=z X1 b3 L o= '>1
2%y 4y = b>
I.1 A close look at Az =1b
JEEN > 3 X\ -
s Linear equations, elementary row operations, solution sets. . ( 3 4 ){,,} =
Recall. Let A € M, ,,(F), b€ F*, Az =b. — 13 :}
Find E, - Ey[A]8] = [A[5] in row cchelon form, B, -+ Ey[A|l] = (In]A~Y]. X, 3:.}-\-}(1 3\ '-
MmkA ) 3 %

s Matrices, cglumn space, row space, null space, ranks. 8 v-2eM [ ek . ___________
Recall. Let A € My, »(F), and E.--- E1A = [fi in echelon form. m oW 2¢che _C*V‘ _ijIM ?;
R T 7

Then we can find the bascs for column space, row space, and null space, and the rank of A,

A ENmn, padl 3pA <2 n =
Interpretation of Az = b. " N('ﬁ) = $ XEF’ : X . i

Example Let A = [AAa) € Myo,z = (z1,22)7,0 & FS.

Then Ax = b means b = 14 + zaAs. 3
R = [uv °’1’
All combination of Ay, Ay form the column space. A \ U o Cr= qﬂ
oY

The equation Ax = b is solvable means that b is in the column space.

‘_—__—________—-‘
In general, if A € My, the column space can be of dimensions 0,1, 2, 3. -
— T >9‘[1*" ey
All these comments hold for the general case: Az = b. V4
v Aa
For example, if A =[A,] --|An] € My, (F) and Az =be F™ then b= 2141 +--- + Tadn. - Gonse .
If Az = 0 € F™ has non-trivial solution then {A;,..., A,} is linearly independent, i.c., there is }ﬂ] ( { :Lt-__\
T1,...,%n not all zero such that 2,4, + -+ A, = 0. ¥ :
mi
The null space of A € My, ,, is the set/subspace {z € F" : Az = 0}. ﬂ X =
: -rL;bm.__,,..- A= 23
Theorem fank -+ null space dimension ;” ~ < 2
/\ L | CL_ povede T
i oy “qult (8)
/ AEMm 0 E:vﬁw(jw ZAT-3 = e C)

/ Proposition If A € My, , has runk r, then A = CR, where C € M’m ~ with md(.p(.ndt_nt columns / o
forming a basis for the column space, and R € M, , has independent rows forming a basis for the
row space. So, the row rank and columnn rank of A are the same.

e %

T — fn fat dY:,\l
A - fr ' .
INL Pon (Rt
Remark The result is useful for low rank factorization.
There will be better factorization, namely, the singular value decomposition. MMI( JI'H) S

3 Pk (A =

(<)Y fy=0, yA=Y

i 1l (3TN = nn -r



R R-;ﬁf/\
B(;FQ‘ o 127\ = (T [o1> )
012 I
(U;z] 'l .
1o !
s, ﬂtz [FtE
Kk
‘_ G (e [T
TR R~ AP
A (sl -8, = (48] -~ 19Bp ]

Ex&wrﬂ;- (_‘ ] o 2y [loz'} - (012
_ ( [loz {aaj"\ l



1.2 Matrix Multiplication

® Note that A € M, , is rank one if and only if 4 = uvT for some nonzero vector u € F" v € F"

[ —

e ——

e In general if A € My, hus columns )

..Uy and B € My, has rows b}",...,bT, ie., A =
o A 1 |+_ ‘7'|'_‘———-—--—---—‘—‘-‘--—‘—'_""".;I
[ty un), B =[-8 n], then AB=u1v{ o Uy
One can check the (i, j) entry of C = AB and " yuiv]
— e

I| e Furthermore, if D = cllag (di,....dyn), then ADBFI= dlu]vl + -+ dnum
|
-._t_—._—-—

