Math 408 Advanced Linear Algebra Homework 9 Your Name
Eight points for each question.

1. Let A = (a;;) € M, be such that |a;| > >, [a;] for every i =1,... n.
(a) If |aii| > >, |aij| for every i =1,...,n. Show that A is invertible.
(b) If a;; # 0 for all 4, and |a;| > Z#i la;j| for all but one i’s. Show that A is invertible.

[Hint: Show that there is a diagonal matrix D such that D~YAD = (b;;) satisfies |b;| >
E#i |bi;| for every i =1,...,n.]
(c) (Extra 4 points) Show that the conclusion (b) fails if we do not assume that |a;| >
Zj;&i la;j| for every i =1,...,n.

2. Let A = (a;;) € M, with an eigenvalue A\. Suppose D = diag (a11,...,an,) and B=A — D.
If \# ay fori=1,...,an,, show that 1 is an eigenvalue of the matrix (Al — D)~!B.

3. Let A € M,, with columns v, ...,v,. Show that
|det(A)| < [Tj_; €1 (v;) and [det(A)| < [T7_; 2oy lajul-
Hint: l3(v) < £1(v).

4. Consider f(z) = 2" + a1z ' +--- + a,. Suppose u is a zero of f(z).
(a) Use the Companion matrix C'y of f to deduce that
|ul < max{1,3°7_; |a;|} and |u| < max({1+a;]: 1 <j <n—1}U{|an[}).

(b) Show that the Companion matrix of f has singular values s(Cy) = -+ = 5,-1(Cy) = 1;

1 _
51(Cy) and s,(C) are the singular values of the matrix (’y \ao ’> , were y = 27:11 |aj|2.
n

(c) Use (b) to conclude that [u| < 3{v/(1 + |an])2+ 72 + /(1 — |an|)? + 72}

5. Let A € M,, with an eigenvalue p such that A — pl has rank n — 1. Suppose z,y are right
and left eigenvectors of A corresponding to the eigenvalue p satisfying y*x = 1. Show that
there is an invertible matrix S such that S~'AS = [u] ® A; and Ay — ul,_1 is invertible.

6. Let A € M, be a nonnegative matrix such that (I + A)* is positive. Show that A has a simple
eigenvalue r(A) with positive right and left eigenvectors x and .

(Extra eight points) A matrix A € M, is irreducible if there is no permutation matrix P
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such that P*AP = ( 0 v

matrix A € M,, is such that (4 + I)"~! is a positive matrix.

) with A € M, with 1 <k <n — 1. Show that a nonnegative

7. Let V € My satisfy V*V = I, and let P = VV™.

(a) Show that V has a submatrix in My with singular values si, s if and only if P has a

principal submatrix in My with eigenvalues s2, s3.

(b) Show that det(zI — P) = z?(z — 1)? so that there is a 2 x 2 principal submatrix of P with
determinant larger than 1/6 and smallest eigenvalue larger than 1/6.



(c) (Extra credit open problem. The solution will earn you an A for the course.) Show that
there is a 2 x 2 principal submatrix of P with smaller eigenvalue larger than or equal to 1/4.

(d) (Extra credit open problem. The solution will earn you an A for the course, and a research
paper.) Prove that for any n x k matrix V such that V*V = Ij. There is an k X k principal
submatrix of P = VV* with smallest eigenvalue larger than or equal to 1/n.



