1.7 Symmetric matrices, Hermitian matrices, positive definite matrices

Theorem (a) Every real symmetric matrix A can be written as QDQ7 for a real diagonal matrix
D =diag (M,..., Ax) and an orthogonal matrix Q.

(b) Every complex Hermitian matrix A can be written as UDU" for a real diagonal matrix
D = diag{\,..., A} und a unitary matrix U.

Proof. If A € Mz(R) be symmetric, let v €= [v1,v2]T € R? be such that v"v = 1 and

vT Av = Ay = max{aTAr : z € R®, 2Tz = 1}.

Then ¢ = (:; —01211) is orthogonal, and we claim that QT AQ = diag (A}, A2). If not, assume
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QMAQ = (b c)' Then

F(0) = [cos 8,sin 8]Q7 AQ[cos 8, sin 8]T = cos® #A; + cos §sin 8b + sin? dc,

and f'(0) = 2b # 0. So, we can find 8 near 0 such that 7 Au > A; with v = Q[cos#,sin6]7, which
is a coniradiction.

Now, for A € M,(R). Let v € R" be a unit vector such that
vTAv=A; = max{zT Az : r e R", 27z = 1}.

Suppose Q is an orthogonal matrix such that QTAQ = A,. Then 4, = [\]® 43 ....

For a Hermitian matrix A € M,(C), if v € C" and = v* AV, then i = (v Av)* = v*'A*v =
v*Av = p. So, p is real and we can consider a unit vector v € C" such that

v Av = Ay = max{u" Av:u € C* w'u =1}

In practice, we can do the proof and diagonalization as follows. Iirst, we can treat a real
symmetric matrix as a complex Hermitian matrix A. Then there is a possible complex eigenvalue
A and & unit cigenvector 2. We have Az = Az and thus z* Az = 2*Az = A. Now, ) = »z*A71)* =
s A*zx* Ar = A. So, A is real.

Then we compute an eigenvalue A and an unit eigenvector z, which is real in the real cuse,
so that Az = Az, and let U; be a unitary matrix (an orthogonal matrix in the real case) with z
as the first column. Then U AU, | column equal to [A,O,...,O]T. But Ul AU, is also
Hermitian (real symmetric). So{ Ut AU1 = [A] @ Ay) where A is also Hermitina (real symmetric).
By induction, UT AUz = Da, a real diagonal matrix. Thus, U = Uy([1] @ Ug) is unitary and

U*AU = D.
Uﬁﬂul = [7“
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Applications

1. Maximum and minimum of real valued function f(z) = f{z1,...,%a)-
Then f(z| +t1,...,Zn +ta) 0

=mm-ﬂw+Udﬂ-,hﬁDh, )T+ (& J{%m LT 400,

where E f)
Tp(@) = (s o) = (F42) -
Thus, f(z) is minimum if fz,(z) =0forall j=1,...,n, and Jy(z) is positive semi-definite.
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2. Major and minor axes of elliptical disk/ellipsoid. T-)(K’:,) P -9‘15

Suppose the ellipse equation 1 = 522 + 8xy + 5y° is written as 1 = (z,y)A(x, y)T with A =

r —
(Z g) Then A is positive definite, and A = QDQ" with D = diag(9,1) and @ = % (} 11).

Then the ellipse equation becomes 1 = 9X* + Y2 with X = (z + $V2 and Y = (—-z +3)/V2
Geometrically, we apply a rotation of —7/4, we get a vertical ellipse.
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1.8 Singular value decomposition, polar decomposition. t
Theorem Let A € My,,. There exists unitary w_& and V € M,, ;. such that U .?/ =1 =
A\

-

V*'V and £ = diag (s1,...,s;) with 51 > -+ > s > 0 such that

*
mh in » - = + v
v A = Sy * Sichie Y
A ASUSV =, j T— % wmo
F-":‘: w ull.plt O‘Slc
Proof. If V¥ = diag (s, ...,52), then AV has orthogonal columns of lengths sq,... ,s,,.y“ U\'1r
So, there is a unifary U such that AV = UZ, where T = diag (s1,..., 1), O V\é’
Definition The valiies 51 & --- Zsk are known as the (nonzero) singular values of A. The \4@ w

produce UZV* is called the singular decomposition of A.
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Note that AA* and 4*A have elgenvalues s? 2 -+ 2 s} and zoeros.
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Also, the Wielandt matrix § = |-“ ,,] has eigenvalues s1,..., 8%, —5k,..., 51 and zeros. o 3 312'
— L 7] 1" -

Theorem Let A € M,. Then A = UP = QV for some unitary U,V and positive semidefinite
P, Q with eigenvalues sy > -+ > s,,.

Example
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