Dual LP

Consider the following primal LP:

maxZ = (¢y,...,0n) - (21,0 0,05)  subject to Ax < (bl....,bm)"', Elye.. iy =0,

where @ = (r,...,2,)7 and A = (ai;) is m x n.

Then the dual LP is defined as

min W = (by,...,b.) - (1,... v Ym)

subject to ATy > (c1y..nren)t
l " — T
where ¥ = (y1,...,ym)?.

s Mlyeesdim 20,

——

Example (Dckota problem, p. 296) Primal problem

max Z = 60z, + 30x2 + 202y

subject to: 811+ Gxo+ x5 <48

4z + 219 4+ 1.523 < 20
221 + 1.52a + 0524 < 8

), Te,x3 > 0.

(Lumber constraint)
(Finishing constraint)
(Capentry constriant)

Dual problem.

min W = 48y, -+ 20y, + By

subject to: B + dys + 23 = 60

Gy1 + 2y2 + 1.5y3 > 30
n + 1.5y2 + 0.5y > 20
Y1, 42,93 = 0.

A A DD
min W = 50y, + 20y + 30wy + 80y4

Example (Diet problem)

(Calorie constraint)
(Chocolate constraint)
(Sugar constraint)

{(Fat constraint)

subject to: X\ 400y, + 200y + 15033 -+ 5004, > /ﬁ'ﬂﬂ
¥, dnt+ 2y 26

¥ 2n+ 2+ A+ dp 210

Yoo 2+ dya+ m+ Sy =8

Yy, y3, 1 2 0.

!
400z + 3z + 2x3 + 2x4 <[5 '
200z + 2z + 2zq+ Az, < 20
150, +dag + ay <30
500 + g + 5iry < 80
1, w9, 43,04 > Q.

Remark An interpretation of the dual problem.

The Primal problem:

max Z

subject to:



Finding the dual LP not in standard primal form
Example

max Z =2z, + &

subject to ~ED S

First sct (uy = '1:3' — x, jwith :r:;' T3 = 0, and convert the problem to

max Z = 2z, +lgt —:Dz
subject to x + 32'2': -3 <2

—&1 =2y +ay < -2
~2z) 25 — 15 <3
) —@;i@S 1
:Bj,x;f,:;;:gﬂ.

The dual LP becomes
min W = 2y] — 24 + 3y + 1y
subject to W= -2ty >2
m-viHye -y >1
ﬁm+@km+m2—l
o
Yo y2,v3 2 0.

We set i1 = ) — y{ and get

The dual LP hecomes:
min W = 2y + 3y + 3
subject to nt2ypm+ys =2
nty-—yp21
—“N Yty 2=

Y12 — s
Y1 \rs, i




General rules Consider

max Z = ¢ - x subject to Az = b, Az < by, Az > by. with sign restriction on_the-enfries_of .

The dual becomes: min W -y such th

If ith constraint is < type y; > 0.
If ith constraint is > type y; < Q.

If x; is unrestricted in sign, then the jth constraint is an equation.

TS

If 23 2 0, then then the jth constraint is of the > type. K
If iy <0, then then the jth constraint is of the < type. _ j’) D}
W
Remark In fact, the dual of max Z is always converted to min W, and a min l'lzsproblem is alw e
converted to a max Z problem. *_...D/)
S L€
Example 1 Primal LP v U
X Z =) + diro + 3y Y. uwres
suhject to 2z 4+ dory — by <2 IR

3r; —wo+ Gy > 1
T+ Tat+ry=41
120, 290 <0, xy urs.
Duel LP
min W = 2y + yo + 4y
subject to 2+ 3+ =1
-ty <d
=0y +6y2+y3 =3
n =20, y2<0, y3 urs,

Example 2 Primal LP
minZ = 2y + o9 — ay
subject to ry+rp—xy=1
T -zt x32>2
Ta+ 23 <3
r >0, 23 <0, x4 urs.
Duel LP
max W =y + 2y + 3y
subject to Y1+ Yo <2
Jn—ptmzl
ity tya=-1
s, y2 >0, yy <0,

Remark The dual of the dual of an LP is the original problem.



