Multipartite systems

Suppose |v;) € C™, |vg) € C* are quantum state.
Then the |v) ® |vy) = |v1v9) is a composite state
(uncorrelated state) in the bipartite system.

For example, |v;) = Bj ,|ve) = {Z;], then

az|vz)

a1|112>]

[v1) @ |v2) = |v1)|v2) = [v109) = [

A state |[v) € C™ ® C" is entangled if it is not a
composite state.

The orthonormal basis {]|00),]01),[10),|11)} for
C* = C? ® C? consists of decomposable states.

The orthonormal basis
{L00) + 1)), L(100) — [11)),
L0001+ 10)), L5(lo1) — 10))}

consists of entangled states known as Bell states.

Suppose an observable corresponds to the Hermi-
tian matrix with eigenvectors |00),|01),]10), |11),
say, H = diag (3/2,1/2,—-1/2,-3/2).

Then the measurement of \%(|00) + |11)) will yield
|00) or |11) each with 50%.

In particular, the first Schrodinger cat is alive
(dead) if and only if the second one is alive (dead).

We can construct multipartite system from k
systems to get C"' @ --- @ C™ = C™ ",

For example, C?> ® C? ® C? is a 3 qubit system.
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Quantum operations on multipartite systems

We focus on qubit systems.

e Local (unitary) operations. If Uy, Uy € My are uni-
tary, then U, is unitary //

QUl ® Us)|vrwn) = |Uyoy Wava):

e General U € M, is a product of local unitary gates
U; ® Uy and controlled unitary gates of the form

IQ@VaHdV@IQ.
\/\‘W\A),)

e Proof. Let U be unitary. ~
Find P, = U;®V; so that P,U has zero (4,1) entry.

Find P, = Uy & I, so that P,P,U has zero (4,1)
and (2, 1) entry.

Find P; = U3z ® I, so that the first column of
P3P2P1U is (1,0,0,0)t. Then P2P1 = [].] @D B.

Find P, = I, &V, such that P P3P, P,U has zero
(3,2) entry.

FindP5:U5®[2 such that P5P1U:IQ@‘/6
If Po=1L,® V), then U= P} ---P].

e We can represent the operations on a circuit dia-
grams, and implement the operations using a quan-
tum computers.

See [Nakahara and Ohmi, Chapter 4].

e We only need to check the actions of the
quantum operations on measurable states, say,

1000), |001), ..., |111).

e The standard gates and basic gates might vary from
different quantum computer.

e We are working on a research project requiring a
decomposition of a unitary U € Mg into simple
unitary gates.



Mixed states and density matrices

A system is in a mixed state if there is a probability p;
that the system is in state |z;) fori=1,..., N.

If N =1, then the system is in pure state.

Consider an observable corresponds to the Hermitian ma-
trix A.

e The mean value of the quantum system with quan-
tum state |x) is given by (A) = (z|A|z).

e The mean value of the quantum system with a
mixed state > N pslz;) is given by

{ Zp] (xj|Alx;) = tr Am
=

Where /
N
\/

p= qg

is a density operator (matrix).

Description of quantum systems in mixed states.

A1 A physical state is specified by a density matrix
p : H — H, which is positive semidefinite with
trace equal to one.

A2’ The mean value of an observable associate with the
Hermitian matrix A is (A) = tr (pA).

A3’ The temporal evolution of the density matrix is
given by the Liouville-von Neumann equation

d
thop=[H,p] = Hp - pH,

where H is the system Hamiltonian.
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Multipartitle systems
o Let py € M,,,, p2 € M,, be mixed states. Then

! p1& p2F My, @& My, = My,

is a composite (uncorrelated) state in the bipartite
system.

e General states p in M,,, ® M,,, are density matrices
in My, n,.

e Let p be a density matrix in the bipartite system
M,, ® M,,. It is separable if it is a probabilistic
(convex) combination of composite state, i.e.,

= ZT) A LT

with quantum states o; € M,,,, 7; € M,,.

e Otherwise, it is entangled. Q\V:%

e Note that p is always a linear combination of
composite states.

e Checking whether a state is separable is an NP-
hard problem.

e A common test is to use the partial transposes
defined by

(P ® pa)P't = pf @ pa, (01 ® pa)?* = p1 @ ph.

o If p is separable, then the partial transposes are
also quantum states, i.e., positive semi-definite.

e If p is a state such that pP"! is positive semidefinite,
we say that p is a ppt (positive partial trace) state.

e One can extend the concepts to multipartite sys-
tems.



