Let M2x2 be the set containing all 2x2 matrices.
H2x2 be the set containing all 2x2 Hermitian matrices.
D2x2 be the set containing all 2x2 Hermitian density matrices.

i.e.
H2x2 =
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M2x2 is clearly a real (complex) linear vector space with dimension 4.

Claim:
H2x2 is a real linear vector space.

Proof:
For all 
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For all 
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Hence, H2x2 is a real linear vector space.

Claim:
dim H2x2 = 4

Proof:

For all 
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where 
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 EMBED Equation.3  [image: image13.wmf]ï

ï

î

ï

ï

í

ì

=

=

=

=

Û

0

0

0

0

d

c

b

a


Hence, 
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 are linearly independent.

i.e. dim H2x2 = 4.

Questions: Consider x, y ( D2x2 ( H2x2, is there a linear mapping L : H2x2 ( H2x2 such that L(x) = y?
Solution:
D2x2 is not a linear vector space since 
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Since D2x2 ( H2x2 which is a linear vector space, for any non-zero x, y ( D2x2, a linear mapping L : H2x2 ( H2x2 such that L(x) = y must exist.
Let B = 
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 which is a(basis of H2x2, i.e. B spans H2x2.

Let 
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 respectively in vector representation of H2x2.
Let
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Let the linear mapping L can be written as a 4x4 square matrix T such that Tx = y.

Case 1:

Take 
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i.e. 
[image: image26.wmf]÷

÷

ø

ö

ç

ç

è

æ

-

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

-

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

1

0

0

1

1

0

0

0

and

0

0

0

0

0

0

,

0

0

0

0

0

1

1

0

,

1

0

0

1

0

0

0

1

L

i

i

L

L

L


Let 
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 which is not non-negative matrix.
Case 2:

The linear mapping L : H2x2 ( H2x2 such that L(x) = y is not unique.
Take 
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i.e. 
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Let 
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 which is non negative matrix.
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