3 Take x = (1,1), y = (2,0), and z = (1 +4,1 +1i). f C = A+ iB € M, has
A(A) = (1,1) and A(B) = (2,0), then A =I5, so C' is normal with eigenvalues 1 + 27 and 1.

Here is an additional necessary condition obtained in [15] (see also [20] and [10]).



Theorem 2.4 Let A, B € M, be Hermitian and let C = A+iB. Write \(A) =z, A\(B) = v,
and A\(C') = z. Then

Re('z%w"’zi) = (on)l - (yoy)Tv (2'2)

((Rez1)? = (Im21)?, ..., (Re z)? = (Im 2,)%) < (Ai(A?) = Mu(B?), .., Au(A%) = M(B?)) .

For n = 2, (2.1) and (2.2) are necessary and sufficient conditions for the existence of
C = A+iB with A\(A) = z, A(B) = y, and A(C) = z. However, they are not sufficient if
n > 3; see [15].

Example 2.5 Let x = (100,4,0), y = (4,0,0), and z = (100 + 3i,3 +i,1). Then z,y, z
satisfy (2.1) and (2.2). Suppose A, B, and C' = A +iB € Mj are such that A and B are
Hermitian, \(A) = z, A(B) = y, and A(C') = z. Then there exists a unitary U such that
U*CU is in upper triangular form with diagonal entries 100 + 3i,3 + ¢,1. Then the (1,1)
entry of U*AU is 100, which is its largest eigenvalue. So, U* AU = [100] ® As. Since U*CU is
upper triangular and 100 4 3i is its (1, 1) entry, it follows that 3 is the (1,1) entry of U*BU
and is the only nonzero entry in the first column, which is impossible.

To date, Problem 2.2 is still open for n > 3.

3 Singular Values

In this section, we focus on relations between the singular values of Hermitian matrices A

and B, and those of C = A + i¢B. For general X,Y € M, and Z = X + Y, there are index
sets P,Q, R C {1,...,n} of the same size such that

Z ST(Z) < Z Sp(X) + Z Sq(Y)'

r€R pEP q€Q

One can describe a collection of such index sets in terms of Schubert calculus (or Littlewood-
Richardson rules in combining Young’s diagrams) so that these inequalities completely de-
termine the relations among the singular values of matrices X, Y, Z such that 7 = X +Y;
see the survey [9] on this and several related topics, and see [3] for an exposition of these
ideas at a more elementary level. For simplicity, we focus on some basic inequalities that
are used frequently in applications such as perturbation theory and the theory of norms.
In most of these applications, it suffices to consider the following standard inequalities of
Thompson [24, Theorem 3]:

Whenever 1 <4, < -+ <1, <nmand 1< j; <--- < j, <n aresuch that 7, + j, —m <
n, we have

D Sivrir(Z) <D s (X)+ D55 (Y).
r=1 r=1 r=1

4



We apply some of these general results to our special case C' = A 4 iB, and analyze the
equality cases. For notation simplicity, throughout this section we assume that

s(C) = (c1y...,¢n), s(A) = (ay,...,a,) and s(B) = (by,...,by,)

as in Propositions 1.1 and 1.2. The majorization relations in the following theorem were
proved in [7]. We study the equality cases.

Theorem 3.1 Suppose A, B € M,, are Hermitian and C = A+ iB. Then
(a1, .. an) < (c1,...5cn)  and  (by, ..., by) <w (C1y. .., Cn).
Moreover, for any given k € {1,...,n},

(a) 25:1 a; = Z?Zl ¢; if and only if C' is unitarily similar to DP & Cy, where D € M, is

a diagonal orthogonal matriz, P € M, is positive semi-definite, and tr P = Z?Zl Cj;