Partial traces

e If p is quantum state in the bipartite system M,,, ®
M, , the partial traces of p are defined by

— ~ *
tr (101):02 =p2 € Mn27 e\ﬂw,‘b}\%

e One may regard p; lies in the principal system, and
p2 is the environment.

e There are many problems concerning partial traces.

* Given quantum states p; € M,,, po € M,

determine

S(p1,p2) = {p € Dnyny : tri(p) = pa, tra(p) = p1}.

* Find a quantum state in S(p1, pa) with lowest

rank.

* Find a quantum state in S(py, p2) with the

lowest von Neumann entropy

S(p) = —trplogp.

* Find all possible eigenvalues of p € S(p1, p2).

e One can extend the concepts to multipartite sys-
tems.



Research questions about quantum states
Quantum State tomography
Determine p = (p;;).

e For a Hermitian matrix A = (a;;), we can deter-
mine tr (a;;) X for X € B, where

B={E,:1<r<n}U{Es+FE,:1<r<s<n}
U{i(Ers — Eg) 1 1 <71 <s<n}.
Then A = (a;;) is completely determined.

e If we know that tr A = 1, we may skip the checking

of tr AE,,,.
X1
o lf p=1(pyj) =1+ |(Z1,...,%,) is a pure state,
Tn
we only need to get information for pyo, ..., p1,. If

x1 > 0, then we can solve x; in the equation
n
r]+ Z |p1;/1]* = 1.
j=2

Thus, one only need to check tr pX for
X = E1j+Ej1, X :i(Elj _Ej1)7 ] = 2,...,’)1.

e Can we write a computer program to do that?
e Can we set up physical experiments to to that?

e Consider the Pauli matrices: oy = I,

(01 (0 —i /1 0
2=\10)% i 0) %" \o -1/

For an n-qubit states in Msn, the test set can be

{Tl - Tn : 7} S {007Ux70y70z}}~

e Suppose S C M, is a special set of quantum states.
Can we find a small test set S of observable to
determine whether p € § or not?

e For example, determine all p with specific norm,
eigenvalues, specific the Renyi entropy
H, = 1= log tr p* for o € (0,1) U (1, 00).
For o = 2, we get Hy(p) = —tr log p?.
When a — 1, we get the
von Neumann entropy H(p) = —tr(plogp).



Multipartite states Q A

Determine multipartite states with special properties.
2 S
o Let py € M,,, p2 € M,,. Determine the set o

3(,01,/)2) =
—

e One may consider the special case when py = I,
—— .

e Determine all possible norms, eigenvalues, Renyi
entropy of p € S(p1, p2). ~
Use projection methods to find the elements)(‘kg

e Extend the problems to multipatite systems

e For example, determine the set of state oo o (5)

/
0060
o 0

PEMm@Mm@Mm !

with specific/r1(p) :ﬁg € M,, ® M,,,

and

e If the set is non- empty, determine all possi le
norms, eigenvalues, Renyi entr, of p € S(p1, p2). SD v




Projection methods and gradient met,

ﬁ\x N
1\ ¢
e [t is difficult to construct mutlipartite stdtes with

tems. For example, construct p € M,,, ® M,,, ® M
with prescribed pi2 and pog.

S1=Xp ¢ Diyrons 2t1"3(p) =p [~
Sy = @ Dayngns * t01(p) = pas}. \_~" _( @ S)‘ —
e We know that set
S(p1,p)={p € Dy = tr1(p) M s 24 1y

1S non-empty. One may detg min(p € S(p1, p2)
with the maximum / mininyiim entropy H (p), say,
using gradient method, i.e

==






