Math 323 Operations Research Notes on Chapter 9 C.K. Li

§9.1 Integer programming
e AnlIP in whicll_@ variables are required to be intepers\is called g pure integer programming

problem. .

PRy

e Au IP in which ouly Sdine of the variables }}refe:—pflired to be iuteg(ﬁs called lmixed integer

Z:pirogrmnming‘pi'ﬁblﬁm‘.‘] S
* An integer programming problem in which all the variables must equal 0 or 1 is galled a 0-1 I
‘ IP. —
e (The LP obtained by omitting aﬁlw 0-1 constraints on variables is called the LP
relaxation of the IP. -

e the LP relaxation is a less constrained, or more relaxed, version of the IP.

e This means that the feasible region for any IP must be contained in the feasible region for
the corresponding LP relaxation.

¢ So, Lhe optlimal value for the LP relaxation is betier than that of the ariginal problem.
X3

Example Consider the following simple IP: sl
max Z = 21z + 117, Mo ® = point in feasible region
subjecct to 7x1 + dre <13 e
25 =
1, e = 01y, w0 integer
208
From Figure 1, we see that the feasible region for E‘fL'
1.5 :_'_ .'.'_ Tx; + d1p = 13
this problem consists of the following set of points Lol '_ui,
T
S = {(0,0),(0,1},(0,2),(0,3), (1,0),(1, 1)}. iy 4
((0.0,(0,1), 0,2),(0,3), 1,0), (1, 1} .
Feasible Region for i

Simple IP ()

® One may solve the LP relaxation, and check all the integer points to determine the optimal.

In our exawmple, we find the optimal solution is Z = 33 with (zy,z2) #(0,3).

However, it is not practical as there may be billions of integer points in the feasible regions.

Another simple idea is to solve the LP relaxation; then round off the variables to the nearest

integer for each variable.

For our problem, the LP relaxation has optifglaL%oluti011: (1, x2) = (13/7,0){ Rounding this

solution up yields the solution {7}, 72s) :‘:{-g,_g},./which is infeasible. Rounding the solution
down yields the solution (i, x2) _._M_ vhich is not optimal.

We need new techniques.



§9.2 Formulations

Example 1 Stockee consider 4 investments:

Investment | Net present value (NPV) | Cash outflow
1 16000 5000
2 22000 7000
3 12000 4000
4 8000 3000

Now, $14000 is available, How to invest?

Formulation. max Z = 16z, + 22x9 + 1223 + 81,
subject to 5y + Tzo + dxq + 334 < 14.
Set w;=1or0fori=1,23,4.

Exmple 2 Modily the Stockco formulation to account for each of the following requirements:
1. Stockco can invest in at most two investments.
2. If Stockco invests in investment 2, they must also invest in investment 1.

3. If Stockeo invests in investment 2, they cannot invest in investment 4.

Modification
1. Simply add the constraint oy + zs + 23+ 24 = 2.
2. We add the constraint zo <2 or x9 -z <0.

3. We add the constraint x5 + 1, < 1.



Example 3 Fixed charge IP. Gandhi Cloth Company is capable of manufacturing three types
of clothing: shirts, shorts, and pants.

¢ The manufacture of each type of clothing requires that Gandhi have the appropriate type of
machinery available.

® The machinery needed to manufacture each type of clothing must be rented at the following rates:
shirt machinery, $200 per week; shorts machinery, $150 per week; pants machinery, $100 per week.

® The manufacture of each type of clothing also requires the amounts of cloth and labor shown in
Table 2.

» Each week, 150 hours of labor and 160 sq yd of cloth are available.

o The variable unit cost and selling price for each type of clothing are shown in Table 3.

TABLE 2 TABLE 3

Resource Remuirements for Gandli Revanuy and Gast bnformsation for Gasdhi

e {Hours) {Squste Yards) T Piee(§) Gest (4]

Shirt 3 4 Shirt —_ 5 = b
Shorts 2 3 Shorts 4 = ‘-‘t-
Pants i} 4 Pants 15 3

Formulate an IP whose solution will maximize Gandhis weckly profits.

Formulation Let 1,22, z3 be the number of shirts, shorts, and pants, produced each/week;
{I if any shitts are manufactured :
o
! 0 otherwise

_ |V if any shorts are manufoctured
Sl {0 otherwisc

_ [V if any pants are manufactured

i {0 otherwise

In short. if x, > 0. then y, = 1, and if x,_=-0, theny; = 0. Thus. Gandhi’s weekly profits =
(weekly sules revenue) — (weekly able.costs) — {weekly costs of renting machinery).

We can then formulate the'problém as: id {.‘h
max = ={8x; + 4y + Ty }- 200y, — 150vy — 100_@
s.t. 36, + 2xy + Gxz =150
4x, + 3xa + dx; = 160
x, = M
X2 = My,
X3 = AMav,
Xy, X2, x3 = 0; x4, x3, xy integer

v, v2. v = 0or |l

The optlimal solution to the Gandhi problem is z = $75, o3 = 25,53 = 1. Thus, Gandhi should
produce 25 pants each week.



Example 4 The Lockbox problem J. C. Nickles receives credit card payments from four regions
of the country (West, Midwest, East, and South).
The average daily value of payments mailed by customers from each region is as follows:

the West, $70,000; the Midwest, $50,000; the East, $60,000; the South, $40,000.
Nickles must decide where customers should mail their payments.
Beeause Nickles can earn 20% annual interest by investing these revenues, it would like to receive
payments as quickly as possible.