(b) Z?Zl bj = Z?:l ¢; if and only if C is unitarily similar to iDP & Cy, where D € M, is
a diagonal orthogonal matriz, P € My is positive semi-definite, and tr P = Z?Zl cj.
Proof. (a) Suppose Z?Zl a; = Zle ¢;. Let U be a unitary matrix such that
UAU = dlag (dl, ce ,dk) D AQ
with |d;| = a; for j =1,... k. If U*CU = (¢;;) then

k k k k

Y= a; <> el < e

=1 j=1 j=1 j=1

Thus, ¢;; = d; for all j =1,...,k. By Theorem 3.1 in [16], C = C} & C; with C; € M), and
there exists a diagonal orthogonal matrix (signature matrix) D € M, such that DC} = P is
positive semi-definite with eigenvalues ¢y, ..., cx. Hence C} = DP with tr P = Z Gy

Conversely, suppose U is unitary, U *C’U = DP & Cy, D € My is a diagonal orthogonal
matrix, and P is positive semi-definite with tr P = ¥F_; ¢;. If U*AU = (a;;) then

k k k k
Yogg=trP=> laj;| <> a; <D ¢
j=1 j=1 j=1

Jj=1

The proof of (b) is similar. 0

Theorem 3.2 Suppose A, B € M, are Hermitian and C' = A + iB. For every integer
ke{l,...,n},

k k
2 = 2 (e +by). (3.1)
=1 =1

Equality holds in (3.1) for some integer k if and only if there exists a unitary matriz U such
that one of the following conditions holds:



(a) UCU = diag (ou, ..., a,) @ diag (i1, ...,i0;) ® 05—, where k > s+t, and a; and

B, are real numbers satisfying |o;| = a;, |B;] =0, j=1,... k.
crrr _ ( aid bl ) /
) vecv= (4% P e

Proof. (<) By direct verification.

(=) We use induction on n. The result is obvious when n = 1. Assume that n > 2,
and that the result is true for all matrices of size less than n. Suppose A and B are nonzero
n X n Hermitian matrices. By Proposition 1.1, there exist unitary matrices U and V such
that U*AV = A; @ Ay and «U*BV = By ® By, where A; and B are positive semi-definite
matrices with eigenvalues aq, ..., ay and by, ..., by, respectively. We may further assume that
Ay = diag(ay,...,ax). Let u;,v; denote the i-th columns of U and V, respectively. Since
ujAv; = a;, we have 3 cases:

(i) vy is an eigenvector of A corresponding to the eigenvalue a; and u; = vy;
(ii) vy is an eigenvector of A corresponding to the eigenvalue —a; and u; = —vy;

(iii) v; = e, + e_, where e, and e_ are eigenvectors of A corresponding to the eigenvalues
a; and —aq, respectively, and u; = e, —e_.

Suppose case (i) holds. Since B is Hermitian and Bj is positive semi-definite, we must
have ufBv; = 0 and hence By = (0) & B}. If k = 1, the result follows.

Now suppose k > 1. Write U*AV = (a1)®A’, iU*BV = (0)®B’, and U*CV = (a;)®C".
Since ¢; = a7 and b, = 0, we have

s1(CY+ - +5,.4(C") = 1+ +a—a
a2+-~+ak+b1—|—~-bk,1
= s51(A) 4+ s,m1(A) + s1(B) 4+ -+ + s (B).

By the induction assumption, A" and B’ satisfy one of the conditions (a) or (b). However, if
A" and B’ satisty (b), we have by = s1(B’') = -+ = s,(B’) = by, = 0, which is a contradiction.
Thus A" and B’ satisfy (a).

Next, suppose case (ii) holds. We may replace A and B by —A and —B and the result
follows from case (i).

Finally, suppose case (iii) holds. Let £, and E_ denote the eigenspaces of A correspond-
ing to eigenvalues a; and —ay, respectively. Let r = kif ay = --- = a;, and let r = s
ifs<kanda = -+ =as > a. If dimE_ < r then, as vy,...,v, are orthonormal
vectors in B, & E_, we have dimE, + dim(span{vy,...,v.}) > dimE, + dimE_ and hence
span{vy, ..., v, }NE, # {0}. Thus, there exists an r X r unitary matrix W such that the first
column of V(W & 1) isin Ey. Replacing U and V by U(W &) and V(W & I), respectively,
we are back to case (i), and the result follows.

