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MATH309: Intermediate Lincar Algebra 3|
mmn x| Homework 1
1-4, X = /4?, & IR’_;. ’ / E{Q
2. 21 =0, fzﬂ For }zl -x(:, it's obv;::us that Az; = 0. ¥
Assume A = [u]- < |un),z=| : [,y=|: |. Since 4= Ay, uiz14 + +UnTn = w1+ - -+Flply.

Ty Un
So ui(zy — 1)+ + un(zn — yn) = 0, which thtans A(z —y) = Azp = 0.
6. Since these are corners of parallelograms, the sum of two corners must be equal to the
sum of the other two. So the three possible corners are: z; = (1,1) + (4,2) - (1,3) = L(d,B}',

I = (lsl) - (4:2)+ (1!3) = ("'2$2)1 I3 = ""(1u 1) + (4,2) + (1$3) = (:1&

9. Since the column space is all : has to be 3. So the rank shoyld be < 3, but there has to
be 3 linearly independent columns to span the whole Ry, so 7 = Ii} id n 2> 3.
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10. Cy = {3|,Ca= |4 5]. )
2 7 8
11. ) )
13 -2 1
A=139 —-ﬁ] = [3 [1 3 —2] = C\R,.
2 6 -4 |2 -
123 1 2 10 -1 . f,-/'
Ag=14 5 6|=1|4 5 [0 1 2] = CoRp.
|7 819 |7 8!
14. A counterexample ‘would prove the first two.
1 2 3 14
Let A= |2 and B = |4 6 B8 |. They have the same column space, but the row spzy‘r&
3 6 9 12

different. Also, they have diffcrent basic columns, However, their ranks must be the same because
if they are npt, it's impossible fo] A and B to have the same column space.
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ecall that we want to write 4 = LU {4r an invertible A € M,,. How to do it?

U factorization

y E N 1] /9]

 Use clementary operations by subtracting multiple of upper rows from lower rows to get an

upper triangular matrix E,..--EyA =U.
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e Let R=E,--- E\. Then R is lower triangular, and A = R™'U so that L = B! EL.
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¢ A better way: 4 — ulvl = [0] & A, if we let{ul (@115--.,an1)T fay; and wh&)__j
——

¢ Then usc induction on 4; to get A =37 ujo]. %1 T /5
2310
Example 3 ? |
St % T
J

1:}40 J “9 @
) ‘x 134‘?

3¢

R B

- Remark We can apply the procedure as long as the (1,1) entry of Ay is nonzero in each step.

Else, one can apply a permutation P toAsothat PA=LU.

Just choose P so that the leading k x k submatrix is invertible for each k= 1,...,n.
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Gram-Schmidt process and QR factorization

» Let {uy,...,ux} € R" be a linearly independent set. We can an orthonormal set {v,..., v}
by the Gram-Schinidt process as follows.

Let 1y = uy. If vy,...,v¢ are constructed and ¢ < k, set

Degr = ey — 1wy — ---apve)  and vy = Pppt /)| Do | E
with a; = (v, ue41) for j=1,.
/\
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¢ Orthogonal subspaces. For example, row space and null space are orthogonal subspaces. __ ¢

» As o result, we can construct an orthonormal basis for a subspace.
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e Also, we have the QR factorization.
ol = - = R /NIZ%

for an upper triangular matrix R € M.
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