[ ] [-lac:j] . |n\ C‘ ;I;"u,,](d \[VT }

> 4. v
¢ 2/(1 15 o = [ ] dz\f:
Lk 1,20 4 .
;"; YRy GL‘; ){’3/@ & A/\--.\ din Vi
o‘}/r = f?nn +f?0 ad ) =u.de,+u,{5 v« +u,,d.4v,.
e e R . ] - dlu'l/}
Proposition If A € M,, , has rows z],...,2T and B € Mn,p has columns y,,. .., n, then +
xT B ) '
AB:’IAyll"'JAyulz g i
T B e
ST

T
d WUnVn
Consequently, if B1 Bs e Mif Pthen A(B + Bg) = AB] + ABg

e

SITERTS I SR
H(B\‘rBQ“-‘ A - - 1v,,+w,@gffm+ﬁw,| | AvatAm; )

= [hu)- - LWl okl (AW )
= F\B.—{-HBO_ -
mXP Py o0

Proposition. Suppose Ae ft!m mBE J\In v C € My, Show that (AB)C' = A Bcr\/ %

£ Cas | B=xy T xe g™

’(x i = (4~ ‘8)’)
(AR)C= (Rxg)C :( [xg\xf'm“

- (s 1BNC =figp-ige  F 2 G
" ek es KA )t
o) T S ye - [ )




Case 1. Suppose B = xy? with x = (z1,...,z.)4 ¥7 = (v1,. .. ' Up )
Let Ax = (&1,...,35)7 and 37 = y7C = (4, ... +¥y). Then

(AB)C = (Azy")C = (Alxysl--- |xyp])C = [(Ax): Jll Ax)Jp]C'—(AX)yT)C

e - - T
1y Ily i
;,'i;myT Ty TC Emy
——
Similarly, \\

:!.‘1)?" ]
A(BC) = A(xy"C) = A [ - ] = (4. [(Ax)ig] = 37
Iny

e e ——

Case 2. If B = 377_, %;y7, then /F_;—_[;—’ -+ Br)\) f ﬁ R, « - —:%BB;/E};C 3 (ﬂ B)C

(A(Zx,-,y, (2 AlxyDC)= Z A((xgy;")m— Zx,y;;.’c A(BO).
i=t |I =y . ':{-)(Rlc)-'l- - 'Q(QI’(

' e o
=P{RC )
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Matrix factorization. Pf

f“;; =LU, [A=QR, A=RDR'S A=QAQTif Aissymmetricc A=UZVT.

1. LU factorization for invertible A € Af,,.

Akl PK=ba o B

To solve Az = b for many different. vectors b € F™. ,

&/ Write A = LU where L is lower triangular, and U as upper trmnguléirk e P

e T i
Thenqolve/lla:—LU:r—bb;,rsolvmgLy—band Uz =y. ( r‘{w 'r,) ( ‘ng :)

Al

v d
How to writc LU = A7 We will sce this in Section 1.4 s s

f =
One can do an exchange of rows by a permutation matrix P to ge?‘lPA LU fif A is invertible. (
o

Question What if A is not invertible or A is not a square mat{x?

QR Decomposﬁ.mn for A € M, with m > n.
__._,.____—-'

Recall the inner product on F" defined by {z,y) = 3z = 23‘1:1 2;¥%4, and the inner product

( ]L;:Eﬂ norm [z = (z, z)!/2. > U _rasd

B_—f’” Dy< b};{]?&‘f))) LA *Luq & }auzo{ de

We are interested in orthonormal set/basis {v;, ..., v} such that V*V = I,, if Vo= v} |ua),

Copl” A complix

solve Az = b wnth b in the column space of b, we can solve Rr = Q".Tl"ﬁQ

Le., (vi,v;) =

3. A=RDR ' = EJ i J:r::,_,rJ “.here has columns zy,...,T, and R~! has rows y{,...,y1.

Then 4% = 0 Abzo. b= (RI[F AR

4
"r&?
\Ef-.r If f = H* is Hermitian, then H = QAQ* = EF A UJUJ with Ap,..., A, € R so that

HE = Y Afvjv;.
4. A=USV*. Then A= 5_, sjuv.

T SlpanA

—

5w e
A ‘U-C‘“C@H“’"‘
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