Now suppose dimFE_ > r. Using the same argument, we may also assume dimFE, > 7.
If r < k then r = dimF, + dimFE_, which is not true. We therefore have » = k and hence




a; = -+ = ag,. Replacing A and B by i¢A and ¢B, we can further assume that by = - - - = by
Thus we have ¢; + - -+ + ¢ = k(a; + b1) and hence ¢; = a; +by,i=1,... k.

Since v; = ey +e_ and u; = e, — e_, we have Av; = ajuy and Au; = ayv; and thus we
know that span{v,u;} (= (span{e,,e_}) is an invariant subspace of A. Let P = [e,,e_]
and consider P*C'P = P*AP +iP*BP (that is, consider the orthogonal projection of C' onto
span{vy, u; }). Obviously, we have s;(P*CP) = ¢, s1(P*AP) = a1, and s1(P*BP) = b;.
Notice that tujBv; = by implies vy Bu; = —b;. As u; and vy are linearly independent, we
deduce that so(P*BP) = b;. Thus, we are now dealing with the case in which n =2, k =1,
A has eigenvalues a; and —a;, and B has singular values by = bs.
aq 0
0 —a

Let A = < ) If B = 4b,1, then ¢; = y/a} + b? < ay +b;. Thus we may assume

that B has eigenvalues b; and —b;. With a suitable unitary similarity, we may assume that
a; + b t

—t  —ap—1b

1B = ib t. and ¢t > 0. Then C =
—t —ib

). A computation reveals

that by = Vb +t? and ¢; = \/a% + b2 + t? 4+ 2a,t. Consequently, a; + by = ¢; if and only if
b=0andt=0b.
Our argument shows that we can find a unitary matrix () whose first two columns are in

> @ A" and 1Q*BQ = ( Ob %1 ) @ B’. Note that
—b1

span{e,,e_} and Q*AQ = < %1 (Zz
—ay

S (( a b )) < aj + by. Thus, A" and B’ satisfy
—b1 —a
sif(AA+ B+ +sp 1 (A +iB) =s1(A) + -+ s 1(A) + 51(B) + - - + sp1(B').

By the induction assumption, we can conclude that A" and B’ satisfy one of the conditions
(a) or (b). In this case, since we have a; = -+ = ag, and by = - -+ = by, A" and B’ satisfy

(b). O
In [1], it was proved that

(1, en) <w V2(|ay +iby], ..., |ay + iby]). (3.2)
It was conjectured in [1] and was proved recently in [25] that

(Jay +iby|, ..., |an + ibp|) <w V2(c1, ..., ). (3.3)

We now study the equality cases in the following theorem.

Theorem 3.3 Suppose A, B € M, are Hermitian and C = A+ iB. Then (3.2) and (3.3)
hold. For any given k € {1,...,n},

(a) Z?Zl ¢ = \/522?:1 laj +1ib;| if and only if C is unitarily similar to one of the following

forms:



(a.i) diag (v1,...,7) ®idiag (Vei1, - - -, Yor) ® 0p_op, where 2r < k and vy, ...,72- € R
satisfy |7]| = |77"+]| fOT’j - ]-7 - T
(a.ii) ( 8 cék ) @ C', where s1(C") < ¢;
(b) \/52?:1 cj = Zle la; +1b;| if and only if C' is unitarily similar to one of the following

forms:

(b.i) ¢ (D1 @ iDy & C"), where Dy and Dy are k X k diagonal orthogonal matrices and
s1(C") <1,

(b.ii) (8 %)@@(8 %”>®On_2p, where 2p < k.

Proof. (a) For any 1 < k < n, we have

Jj=1

k k k k k
Do <Y ag+ Y by =D (a5 +b;) < 30 V2a; + byl (3.4)
j=1 j=1 j=1 j=1

So, Yf_ic; = V2XF_ |a; + ibj| if and only if both of the inequalities in (3.4) become
equalities. The second inequality is an equality if and only if a; = b;, i = 1,..., k. The result
follows from Theorem 3.2.

(b) (<) By direct verification.
(=) We divide the proof into three cases.

