9. (Extra 6 points) Let f : A — B be a function, and let f(X) = {f(z):ze X} forany X C A.
Suppose A;, A; C A.

(a) Prove that flAinAl)C FlAD) N F{A).
(b) Prove that if f is injective, then f(A;) M f(A2) C f(A; N Ag).
(c) Give an example showing that f(4,) N f(A2) € f(A) N Ag) if f is not injective.

Relevant definitions and terminology 70 c AxXB
¢ A relation f: A = B is a well-defined function if for every a € A there is a unique b € B
such that (a, 6) € J, and we write b = [ (a 4
wrie? = T, f-" A
e Let f: A — B be a function. ﬂ

e The function f is injective if for any a,b € A such that ¢ £ b, it follows that f(a) # f bLn [ (1’7’ﬂ heA, ‘”*ﬁ') \,
B. The function is not injective Wl that a # b, but f{a) = f(b) in B. 4 Fl&)*'fz( 5))
- A
¢ The function f is surjective if for every b € B there is a € A such that f(a) = b. The function )
is not surjective if there is b € B such that f(a) # b for any ac: —
o The function f is bijective if f is injective and surjective.
¢ For any functlon RC AxB, R ={(ba): (a,b) € R}. If f : A — is a bijective functmn

then f~! = {(b,a) : (a,b) € f} is a function (bijection) and we write b~1(b) = a. \'jg
® Suppose X € A. Then f(X) = {f(z):z€ X} C B. ng‘_%

¢ Suppose g : B — C is a function. ThEIZ go - A = C is the composite function such that
go f(a) = g(f(a)).
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Math 214 Foundations of Mathematics Homework 8 Your name

Five points for each problem unless specified otherwise.

1. Determine the largest sets A, B C R such that f : 4 — B defined by f(z) = vV3z—1isa
function. Determine whether the resulting function is injective.

| N

@ 2. Consider h : Zy5 — Z24 by h([a]) = [3a] for each a € Z. =
- o _ M
&2 (2) Prove that & is a function. ‘N@'ﬂ =(e) -

B tm 2,6
m €é,q (b) Is h injective? surjective? bijective? h{f1 )= (37 g
[Note: In (a), one has to show that if{[a] = (8] in Zyg} then f([a]) = f([b]) in Zy4.
e — R T —

3. Let f: Rx R — R x R where, for (a,b) € R xR, f(a,b) = (2a + 7,3b—3). Prove that f is
a bijective function and find f~1.

Chatia

=
S xX=Y

[Note: To prove f is well-defined, one has to show that every (z,y) € RxR, flz,9) = (u,v) is
an element in RxR. To prove that f is surjective, one has to show that for every (u,v) € RxR
there is (z,y)} € R x R such that f(z,y) = (u,v). In such a way, [~ 1(u,v) = (z,7).]

. . _[n/2 if n is even,
4, Dehnef.N—)Zbyf(n)—{(l_n)/2 i 1 is odd.
Show that f is a well-defined bijection.

[Note: To show that [ is well-defined, one has to show that for every n € N f(n) € Z. You
may need to consider two cases: n is even, n is odd. To prove that [ is injective, one has to
show that f(n;) = f(n2) then n; = n2. You may need to consider four cases: n, is even or
odd, ny is even or odd. To prove that f is surjective, one has to show that for every z € Z,
one can find n € N such that f(n) = z. You need to consider two cases: z > 0 and z < 0.

5. Suppose 4 is a non-empty set. Determine the functions f: A — A that are also equivalence
relatlions.

[Hint: Try the cases when A = {1,2} and 4 = {1,2,3}, and determine the general result.]
G. Let A, B and C be nonempty sets and let f,g and & be functions such that f : 4 = B,g:
B — C and h: B -+ C. For each of the following,prove or disprove:
(a)ifgof="hof, theng=h.
(b) if f is surjective and gyo f = Lo f, then g = h.
[Hing: For {a), consider f : {a} — {a,b}, and g: {a,b} = {a,b}.]
7. For nonempty sets A, B,C, let f: A = B and g: B — C be functions.
(a) Prove that if g o f is injective, then f is injective.
(b} Disprove that if g o f is injective, then g is injective.
8. For nonempty sets A and B and functions f : A — B and g: B = A suppose that go f = i,4,
the identity function on A.
(a) (4 points) Show that f is injective and g is surjective.
(b) (2 points) Show that f is not necessarily surjective.

)
(c) (2 points) Show that g is not necessarily injective.



