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Matrix factorization. Pf Vol
'_Iq: LU, |!' A=QR, A=RDR'S A=@QAQT if Ais symmetric, A=UZVT,

: 1. LU factorization for invertible A € Af,,. —
L/ - = 2 g 9x=’>ﬂ'-

To solve Ax = b for many different vectors b € F™. lﬂﬁ“’ EL , H f

l
1.0 . . . ST P
e Write A = LU where L is lower triangular, and U as upper triangular,. = —_—
) o At s e S
~— U\ Then solve Az = LUz = b by solving Ly = b and Uz = 3. ‘( l T Ay |
— 7 — e d éq a3
J,:'\ How to write LU = A? We will sce this in Section 1.4 , T— - 3 ﬁ
! ! i J
l 2 I One can do an exchange of rows by a permutation matrix P to gei’PA LU fif A is invertible, ( A \‘
ALY

Question f’\f hat if 4 is not invertible or A is not a square matr{x?

QR Decomposition for A € M, , with m > n.
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" & nt R /2,\ . ) . n _ .
Recall the inner product on F" defined by {(z,y) = y*z = erl 7;7;, and the inner product

We are interested in orthonormal set/basis {vy,...,v,} such that V*V = I if V [o1] - - Ji],

ie., (v,v;) = 6. T GJm R
e X
@_ &"' L@ m =bh w1t.h b in the column space of #, we can solve iz = Q‘ﬂ’ﬁQQ pﬁl

m 4

m;ﬁ“ﬁ /3 A=RDR' =37 Nyl where R has columns Zy,..., oy and R7! hﬂS TOWS i ,- .-, U -
| oS ey pr SHES

K Then A% = 37, Ajz;y] . (_ R ] [o “An

If I = H* is lermitian, then H = QAQ* = IA vju; with Ar,..., A, € R so that

4. A=UZV*. Then A =37, sju;v].
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L.3 The Four Fundamental Subspaces /
Let A € My, ,,. We have B
he column space C(4) in ]F"j contains all combination of eolumns of A4,
the null space N(A) contains x in F" such that Az = 0.

the row space C(AT) contains all combination of columns of AT,
the left null space N(AT) contains y in F™ such that ATy =0.

=

Proposition Let 4 € M,,,. Then C(4) and C(AT) have the same dimension 7; N(A) has
dimension n — r, N(AT) has dimension m - r.
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1. rank(AB) < min rauk( ) rank (B)}. -
mx n

2. rank (&-{- B} < rank (A) + rank (B). @

- b
3. rank (A*A) =(1:?mkm(’j4cl*) = rank (A) = rank (4"). A [l’:“\:b“uﬁ“ "l7rn%r-
4. ran;lz (ng);:" ifrrzanvl,{ (’X)”:-mnk (B)=r. - brh - L' h-x
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1.4 LU factorization
Recall that we want to write A = LU for an invertible A € Af,,.

We can use elementary operations E; - -- Ey[A|l,] = [U|R), R=E,...Ey.
Then RA=U so that R= L' = E;’!... B,

A better way: A — ujv] = [0] @ A; if we let u; = (a11y. .oy 2u1) 7 /ay and o7 = (ay3,...,a10).

Example
L2 ; ‘X -
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Remark We can apply the procedure as long as the (1,1) entry of A is nonzero in each step.
Else, one can apply a permutation P to A so that PA = LU.
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