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A special case - Matching problem. Try to match n boys by, ..., b, withn girls g1, . .., gn with
¢i,j = 1 if b; know g;. Set a source vertex so and a sink vertex si such that capacity constraint

from so to b; equals 1, and the capacity constraint from g; to si equals 1, fori=1,...,n.
Example
Lumpatibifiies for Metcking
M Land Moyl Katharioa Linca Victoria |
Medormn  Simep  Bephwn  Evia  Privoigal,
Kovin Costner — C — i —
Burl Reynelds C -— — —
Tom Seffack c C — — —
Michael Jackson Cc C — — C
om Cruise —_ — C C C
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Hall’s Theorem There is a complete matching if and only if every group of k boys know at least
k girls for k = 1,...,n.g-—({) Pt ek el )

Theorem Given a capacitated network with source vertex so and sink vertex si. Then there is a
flow with value z¢ if and only if

Z Cij ~ Z Cij = Lo.
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Remark We can always set up the maximum flow problemn as a transportation probleny:

/nme:wu J}

subject to: Y, fi; — 2 S5k =0, j=1,...,n

IE Jsoi = x0, 5 Y- fiwi = To, 1 0 < fij < g

Ford-Fulkerson Algorithm

Consider a capacitated network with source vertex so and sink vertex si. Partition V = 5U S
with g0 € §,si € 5. Define the cut associated with (§,5) as K(S,5) = E(i.j)Ein %Cij. Then
maximuim flow in the network equals the minimum cut.

-+

1. Set initial flow to be 0.

2, Find a chain from so to s consisting of non-saturated forward arcs c;;— fi; > 0, and backward
arcs with non-zero flows f;,; increase the flow by the minimum of the values c;; — fi; and frs.

This can be done by labeling the vertices starting from so; after adding a new round of newly
labeled vertices, move on to the next round by labeling those vertices connected with those
labeled in the last round by forward non-saturated forward arcs or and backward arcs with
positive flow until we reach si, or find it impossible.

3. If no such chain exists, then we have an optimal flow. (Letting S be the vertices reachable
from so with a positive chain. Then K(S, S} is a minimum cut.)

Example

FIGURE 7

Solulion The appropriate ‘network is given in Figure 7. llcre the capacity of arc (7, /) is the maxi-
mum number of daily flights between city i and city J. The optimal solution to this mox-
imum fNow problem isz = %p = 3, x5 = 3, %5, = L, ¥sn0. = 2, %0 = |, Spep = 2.
Thus, Fly-by-Night can send three flights daily conneeting Juncau and Dallas, One flight
connects  via  Juncau-Seattle-L.A.<Dullas, and two flights connect via
Juncau-Seattle- Denver-Dallas,



Additional Examples and Algorithms
Example 1. Shortest Path

0. [0*,3,7,4,00,00]
1. [07,3%7,4, 00,00
vd
2. [07,3" 547, 60,
ot
3. [0',3',@,4'!50 1)

4. .[07,3%,5* A"\7*,11)

5' “‘0’:’ 3&1 5;:2-’ 7‘, 10:]‘]

Example 2. A maximal flow problem




