Gram-Schmidt orthonormalization process

v \N
Let {|z1),...,|xm)} be linearly independent. C
We can use the following Gram-Schmidt process to construct an or-

thonormal set {|e1),...,|en)} such that

span{{ge) Tz} =span{|ey), - lea)},

forall ¢ =1,... m.

Set |ex) = |z1)/llz1)]]-
For k > 1, set |fi) /||| fi)|l, where

|fr) = |2x) —arler) — -+ — a1 lex—1)
with a; = (e;|zy).
We can further extend the set to an o.n. basis
Let {|y1), ..., |yn)} € C™ be a basis.

Find linearly independent columns of the matrix
[lex) -~ lem)lya) - - yn)]

including the first m columns.
Then apply Gram-Schmidt process.

Example Apply Gram-Schmidt to {|x1), |zq)} with

1 -1
jz) = | 1] Jz2) =] 1
i 0

Then extend the resulting set to an orthnormal basis.
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Basics of Matrices

e Mixed quant re represented by|density matricesi ie.,

positive semi=defiite matrices with trace

o | Observable

l abl Mconespond t{ Herm1t1an§
matrices.
° WOrresponds t(Zﬁltary matrices. /

e So, we need basic knowledge of matrices (relevant to quantum

mechanics).__ S —
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Let M ——bethe set (vector space/algebra) of m x n complex ma- M 2—[ 3
S—

trices. If m = n, we let M,, = M,,, . <
QV] ﬁ, L 4', }
e The set M,, ,, is a vector space under addition and scalar multi- A}
plication. 2| Q LL A 2

S—
e We can multiply A = al] @and B = (bys\€ M, x)such
that C = AB = (¢p) € M, 1, Wi

e If A has rows (4],...,(A;,| and B has columns |By), - -
then

(A|B

AB = [AIB) - AlB) = |
— (@%B) J

yh NX
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Block matrix multiplication.

o If A= (A;),B = (B,s) such that A, By, is defined. That is, the

number of columns of A,, equals the number of rows of By,. \/)

e If D =diag(dy,...,d,), A has columns |z1),...,|z,), and B has

rows (Y1), ..., (Yn|, then _
di (1| A ™ ,Y’>' ' (X"‘]

J h
{w Y '\<
"a
e lfAcM,,,BeM,;,D=D; @0,y then

0 )< '3 \
ADB=A 0 0 B = A1 DBy, *\?
‘ ORI
where A; is formed by the firs{ ¢ columns of A and Bj is

by the first ¢ rows of B.
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Eigenvalues and eigenvectors ,
i A lx j‘— ATNS
o Let @We would like to find nonzeri "™ such that

Alx) = A|x) A
Then A is an eigenvalue associated with the eigenvector |z). 8
e Jfone can find n linearly independent set {|z1), ..., |z,)} of eigen- ]

vectors, therwe-camrtet=S—T1 = - |,)] such that

o b Rals C
= [)\1|;L»1> ...

o
with D = diag (A, ..., A\n). So,[S‘lAS =D. \ ‘ )\A A = g\|> S~ ‘

-4
e To compute the eigenvalues and eigenvectors of A € M,,, one

AnlTn)] =

solves the characteristic equation detmm
polynomial equation. 45

e For eve{ t satisfying det(t/ —A) \O We S solve for nonzero vectors )

|z) such that Alz) = t|lo)—_

—=
o Important facts: trA ZF

e _/——__—
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N\
Special classes of matrices W} —_ \
e A € M, is Hermitian if }4 :_M - \\
~  —3 =

.  ’. \l_ i ,v-_'_n W nonnegative. ‘eig;lgues.) /—\
LT o P Y N (Ml “) Ay - [P
AL S | ~
(D‘}X <X’A x) 2 O (<bm\

R ’,‘o
O (a4 féﬁ?ﬁ(iﬂ&?rl
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Spectral decomposition of a normal matrix

Theorem A matrix A € M,, is normal if and only if there is a unitary
U = [Ju1) - - |un)] and unitary D = diag (A, ..., A,) such that

A=UDU" = \jlu;)(uy.

That is A has an orthonormal set of eigenvectors {|u1), ..., |u,)} for

the eigenvalues )\1, ...y Ap so that

. /AHul fun)] = {lua) - Iun>]D}

Corollary Let A € M,,. \ Z O \
e Then A is Hermitian if and only if A is normal with feal eigen- , '

values. NN 9 /\
e Then A is unitary if and only if A is normal with eigenvalues on r l

mitian) with nonnegative eigenvalues.

