
 

Notes on Unitary Matrices Xi Y Xi ER

1 Orthonormal pi x L to xied
Let Xi Xa Xµ E be an orthogonal
set lsoxitxj o for1EicjEk7
If we normalize it xi X then the
set is orthonormal

Xi Xj xIxj ex Xj to xj t i 021
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similar toeConjugate ranspose

transpose in real case

2 7hm

An orthonormal set of vectors is linearly
independent

Pf Suppose 0 k ii x are
then O O O EijAiAj Xy orthogonal

2 tail'xity
Also Zi tail xi i 2 lait2 0 Xi's are

normalized
p

so all Ai 0 and the set
Xi Xa Xp is linearly

independent



3 Unitary
A matrix U cMn is said to be unitary if
UHH L example

If UtMntR then U is real orthogonal

conjagate transpose similar to transpose in real
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4 Properties of unitary matrices
1 FAE 17 U is unitary w U z U 6 1

D U is nonsingular and U U t

31 UU I U U I Ut U9 1
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47 U is unitary
means 57 the columns of U form an

u orthonormal set
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go if Iti
67 the rows of U form an

if j i orthonormal set
7 for an X E E the Euclidean

length of y Ux in the same

as x y y x x

Unitary matrices preserve length



Examples
5 Unitary Vectors Preserves length

Pauli gates

symmetric1 1 1961
mommies

l ey g
merging

X 107 117 102 to

X 117 107
g length
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2 107 107
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iii Host's I list L
Hadamard gate H Il f
HII Ello 117 HII 107 117
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b What else
I f I

Rotations famous unitary matrices
YeBdmbY

V Unitary matrices preserves orthogonality
x lUxIlUyt xI IUyExIyo.Zonly rotate vector rigidly
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famous unitary matrices in QC
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circuit
representations MUI TE

we
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cost e s'm Yz

eiolg.infozjeiitidoosL9z There are

rotations
1

Next step pure linear algebra but may be useful
7 Unitary similarity

In general similarity B S AS

Bissimilart

B U AUIn unitary similarity
BU U AUu U A

In this case U A But
u A ux laijux.at urging
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