Case 1. k = 1. Assume ¢; > 0. We have a; < ¢; and b; < ¢;. Hence |a; + ib;| < v/2¢; and
equality holds if and only if a; = by = ¢;. We now suppose that a; = by = ¢;. Let x be
a unit eigenvector of A corresponding to an eigenvalue with absolute value a;. Let V be a
unitary matrix with z as its first column. Then the (1,1) entry of V*CV is z*Ax + iz*Bux.
As |z*Az| = ¢, we deduce that *Bxz = 0 and furthermore that V*CV = (z*Ax) & C’
and V*AV = (z*Az) @ A’. Thus V*BV = (0) @ B’ and hence Bx = 0. Let y be a unit
eigenvector of B corresponding to an eigenvalue with absolute value b;. As before, we have
Ay = 0. Thus x and y are orthogonal because they are eigenvectors of A corresponding to

different eigenvalues. Let U be a unitary matrix with x and y as its first two columns. Then
U*CU = diag(+£ey, ticy) @ C”, as required.

Case 2. k =n. Let us consider (12) in [1]:
(G4, ...,ca+c])/2=<(al+b],...,a2 +12).

Since f(t) = v/t is strictly concave on [0, 00), we have

1 .
(C? + C?@—j—i—l)Q > Z |a; + ibj]
1 j=1

Sl

n n
J]=



and equality holds if and only if rearrangement of (¢ + ¢2,...,c2 4+ ¢?)/2 in nonincreasing

order gives (a? + b%,... a2 + b%). Thus, we have
S : L e 2 1
— s
1 n
< NG > (¢ + enmjp) (3.6)
j=1
= V23 g

1

J

Our assumption implies that (3.5) and (3.6) are equalities. Since va?+b> < |a| + |b|
and equality holds if and only if a or b is 0, equality in (3.6) implies that ¢; = 0 for

Jj=[n/2]+1,...,n. Hence, rearrangement of (c? +c2,...,c% +c?)/2 in nonincreasing order
is just (c2,c2,c2,c3,...), which is the same as (a? + b%,...,a% + b%). Thus,
1

ﬁcj = |agj_1 + ibyj_1| = |ag; +iby;| for j=1,...,[n/2],
and a, = b, =0 if n is odd.

Suppose ¢; > 0. Let x be a unit vector such that ||Cz|| = ¢;, where || - || is the Euclidean
norm. Since C*C'+CC* = 2(A*+ B?), we have ¢i+2*CC*x = 2(x* A%z +2* B*x) < 2(ai+b3%).
As cl/\/§ = |ay + iby|, we have C*x = 0. Let y be a unit vector such that y*Cx = ¢;. Since
x*C*y = ¢1, we also have |[C*y|| = ¢;. As above, we deduce that Cy = 0. As z and y are

eigenvectors of C*C corresponding to different eigenvalues, = and y are orthogonal. Let U
be a unitary matrix with y and z as its first and second columns, respectively. Then we have

% . 001
UCU—<O 0

repeat the same argument to conclude the result.

Case 3. 1 < k < n. An elegant proof of the weak majorization relation was given by
Zhan [25]. Our study of equality cases follows his proof given by (in brief):

There exist X,Y € M, such that C = X +Y and ¢; +--- + ¢ = 51(X) + - + 5,(X) +
ksi(Y). Let X = P+iQ and Y = E + iF be the Cartesian decompositions of X and
Y, respectively. As the Cartesian decomposition is unique, we know that A = P + E and
B=Q+ F. We have v/2(s1(X) + -+ + 5,(X)) > [51(P) +i51(Q)| + - -+ + |8, (P) + i5,(Q)|
and v/251(Y) > |s1(F) +is;(F)|, and thus

) @ C'. Tt is easy to check that C” satisfies the hypothesis and so we may

V2(er+ -t a) > Z|5J ) +is;(Q)| + klsi1(E) + is1(F)|

2_: ) +is;(Q)| + Kl sy (E) + isy (F)| (3.7)



Il
Mx

(Is;(P) +is;(Q)] + [s1(E) + is1(F)])

