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Math 214 QUIZ5  Your name:

1. Let Q be the set of rational numbers. Construct with proof a bijection from Q to Q — {0}.
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2. Let N be the set of natural nutnbers. Construct with prool & bijection from A Lo N, where

A={2:ieN}U{3:je N}
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Remark Let A, B be sets. Exactly one of the following holds. |A| = |B|, |A! < | B, |4] > |B.
The Schrider-Bernstein Theorem Let A, B be sets. If |A] £ |B] and |B| < |A|, then |Af = |B|.

We use the following the lemma proved in your homework.

Lemma (Divide and Conquer) If f; : A, = B, and fa : Ay = By ure bijective (injective, surjective)

fl(:z:) ifz €4,
fo(z) ifz € Ao,

and Ay NAy =@= 5By By, then f: Ay U 43 = By U By defined by f(x) = { is bijective

(injective, surjective).
Next, we prove the following.

Theorem 10.19 Suppose A and B are non-empty sets such that § C A If there is an injection from

f: A= B, then there i |ect10n from 4 to B. R ,g,, 4
Pmnf Il A= B, then ; T 0.

Iffis bl_]ccuve, then we are done. So we assume that B ~ f{A) #_‘
Consid ———

E——
Then B' C f(A)

Moreover, for any z € A— B, f(z) € B’, f*(z) € B, f*(z) € I, etc.
Then hy : {A = BYu B' = B’ defined by h{z) = f(r) is bijective,
and the identity map on D = B — B’ is bijective.

So, h: A = B defined by

hiz) = f(z) ifc € (A-B)UD,

h{z) = = otherwise

is a bijection.

Proof of Schréder-Bernstein Theorem

Assume that f: A = B and ¢: B — A are injections.
Then g(B) € A and go f(A) = C C A, where go f is injective. So, there is a bijection from A to C.
Now, g=! : g{B) = B is a bijection. Su, g o i1 A = B is a bijection. O



