
Math 410 Quantum Computing C.K. Li Notes on Chapter 7

§7.1 Search for a single file

Let f : Sn → {0, 1} be defined by

f(x) =

{
1 if x = z,

0, if x ̸= z.

Step 1 Define the reflection Rf such that Rf = I − 2|z⟩⟨z|. We have

Rff =
∑
x

f(x)Rf |x⟩ =
∑
x

(−1)f(x)|x⟩.

Here, we simply have (I − 2|z⟩⟨z|)(
∑N

j=1 f(x)|x⟩ = ...).



Step 2 Construct

D = 2|φ0⟩⟨φ0| − IN = Wn(2|0⟩⟨0| − IN )Wn = 2JN/N − IN ,

where JN is the matrix with all entries equal to 1.

If |w⟩ =

 w0
...

wN−1

, then

D|w⟩ = (2JN/N − I)|w⟩ = 2ŵ

1
...
1

−

 w0
...

wN−1


with ŵ = (

∑
j wj)/N .



Step 3 Construct Uf = DRf its action on |φ0⟩ =
∑

x |x⟩. Then

|φk⟩ = Uk
f |φ0⟩ = ak|z⟩+ bk

∑
x ̸=z

|x⟩

such that a0 = b0 = 1/
√
N . For k ≥ 1 we have(

ak
bk

)
=

1

N

(
N − 2 2(N − 1)
−2 N − 2

)(
ak−1

bk−1

)
.

Remark Note that

Uf |φk−1⟩ = (2JN/N − I)(I − 2|z⟩⟨z|)|φk−1⟩

= (2JN/N − I)(bk−1, . . . , bk−1,−ak−1, bk−1, . . . , bk−1)
t

= (bk, . . . , bk, ak, bk, . . . , bk)
t.

Let ck =
√
N − 1bk. If (a0, c0) = (1,

√
N − 1)/

√
N = (sin θ, cos θ), then(

ak
ck

)
=

(
cos 2θ sin 2θ
− sin 2θ cos 2θ

)(
ak−1

ck−1

)
=

(
sin[(2k + 1)θ]
cos[(2k + 1)θ]

)
.



Step 4 Maximize P 2
z,k = a2k by putting (2k + 1)θ ≈ π/2. For large N we

have m = ⌊π/4θ⌋ so that m = O(
√
N).



§7.2 Search for d files

Let A ⊆ Sn have d elements, and f : Sn → {0, 1} be defined by

f(x) =

{
1 if x ∈ A,

0, if x /∈ A.

Step 1 Define the reflection Rf such that

Rf = I − 2
∑
z∈A

|z⟩⟨z|.

Then for |φ⟩ =
∑N−1

x=0 wx|x⟩, Rf (φ) =
∑

x/∈Awx|x⟩ −
∑

z∈Awz|z ∈ A⟩.

Step 2 Construct D = −I + 2|φ0⟩⟨|φ0| with |φ0⟩ =
∑N

x=0 |x⟩/
√
N .



Step 3 Construct Uf = DRf and its action on

|φ⟩ =
∑

xwx|x⟩ with
∑

x |wx|2 = 1.

Then Uk
f |φ0⟩ = ak

∑
z∈A |z⟩ + bk

∑
x/∈A |x⟩ such that a0 = b0 = 1/

√
N and

for k ≥ 1 we have(
ak
bk

)
=

1

N

(
N − 2d 2(N − d)
−2d N − 2d

)(
ak−1

bk−1

)
so that(

ak
bk

)
=

(
(sin[(2k + 1)θ])/

√
d

(cos[(2k + 1)θ])/
√
N − d

)
with

(
sin θ
cos θ

)
=

( √
d/N√

1− d/N

)
.