<.
I
—

v
M=

|(5;(P) + 51(E)) +i(s;(Q) + 51(F))]

<.
=
—

1

<
Il

From our assumption, we know that all of these inequalities are equalities. In particular,
we know that Y and X are of the forms that we deduced in cases 1 and 2. We now prove
that either X or Y is the zero matrix. Suppose Y is nonzero. If X is nonzero then P and
@ are nonzero. Equality in (3.7) implies that P and @ have rank at most k. From equality

in (3.8), we have s;(P) + s1(FE) = a;, 7 = 1,...,k. It then follows from Proposition 1.2
that s;(E) = --- = s,(F) and there exists a unitary matrix U such that U*PU = P, & P,
U*EU = E), @ E,, where P; has singular values s1(P), ..., sg(P) and F; has singular values
s1(E),...,sg(E). As P has rank at most k, P, = 0. Equality in (3.8) also implies that
s1(F) = -+ = s3(F). From v/25,(Y) = |s1(E) + is1(F)|, an argument similar to our proof
in Case 1 shows that U*FU = 0, @ F'. Then, again using equality in (3.8), we deduce that
U*QU = 0, ® Q' because @ has at most rank k. Then U*XU = U*(P, & Q')U, which implies
that X? is nonzero. However, by Case 2, X? = 0 and this gives a contradiction. Thus C' = X
or C' =Y. Suppose C = X and X has rank p. If equality holds, one easily checks that
2p < k. Suppose C' =Y. Notice that equality in (3.8) implies that s,(E) = --- = s(F) and
s1(F) =---=s,(F), even when X = 0. Applying Case 1 repeatedly gives the result. 0O

The inequalities (3.2) imply that (c?,...,c2) <, 2(a? +b%,... a2 +b?). Recently, it was
proved in [4] that the constant 2 can be removed if A and B are positive semi-definite. We
now study the equality cases.

Theorem 3.4 Suppose A and B are n X n positive semi-definite matrices and C = A+ iB.
Then

(ci,...,c2) < (a] +0b7,...,a% +b2).

For any given k € {1,...,n},

if and only if C' is unitarily similar to Cy & Cy, s(C1+CY) = 2(ay, ..., a), and s(C; —C4) =
2br,. .., by).

Proof. Since tr C*C = tr (A? + B?),



if and only if

n n

Yo s (CHC) = D (a5 + b)),

Suppose X is n x (n — k) and that its columns are orthonormal eigenvectors of C*C' corre-
sponding to the eigenvalues \;(C*C') = s,;(C*C) for j =k +1,...,n. Then

n

S 5(C°C) = tr(X*C*CX)
=kt 1
>t (X'CPXXFCX) (3.9)
> tr (X*AXX*AX) + tr (X*BXX*BX)
Fitr [(XFAX)(X*BX) — (X*BX)(X*AX)]
— tr(X*AXX*AX) + tr (X* BXX*BX)
>3 DAY+ A (BY). (3.10)

j=k+1

where inequality (3.9) follows from the fact that [ — X X* is positive definite, and inequality
(3.10) follows from the facts that \;(X*AX) > A1 ;(A) and \;(X*BX) > Ay j(B) for
j =1,...,n — k. Thus, equality holds in (3.10) if and only if X*AX and X*BX have
eigenvalues \;(A) = s;(A) and \;j(B) = s;(B) for j = k+1,...,n. If U is unitary and its last
n—k columns are the columns of X, then U*AU = A;®(X*AX) and U*BU = B®(X*BX).
Hence U*CU has the described form. 0O

Two other sets of majorization relations involving squares of singular values were obtained
in [1] (see also [15]):

(G4 ..., Arc))2=<(a+b2,... a2 +b2), (3.11)

and
(a3 +02,...,a2+b]) < (c],...,c2). (3.12)

’r n

The equality cases of (3.11) and (3.12) are more complicated as there might not be a unitary
U such that both U*AU and U*BU are direct sums when equality holds. This can be seen
from the following example.

