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Chapter 11 Number Theory
We practice proof techniques using number theory problems. i
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A goal: Prove the Fundamental Theorem of Arithmetic. =
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11.1 Divisibility __‘L:E'”‘M f’""“‘“’
Definition A positive integer p > 2 is a prime if 1 and p are the only positiver integer factor (lelSOI‘ of p. s
A positive integer n > 2 is a fomposxte numl_SSr if it is not a prlme ) ‘1, n=a b} 4, b ELZY 1<a, A<

Lemma A positive integer n > 2 is composite if and only if n = ab with a,b € N such that 1 < a < n and
l<b<n.

Theorem Let a, b, ¢ be integers such that a 5 0. L
(1) If a|b, then albe.  (2) If ab and blc, then alc.  (3) If alb and alc, then a|(b+ c). \

Suppose b is also nonzero.

{a) If a|b and b|a, then a = b or @ = —b. {b) If alb, then |a| < {b).
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11.2 Division Algorithm /
; 2

Theorem Suppose}a, be N.)Then there are unique integers a and r such that b = ag +r with 0 < r < a.
Proof. Consider § = {4~ az:2 € Z,b~az > 0}. Then ....

Corollary (General form of the Division Algorithm) Suppose a,b € Z and a # 0. Then there exist

unique integers q and r such\that b = ag +r with 0 < r < |a|. j
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Partition of integers in remainder classes g - %/
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Definition/notation Let n > 2 be a positive integers.

Z, = {[0],1),...,[n—1}} _
b=aq+r

with (k] = {nz + k : £ € Z} is a partition of Z. We say that
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11.3 Greatest common divisors

Definition Suppose a,b € Z are not both zero. Then their greatest common divisor is the largest common

divisor of a and b. T —TZN?— ‘}""'ﬂf?ﬁ":r €AV ‘*"‘""d“:_”bd
Theorem Let a,b € Z are not both zero. Then the following condition are equivalent. ﬂ 4, A v

(1) d is the greatest common divisor of a and b. m o)

(2) d is the smallest element in the set

s )
< gt: fax+by:z,y € Z,ax + by € N}. / d'-. 5CBl(G‘,")

(3) d is a common divisor of a and b, and c¢|d for any common divisor ¢ of a and b.




11.4 Euclidean Algorithm

Lemma Let a,b € N. If b = aq + r with 0 < r < q, then ged{a, b) = ged(r, a).

Consequently, there are positive integers vy > ro > 73+ > 7,1 such that

ged{a,b) = ged(ry,a) = ged(ry,72) = -+ = ged(0, 7 1) = 7r1.

Example: ged(374, 946} =
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