% \/%\U u oé»\

~ \f\/-\ -
.

e Then A is positive semidefinite if and only if A is no\mal (Her- C \

—
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Spectral theorem of normal matrices

2
Theorem Suppose A € M,, is normal in the foﬁ7 4 - a
el 4 (m SIS\ [P, 2| [

AEUDUT > Nl ().
VY EENER Y S~
N 2
' é v :
“ .
If Ais invertible and & is a positive integer, then A=F = 37" | X7 ) (uy). 2 ~h
If A has positive eigenvalues, then A" =377 | A7|u;) (u. = /\ | \_ )

If k is a positive integer, the

If f is an analytic function, then f(A) = ZJ 1f( i) (u;

For exampl . 5 @ —+ 7} z_\] \—=

. .
IftH=H _y hjlu;) (u | with real elgenvalues hi,...,h,, then W 1> < Mé\ — | '/\\> <Ml
)

[Efhe) s O

is unitary.
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Pauli matrices:

(01 (0 =i /1 0
92=\1 0) @ \i o) =7 \o -1/

Remark If A € M, is Hermitian, then
A = (co, ¢z, ¢y, ¢y) - (00,0, 0y, 0,) = Cola + .04 + €40, + ;0

with ¢y, ¢z, ¢y, c. € R.

Example In quantum computing, we often use ¢4, where for a real

unit vector n = (n,,ny, n,) and o = (04, 0y, 0)

n Ng — 1N
A —n-og= (nx’ny’nz) . (Ux70y70z) — (n _|_Z2n .t_n y) y
T Yy z

which has eigenvalues 1, —1 and with eigenprojections

1 [ 1+4+n, ny—in,
P1_5(1+A)_ (nm—i-z'ny 1—nz)

and

1 B 1—n, —ng+in,
P2_§<]_A)_<—nx—iny 1+ n, )

Hence, iaA = iaP, — iaP> and

e = P + e P, = cosal + isinaA.
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Singular value decomposition V] Y 74\

eorem Let mn Of rank k. There is an orthonormal set A’ D)Q> = /\‘ \K >
C} f -

{]v1), ch that

A v |
A|v] = s;|u;) forjzl,...,k,j (:\\/{\
' g
where s; > - Z sk >0, {Ju1), - |uk}/s an orthom (Cm. y

Equivalently, there are unitary U € M,,, and V' € M,, so that

S

o R
L8k ;4 Vi - .[/\/\< v ,.§
V\j/‘\[ &w

Consequently, A = Z?Zl s fu;) (vg], Whe‘I_‘ﬁ s? > .-+ > s} are the positive
eigenvalues of ATA and AAT.

—

iths; >--->s, >0. - SVM)> Sk]"lt1>()

et. Suppose the first k

Then the columns o6 i
columns of AV are nonzero. Then k < m. Let |u;) be the ith column _ ( <
- l
of AV divided by s;, and let U € M,y wi ,/‘u> \ ‘Ak) 1/\( \
to |u1),...,|ux). Then Ut

20



1
Example Let A = 0]. Then ATA = (g 3)
1

1
0
1
4 0
— 1 T _
ItV \/5( > thenVAAV—(O 0).

2 0 2 0
So, =0 O0Jand AV=1[0 0
00 2 0

0 1
V2 0 | toget UTAV = X.
0 —

1

_ 1
We maytakeU—T§ ()
i
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Tensor products

Let A = (A;;) and B be two rectangular matrices. Then their tensor
This is very important in quantum mechanics.
If p1, po are quantum states of two quantum systems, then( P1 X pa is\
their product state in the bipartite (combined) system.
—
—
1
— |

\

product (Kronecker product) is the matrix

22



Theorem For matrices A, B,C, D of appropriate sizes, the following
properties hold:

A® B)t = AT BT,
———/

Proof. (1) Let A € My, BE M, 5, C € M,,,, and D € M. If
AC = (yys), then

(A® B)(C ® D)
— (3., 8(BD) = (AC) @ (BD).
(2) AR (B + C) = (A (B+C))
= (AyB) + (4;C) =A® B+ A®C.
(3) Let s = A, Then

(A® B)T = (147lJ'B>Jr = ('VTSBT) = Ate Bl

(4) Note that (A '@ B HY(A®B)=1®1. O
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Corollary For any matrices A, B, if

ﬁzﬁ;_ 1, R2Bsz =Ts,

then R1 X R2 ® BJ Sl SQ Tl & TQ.
e—

Applications.

/7

o Let AcM,,,BeM,. If

where Dy, Dy are diagonal matrices, then

7

@ D17@2D27

AN DY N

A51®Sg A®B (S1® Ss) iD1®DQE \

15 a diagonal matriz.

S |yo=miy >

5 Gup) ol

W may assume that Sy, S be umtary
*If Al = filui) for 1 <i<m, and Blv;) = v,|lv;) 1 <j <n,

then

(A @ B)(Juivy))

where |Gu;) =

g
e If A, B are rectangular patrices with singular decomposition
A=Y, a(lumﬁ |; and B =3, % /

= pivjlugv;),

then
A® B = a;b; uExi}@D /7M h/\/

1s the singular value decomposition
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