Example 3.5 Let A = diag(1,—1), B = (_02 é), and C = A+ iB. Then for k = 1,
equality holds in (3.11) and (3.12), but C' is not normal and so it is not unitarily similar

to a direct sum. In general, if a; = --- = a,, and b; = --- = b,, all the inequalities in the
majorization (3.11) become equalities but C' does not have any special reducibility structure.

In the following theorem, we need to impose additional conditions of the form ay > axy1
and by > by, 1 in order to study the equality cases of (3.11), and of the form ¢ > ¢y in order
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to study those of (3.12). However, for (3.11), there are some cases in which we cannot impose
such conditions for the following reasons. Let (dy,...,d,) = (1/2)(cf + 2,..., 2 + c}),.
Suppose that dy = dj11. If we assume that dy + - +dy = (a? + %) +- - - + (a? + b}), then we
have dj, > ai +b;. Together with di+---+dj1 < (a7+b3)+- -+ (ai,, +b},1), we must have
ap = apyq and by = bi1. Thus we cannot assume either that ar > axy; or that by > by
if dj, = djy1. Notice that every element of the set of entries of (¢? + ¢2,...,c2 + c%)/Z has
multiplicity at least two except possibly when n is odd and the entry is c( +1y2 T c(n +1)/2-

Theorem 3.6 Suppose A, B € M,, are Hermitian and C = A+1iB. Then (3.11) and (3.12)
hold.

a) Let (dyi,...,dy,) = (1/2)(c? +¢2,...,c2 +c?),. Suppose that k € {1,...,n— 1}, di, >
1 n n 1/
dii1, ap > agy1, and by > byy1. Then

k
> (a5 +107) = Z( Gt 1) /2 (3.13)
J=1 s=1

for some integers ji,...,Jk such that 1 < j; < --- < jr < n if and only if C is
unitarily similar to Cy; @& Cy with C; € My, such that s((Cy + CY)/2) = (aq,...,ax),

s((Cy = C7)/2) = (by, ..., bg), andz 1 8;(C1Cy 4+ C1Cy) = 3F (G 4 i)

(b) Suppose that k € {1,...,n—1} and ¢t > cx41. Then

k k
> =205, + Vi)
j=1 s=1
for some integers ji,...,Jk such that 1 < j; < --- < jr < n if and only if C is

unitarily similar to Cy & Cy, Cy € My, has singular values c1, . .., cx, s((Cy +CY)/2) =
(ajv s 7a’jk)7 and 3((01 - Cf)/Q) = (bn*ijrl? s 7bn*j1+1>'

Proof. (a) (<) Direct verification.
(=) Since CC* + C*C = 2(A? + B?), by (1.3) and [24, Theorem 2], we have

k k k k
Z si(A%) +5;(B*)] > sj(A*+ B*) =) 5;(CC*+C*C) /2> > (S 45 _j.11)/2
= =1 =1 j=1

The equality (3.13) ensures that

D547+ B?) = 37 (55(4°) + 55(B%))

Jj=1

By Proposition 1.2 and the fact that A? and B? are positive semi-definite, we conclude that
there exists a unitary matrix U such that U*A2U = A; ® Ay and U*B?U = B; ® B, so that
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s(Ay) = (a?,...,a3) and s(By) = (b?,...,b3). Thus, the span of the first k& columns of U is
a direct sum of eigenspaces of A corresponding to the eigenvalues \;(A?) for j = 1,... k.
We see that U*AU = fll & 1212 is also in block form. Similarly, U*BU = Bl ® Bg. Since

k k k
> (G0 + GO/ =3 s+ B) = (6 + enn)

]:1 s=1

the matrix C| = 1211 + iél satisfies the specified condition.
(b) («) Direct verification.

