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Applications of SVD
Transforming a circle to a ellipse Every A : R? — R? will transform the unit circle to an
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ellipse.
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Finding the maximum of || Az|| among all unit vectors z. _ Use Hhio s T ol o CtﬂMP“’u

In the Hermitian/symunetric cusc\ .
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Variation principle Finding max || Az||/||z|| t'ubject to v} lEvhere v} is a unit eigenvector ey

ei‘genva.lue 5t of A*A TS ] ‘E & D
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Approximation of a matrix A = Z:;;Jujv; by A= z;=l)ujv;. (9\} S, 52 )

£ Ff et
Application in function spaces We can find a basis of differentiable periodic functions on [0,24] . «4th

consisting of {coskt: k=0,1,2,} U{sinkt : k =1,2,...}. The inner product to two functions f,{v 5-"1':_‘(;;
equals fu? I f(t)g(t)dt. [Then we can approximate f(t) by Z;'V:n(“j cos 7t -+ bg sin jt). .
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Finite difference In the study of the discrete form of a derivative, we cousirﬂar f(z) = f(z - Ax).

1 -1
with DT = ( 1 -1 ) . In computation, it is useful iinportant
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find DD and DY D; see p.66 T
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1.8 Singular value decomposition, polar decomposition. = S" u' \ \Sk
Theorem Let A € M, . There exists unitary U € My, x and V € M, i each with orthonormal

columns such that U*U = [, = V*V and Y =diag(s1,...,8) with 5; > - > s¢ > 0 such that = - %\'0]
o R = e it [

A=ULv* = Zsju, <t
| (] + !
J_.l U Sl( Gh‘\
Proof. 1 V*A*AV = diag(s,...,s2), then the ﬁm of V are ortllggonal columns

of lengths sy,...,s; correspondmg to-tlie nonzero eigenvalues 53,.. ,sf So, there is a unitary
Ue M, such that AV = UD where D e Minn with (3,7) entry equal to sjfor j=1,...,k, and

all other entries zero. So, A = UDV* = E_’; 1 8545V}, where uq,...,u are the first k columns of

) N
U and vy,..., v are the first k /téi')hgnns ofX "5‘"_" o ’ V ‘* sAnxn w_.;mw/ a

] Nﬁ&?i - U (=Yo7
Definition The values 5; > - .- > s are kndwn 13 ie (nonzero) singular values of A. The produce
UZV* is called the singular decomposition of A. M w M-"fmg .

Note that AA* and A*A have eigenvalues s2 > ... > sy and zoeros.

Also, the Wielandt matrix § = [ 0, 3] has eigenvalues sy,..., sy, —5,..., —s; and zeros.

U

Theorem Let A € M, Thené‘l =P=0Q ’)for some _unitary U, V' and positiv

P, Q with cigenvalues 5, > ... > g,. V" /sz% (x| . Z €. @ Z = l"?:\ 'Q-.,
— I_—_A* — ’ "g;/

?ﬂ%: Azx&/Sf/\”:‘ = (v V)ll/ ="z
nxXn niwv \_
','.>

[ucly Y
: X PSD Alo ,. 7 MEM,\M

Example If 4 is rank one, then
=T U UV

| = QA

Let A = (j 9) Then ATA = (gg gg) has eigenvalues 45,5 and eigenvectors (1,1)T and
Jd

(1,—-1)T. So, AV = Udiag (45,5) with u; = v45(1,3)7 /10 and up = (-3, 1)7/V10.

The polar decompasition is: : T ) Q vT ) Q/[ \/T) VFL_(:]\)
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