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(1) (20 points, 5 points ench) Answer the following short questions.
(a) Let P(r):z > 0; Q(z) : 22 > L. Determine with explanation the truth set

T={z&R: “P(z) = Q(z)" is true).
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{c) Prove or disprove the following: There exists an integer x so that z2 = 2 (mod 3).
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(d) Consider the bijections f; = ( 13 g 1) and f; = (2 11 4). Compute f) o f5, and f; !
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{2) (10 points) (a) Use the Euclidean Algorithm to find d = ged(22,121).

{b) Show that there are infinitely many pairs of integers (x,y) satisfying d = 22z + 121y.
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(3) (10 points) Prove that if a is an odd integer and 7t = (¢ + 4)% + (¢ + 2)* + a2 + 1, then 12]n.
(Hint: Show that both 3 and 4 are factors of (a +4)% + (@ +2)? + a2 + 1}
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{4) (10 points) Prove that 32 — 2" is divisible by 7 for any nonnegative integer n.
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(5) (10 points) Let n € N. Show that /7 € Q if and only if n = m? for some m € N.
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(6) (10 points) Define f : Zyg — Zyy by Ff([z]) = [5z]. Prove that f is a well-defined function and is
injective,
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(7) (10 points) Define a relation on R by (e2,b) € Rif e — b is an integer, -{:—(2 | hj{)c,ﬁ \A-£
(a) Prove that R is an equivalence relation.

{b) Describe the elements in the equivalence class [r] for every r € [0,1). (Try [0],{1/2],[1/4], ete.)
(c) Show that Ureo,ny[r] = R.
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[You may construet a bijection, or construct two injections using Schroder-Berstein Themim.] W%&f
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