(=) We have

ko

k k k
Y= (a2 +b2_; )< Z (ccx+cC)/2) <>
=1

j:l s=1 :

Since the inequalities are equalities, Proposition 1.2 ensures that there exists a unitary matrix
U such that U*C*CU = Dy @ Dy, U*CC*U = E; ® E,, and s(D;) = s(Ey) = (c},...,c2).
Thus, the matrix formed by the first k rows (respectively, columns) of U*CU has singular
values ¢; > - -+ > ¢. Thus, there exist unitary matrices V; € M; and V5 € M,,_; such that
Cy = (V4 @ Vo)U*CU has rows with ¢ norm equal to ¢; > -+ > ¢,. Note that the matrix
formed by the first & columns of C still has singular values ¢; > --- > ¢;. Thus, there
exist unitary matrices V3 € M, and V; € M,y such that Cy = (V; @ Vo)U*CU (V3 @ Vj)
has columns with /5 norm equal to ¢; > --- > ¢,. In particular, Co = DX =Y D for some
unitary matrices X and Y with D = diag (cl, ..., Cp). By considering the Euclidean norms
of the rows and columns of DX and Y D, one sees that X and Y are direct sums of square
blocks according to the multiplicities of the diagonal entries of D. One can now check that
(Vi1 ® I,_x)U*CU(V]* @ I,,—k) has the desired form. 0

We conclude this section with the following open problems.

Problem 3.7 Let a,b,c € R"™ be nonnegative vectors. Determine necessary and sufficient
conditions on these vectors for the existence of Hermitian matrices A and B, and C = A+1B
satisfying

(i) s(C)=c and s(A) = a, or
(ii) s(C)=c and s(B)=b, or
(iii) s(A) =a, s(B) =b, and s(C) = c.

We give partial results for these problems, including the 2 x 2 case, in the next section.
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4 Eigenvalues and Singular Values

In this section, we consider relations among the eigenvalues of Hermitian matrices A and B
and the singular values of the matrix C' = A + i¢B. The inequalities in the following were
proved in [8] and [22] and, following the proofs there, the equality cases can be easily verified.

Theorem 4.1 Suppose A, B € M,, are Hermitian, C = A+1iB, and 1 < j < n.

(al) If A\j(A) > 0 then X\;(A) < s;(C). Equality holds if and only if C' is unitarily similar
to [)\](A)] S¥) Cl with )\](A) Z Sj(Cl).

(ail) If Aj(A) < 0 then A\j(A) < s,—j41(C). Equality holds if and only if C is unitarily
similar to [A\;j(A)] @ Cy with [X\j(A)] > sp_j11(Ch).

(bi) If \j(B) > 0 then X\;(B) < s;(C). Equality holds if and only if C is unitarily similar

(bii) If A;(B) < 0 then \j(B) < s,—j4+1(C). Equality holds if and only if C' is unitarily
similar to [iX;(B)] @ Cy with |X\;(B)| > sp—j+1(Ch).

Problem 4.2 Let a,b,c € R", and suppose ¢ has nonnegative entries. Determine necessary
and sufficient conditions for the existence of Hermitian matrices A and B, and C = A+ 1B
satisfying

(i) s(C) =c and AN(A) =a, or
(ii)) s(C) =c and A(B) = b, or
(iii) M(A) =a, \(B) =b, and s(C) = c.

Theorem 4.1 gives the following partial answer for this problem, which is also a partial
answer to Problem 3.7.

Theorem 4.3 Suppose a,b,c € R", and suppose that ¢ has nonnegative entries.

(i) Suppose a is nonnegative. Then there exist Hermitian matrices A and B such that
C=A+iB, s(C)=c, and \(A) = a if and only if ¢, — a| is nonnegative.

(ii) Suppose b is nonnegative. Then there exist Hermitian matrices A and B such that
C=A+iB, s(C)=c, and \(B) = b if and only if ¢, — b, is nonnegative.

The general case seems much more difficult. Even for the 2 x 2 case, the answer is
non-trivial; see [15], where the solution given is not in terms of linear inequalities.
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Theorem 4.4 Let ci,co, a1, 9,01, 02 € R be such that ¢; > co > 0, || > |ag|, and
|B1] > |B2|. Then there exist Hermitian matrices A and B such that C = A+ iB € M,
s(C) = (c1,¢2), and A and B have eigenvalues oy, as and [y, Ba, respectively, if and only if

(of + 33, 05 + 1) < (cl, c3), (4.1)

and

(cre2) = ((ar0n) — (B1/32))* > max {0, (1 B2 + Oézﬁl)Q} : (4.2)

where 0 is the sign of (a1 + azf2)(a1f2 + asfr). Consequently, there exist Hermitian
matrices A and B such that C = A+ iB € M, s(C) = (c1,¢2), s(A) = (Jau],|az|), and
s(B) = (|61, 182]) if and only if (4.1) holds and (4.2) holds with § = —1.

