Chapter 15 Ring Homomorphisms

Definitions Let R;, B3 be rings. A function ¢ : R; —+ Rj is a ring homomorphism if ¢(a + b) = v __;

@{a) + ¢(b) and ¢(ab) = ¢(a)@(b) for all a,b € Ry. If in addition that ¢ is bijective, then ¢ is a ring — :J-\\
isomorphism.
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Theorem 15.1-2 let ¢ : R} ~ R be a ring homomo rhism. i-’ ol EI} v
v v | .
(1) For any r € R and positive ﬁteger n, ¢(n’;§ = ng(r) andf_@_r"} . 1 e, ¢ (nr) =ngfn n ¢r)
= absr  holdo pr v
() It A is a subrmg of R;, then ¢(A) is a subring of Rs.

n
(3) If A is an ideal of Ry, then ¢(4) is an ideal of q‘:(Rl) wﬁjﬂﬂ’ !
(4) If B is a subring/ideal of Rg, then ¢~1(B) is a subring/ 1dea1 of Ry. In pa.rtmular, Ker(¢) is
an 1deal
| amdeal.
(5) If A is a commutative subring of R, then ¢(A) is commutative. v’
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{(6) If Ry has a unity, then ¢(1) is a unity of ¢(R;).
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(7) The map ¢ is injective if and only if Ker(¢) = {0},



Theorem 15.3 Let ¢ : Ry —}‘@7/‘% a ring homomorphism. Then z + Ker(¢) — é(z) is an
isomorphism from RUKW(RI)_ e
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Theorem 15.4 Every ideal A of a ring R is the kernel of the ring homomorphism ¢ : ﬁu—) R/A
defined by ¢(a) = a + A. - =
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Chapter 16 Polynomial Rings Wtegval domauy

Notation|Let R be a commutative ring. The rmg of polynomials over R in the indeterminate z is
the set P - =
lR[:z:]—{ao+---+anm :n €N, ag,..., an € R}. l

We can consider equality, addition, multiplication and degree of a polynomial f(x) € R[:r:]

Theorem 16.1 If D is an integral domain, then D[z| is an integral domain. 9’!’1 7 C \
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Theorem 16.2 If F is a field, an {f(;c @ € E‘ fz] w1th@£z_ # hen there exist unique
polynomials g(z), r(x) such that f(z)= g(z)g(z) + r(.'n) with deg(r(:c)) < deg(i(a,f))_.
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Theorem If F is a finite field, E’hen the nonzero elements in F is a ¢yclic group under multiplication. H':

e — —— /

—

. . \ i : b
Q’Lf/ ’ ) o /f”*ff“’/}”(l 1o !; /.sz/{ CFO

zn@_5@zm' l’/\aaﬁit@m)w

I b | g’mj~mxnﬁami
M@_}T%?_Qim_ P _ Savg [bD

% /P[/ = Pe Ay CLW}'W“){ lyn,m.ba ' | $ /ﬁéb@h’g

oxfr 2R

W (L, 1) has ovdlor | atA 2R

LexX# i 2€Kt0

P‘rt o rr’C M . {i\@}zﬁﬁl}_

(,(/ 1) 1l he .a%bma:’rw G‘b@ ll_‘ A W K

/mé@ﬂ%— —_ |'| Z [}y

A 56t s «f) Pe 40 hi) chstmet v LﬁM}gr dixu;;>
thew  ito—wm— 4= 4 . (et
v m= Ao P bl </{’" "}:%gafﬁea,g
jowwr ‘fw By = ¢ 3 »'
UQ(A) 0 FaeF



Corollary Let F be a field, f(z) € F[z], a € F. Then the following holds. Z 2

(8) f(z) = (z - a)g(z) + f(a), i.e. f( ) is the remamd_e_r_h X 5’\'( X) o
(b) (:r: a)isa factor of f(z) if and only 11' fla)=0. — iML_
(c) If t?eg(f (-T) jlthen f (:l: has a.t most 1 zeros, counting multlphmtle;-, r L-F{o:)
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