Questions 1:

Qubits are represented by 2x2 density matrices, i.e., positive semi-definite matrices with diagonal entries added up to 1. Let A_1, A_2, A_3 and B_1, B_2, B_3, be 2x2 density matrices. 

· Determine when will there be a linear map T(A_i) = B_i for i = 1, 2,3.

Solution:
First to show the set H containing 2x2 Hermitian matrices are real linear space but not complex linear space.

Let A and B be 
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 respectively where ai and bi are real numbers and ci is complex number for i = 1 or 2. 

Clearly, A and B are Hermitian matrices.
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where 
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 is real number.
The remaining axioms of real linear space are easier to prove for 2x2 Hermitian matrices set H.

However, not all linear mapping from 2x2 Hermitian matrices set H to itself is possible.
Consider a 2x2 Hermitian matrix A1 = 
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, there is no linear mapping from A1 to 
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The proof is as follows:

Suppose the linear mapping L from H to H exits such that L(A1) = I.

Then L can be represented as a 2-by-2 matrix, i.e. 
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L has to satisfy the condition: 
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 which is impossible.
Contradiction exists.

Hence, no linear mapping exits such that L(A1) = I.

i.e. not all linear mapping from 2x2 Hermitian matrices set H to itself is possible.
Questions 2:

Qubits are represented by 2x2 density matrices, i.e., positive semi-definite matrices with diagonal entries added up to 1. Let A_1, A_2, A_3 and B_1, B_2, B_3, be 2x2 density matrices. 

· Determine when will the map T satisfy the extra condition that the 4x4 matrix with T(E_{ij}) as the (i,j) block for (i,j) = (1,1), (1,2), (2,1), (2,2), and E_{ij} is the 2x2 matrix with 1 at the (i,j) position, and 0 elsewhere.
On the other words, determine whether the linear mapping 
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 under what conditions where 
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Solution:
For all 2-by-2 matrices, they can be represented as the linear combination of 
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 is the basis of 2-by-2 matrices.
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If we know 
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, with the properties of linear mapping, we can know all mapping under the linear transformation.
The matrix representation of any linear mapping T from vector space V to W can be written as 
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 are the basis of V and W respectively.
I am going to verify whether the linear mapping can be written as 
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Claim: “Not all linear mapping can be written as 
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Consider a identical linear mapping T from vector space H to itself which map a element in H into the same element, say T(x) = x. 
By 
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Suppose the linear mapping can be written as 
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Then 
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Contradiction exists.

Hence, not all linear mapping can be written as 
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Claim: “There exist a linear mapping which can be written as 
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Let 
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Consider a linear mapping such that 
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By equating both sides, we have
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For any linear mapping satisfy the condition (*), it can be written as 
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Namely, the condition (*) includes the constriction that 
1. 
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2. 
[image: image33.wmf])

(

)

(

1

,

2

2

,

1

E

T

and

E

T

are the transpose of each other, i.e. 
[image: image34.wmf](

)

T

E

T

E

T

)

(

)

(

1

,

2

2

,

1

=


For example, take 
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 and a1= 1 , d4 = 2.
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