5 Determinantal Inequalities

In this section, we study determinantal inequalities involving Hermitian matrices A and B,
and C' = A +iB. We begin with the following observation.

Proposition 5.1 Suppose A, B € M, are Hermitian matrices such that A is positive defi-
nite. Then

det(A + iB) = det(A II@+$JA*ﬂBA1”)Yﬂ.

Using this observation, Thompson [22] (see also [8]) proved the following interesting
result.

Theorem 5.2 Suppose A, B € M,, are Hermitian and C = A+ iB. Then
| det(C)|Y™ > RY™| det(A)[*™ + | det(B)[*",
where the real constant R is arbitrary when A, B, C are all singular; otherwise,

o 16
R_Hmw+f 51)

where the product extends over all nonreal roots & of the equation det(AA— B) = 0. Equality
holds in (5.1) if and only if (a) all the matrices A, B, and C' are singular, or (b) all roots of
det(AA — B) = 0 have equal modulus.

The following inequality was proved in [1]. We study the equality case.

Theorem 5.3 Suppose A, B € M,, are Hermitian and C = A+ iB. Then
’ det H + isnfjJrl(B)’. (52)

Equality holds in (5.2) if and only if
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(a) rank (A) 4+ rank (B) <n, or
(b) C is unitarily similar to diag (71, ..., V), with v; = [s;(A) + isp—j+1(B)| for all j.

Proof. We focus on the equality case. The sufficiency part is clear. Suppose equality
holds. If (a) is not true, then because

(51(A)? + s.(B)%, ..., 80(A)? + 51(B)?) < (51(C)?,. .., 5,(C)?)

and the products of the entries of the two vectors are equal, [19, Chapter 3, Proposition F.1]
ensures that the vectors have the same entries up to a permutation.

If 5;(C) are equal for all j, then C' is unitary and condition (b) holds. If not all s;(C') are
equal, let k& be the smallest integer such that s;(C') > s441(C). By Theorem 3.6 (b), we see
that C' is unitarily similar to v, U; @ Cy, where v = s1(C) and U; € M}, is unitary. One can
apply an inductive argument to Cs to conclude that C' is unitarily similar to v, U, ®- - - &7, U,
where 4 > -+ > 7, > 0 are the distinct singular values of C', and Uy, ..., U,, are unitary.
One easily checks that condition (b) holds. 0

We also have the following (see also [4, Theorem 3]).

Theorem 5.4 Let A, B € M, be positive semi-definite and C = A+1B. For1 <k <mn, we
have

ﬁ [5;(C) = 1 Is;(A) +is;(B)] (5.3)

Equality holds in (5.3) if and only if C is unitarily similar to
Cy & diag (s1(4) + isu(B), ..., 5u(4) + isu(B)).
Proof. By Theorem 3.4,

> Isi(C \>Z\sj ) +is;(B)
J=p

for p = 1,...,n. The inequality (5.3) now follows from [19, Chapter 3, Proposition E.1].
Equality holds in (5.3) if and only if s;(C) = |(s;(A) + is;(B)| for j = k,...,n. Thus C is
unitarily similar to

C @ diag (si(A) + isk(B), ..., sn(A) +is,(B)).
The converse is easy to verify. 0
Note that the inequality (5.3) need not hold if one of A or B is not positive semi-definite.
Example 5.5 Let C = A 4+ iB with

1 0 0 1
A:(O O) and B:<1 ()>'
Then s9(C) = (\/5— 1)/2 < 1 = |sy(A) 4+ isy(B)| and s,(C)so(C) =1 < /2 = |(51(A) +
is1(B))(s2(A) + is2(B))|-
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