Nickles is considering setting up operations I':lB I;ﬁ:il o My Ihmillnﬁlhmlﬁm
m Maikg o
to process payments (often referred to as . - Es e e -
lockboxcs) in four different citics: b Hﬂ I‘ﬁ)lﬂ
Los Angeles, Chicago, New York, and Atlanta., _fm f—lllﬁﬂL__ _ e [ols)
: Repion | West 2 6 l_.__—t—.!

The average number of days (from time paymenf*-—mt-g-:-g-garﬂga-———-——s—h-— 3 5 P
is sent) until a check clears and Nickles can Region 3 East 8 5 2 5

Region 4 South i 5 5 2

deposit the money depends on the city to which

the payment is mailed, as shown in Table 4.
R Y

For example, if a check is mmled from the West to Atlanta it would take an average of 8 dayb
before Nickles could earn interest on the check.

The annual cost of running a lockbox in any city is $50,000.
Formulate an IP that Nickles can use to minimize the sum of costs due to lost interest and lockbox
operalions.

Let &m that 1 means regions i send checks to region j, and let y; € {0,1} so that 1

means that mailbox is operated at city j.
minz = 2Ry + 8dxyy + 11205 + 1120y, + 60xyy + 201555 + 505y + 50xy,

TABLE §
+ 96.1':" + 60.‘32 + 24.!‘33 + 60.\'_“ + 64.(." + 40."42 + 40.\'4] + I(!,\‘“ mm.’mlﬁﬂhm
+ 50, + 50, + 500, + 50y, e T
sd. fptxpptrpntrg=1 (West region constrnni} o il SN -

Xy + xpm b xpy 4+ xp = | {Midwest region constraint) West to L.A. 0.2&70.000} = 28,000

+ + - = | East regi traint West to Chicago 0.2 16 = 84,000
T A TN T e = B West to N.Y. 0.20(70,000)8 = 112,000
Xyt rgFrgtay=| (South region constraint) West to Atlanta 0.20{ 70 DO0IS-= 112,000

A= I Sy = \,.x.“ P Ay < e, ru = ¥y T332 = M. T = v, Midwestio LA, 0.20{50,00036 = 60.000

. ) e

0 £ i S S S MGl IO
Tydndy = Qor Midwest to Atlanta 0.20(50,000)5 = 50,000

The optimal solution is = = 242, vy = L, vy = Ly = Lxa3 = 1,433 = Loxyy = b Eastto LA, 0.20(60,000)8 = 96,000
Thus, Nickles should have a lockbox operation in Los Angeles and New York, West cus-  East to Chicago 0.20(60,000)5 = 60,000
tomers should send payments to Los Angeles, and all ether customers should send pay-  £nst 1o N.Y, 0.20(60,000)2 = 24,000
ments 1o New York. Cast to Atlanta 0.20{60,000}5 = 60.000
There is an alternative way of modeling the Type 2 constraints. Instead of the 16 con- Souih 1o L.A. 0.20(40,000)8 = 64,000
siraints of the form x, = 1y, we may include the following four constraims: South lo Chicago 1.20(40,000)5 = 40,000
. South 1o N.Y 0.20(40.000)5 = 40,000

X b xy Fay +xg <Ay Los Angeles constraint

Tt e =y | gel it South 1o Atlanta 0.20(40,000)2 = 16,000

X2t xa b ayy tag =4y, {Chicago constraint)
N3t fay o Sdy {New York constraint)
XpgF Ty b toxgy < dyy {Atlanta constraint)
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Example § set covering problem There are six cities (cities 16) in Kilroy County. “
e ———— '_n___‘
The county must determine where to build fire stations. ’FD S e
The county wants to build the minimum number of fire TABLE 6 Cowerv
. i Tims Resaived  Trured butrwen Gltas in Ky Comty
stations needed to ensure that ai least one fire station T = oy
is within 15 minutes (driving time) of ecach city. frm Wi T
City 1 0 10
The times (in minutes) required to drive between the cities c::;z 10 0
in Kilroy County arc shown in Table 6. gf:ﬂ ig ﬁ
ity 3
Formulate an I that will tell Kilroy how many fire. City § 30 0
0 10

stations should be built and where they should be located. &% °

Formulation ';et x; € {0,1}'s0 that z; =1 means&xt a fire station is built in city 1.

e e e
TABLE 7 E,_“Li“_:’fﬂ_f_x_z"'ifﬂ*'-‘i“*-‘ﬁ
Cities within 15 Minvies of sl x+x =1 (Cily I constraint)
Eiven Giy ntx +x,21  (City 2 constraint)
Gy Wittn 15 Minates X3 + x4 =1  (City 3 constraint)
| I.2 X3+ x4+ xs =1  (City 4 constraint)
2 L2.6 txs+x=1  (Cily 3 constraint)
i : j 5 X +xs+xs2=1  (Cily 6 constraint)
5 456 x=0orl (i=123,4,5.6)
6 2,5,6 One optimal solution to this IP is 2 = 2,5, = x4 = |, 3, = x3 = x5 = x5 = 0. Thus, Kil-

roy County can build two fire stations: one in city 2 and one in city 4. s

Either-Or Constraints

The following situation commeonly occurs in malthematical programming problems. We
are given two constraints of the form
f(xpe X2, ..., x,) =0 (26}
Zxy Xy e, X)) =0 @n
We want to ensure that at least one of (26) and (27) is satisfied, often called either—or
constraints. Adding the two constraints (26') and (27') to the formulation will ensure that
at lcast one of (26) and (27) is satisfied:
f(-rl' X2 0o i .-1',,} = A”.‘J (25']
g(xl! X2y e a0y xn) = M(l e _'l‘) (27'}



