2.5 Other canonical forms

We have considered the canonical forms under similarity and unitary similarity. Here, we consider
other canonical forms for different classes of matrices.

Unitary equivalence
e Two matrices A, B € M, , are umtarlly equivalent iMhefe are unitary matrices U € Mp,,V €
M, such thatfTFAV = B. [‘"-'g! ‘ 07\
[
o Lvery matrix A € M,, , is uiva ent t Z E,J where $; > --- 2 s > 0 are the nonzero
singular values of A. ﬁ Dﬁ[g 0 [/
e Two matrices are unitarily equivalent 1““1?%(, singular values. L ‘
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¢ Two matrices A, B € My are equivalent if there are invertible matrices R € Hm, Se M,
such that A = RBS.

¢ Every matrix 4 € M,, ,, is equivalent. to Z?=1 Ej;, where k is the rank of A.
e Two matrices are equivalent if they have th%same ran;.

Proof. Elementary row operations and elementary column operations. a

AnA N IMQIV\
5 :IU“"‘”? UM, V/ E M
/mm AR i, UAV 3 Fﬂwi} UBV% E/\,H_

Mashes
ey Ao, Bal Hgw WiAY=B

V=G
Hig
C=Uyp W= ufba/’r‘(/ﬂ/z)

AT, A

(;“T’W e K
> ﬁé E{/L[(ﬂ({\/ 5 sz@ﬁ}%vz

. \o )
¥ f 2k MNMMWV&I»W Ao

14 T{xﬂ,w qﬁal/),\/\ (.OA!\_O_, UZBV‘Z—

ST - mmB%W




S
A= W B\// i

AAT =RV

= (w‘ev)c\/‘*lzm)

- M’((@\(g"6>l/\ ’{T@/ A0 Fla

AP & GUY hove Ao sam s atetes
5 o B have Bl et deple b

- T
E%&ﬁ',a’“ﬁe— \\, \1/9(’? ¢ 0
w e (Lc@u%\«_ :Y“’\" O}
X AW



| | <
SVD S‘/qjuéer value oy bpmperey - V USw 0 |y
/ O |0

= U ?)“Srcl A€ My, Ve mn

IM"lA'- / m‘f‘m,;)

IR A 2 S >0
:SUV"_(,_
A} +§k.UKVlc

— 7 (//‘

REVZLr0 gfwgzula,r values Sb B

P_U‘Q_V TD_ecdw'pa‘:a—mc:'-;..




Oruoicsll fove 3y Honurttn A tndoy STAS -

:‘Aﬁ( s =. AI) m\-——ﬂ
fbf >74' U[ P)‘rf:‘_ O
I -
A }’ o Ap) O -
?\P{'\f . APTB<0
Apf%ﬂ-‘-' - = P
o
— % g Q‘F
él_ Al‘u f"? L 00 2
L h’ ) ﬁpﬁ}\ %E\:;\ [ O
A 5
T ¥ D o
[
Ll L
—He) :
hT.
‘ (£ [3]
k e
A : N
~ SOASECY 07
O A




CL QM@‘WWAMM;"E&
'Y

thao, St s rpr) AL
AAR
3 o

___.._-——f_ﬁ_ﬂ_d glmp'pm JU\ (.\Q) /
etk S ovibs M
() heldsr T v%\



JORENI I 1 Vo sfomstions  cleaald ACAwu

QMWNJ}L ﬁ"f
i > M
o N {
LLPr) STAS-
Eb,ym/ ﬁh' “‘Ml’gﬂwf
@0> v, Ll, R @G/ Lel, &
G @ L)L‘ L‘“Z >)

G3) Tiw s L €G oo fud”
D=t @VMLGG

———

L(M/ﬁ“ ThAL
Lo L W
@3) ?”‘/Wﬁ Lec) oo v w6

1 A /\,19/\_40/[: L mr&(aq(*’a
L4 [_ol_ L | TVMW

T w=sps

Ty=sps

N ( (1) =S (&8"33
*\QLU% 5\’ S @A’SV




*-congruence

* A matrix A € M, is x-congruent to B € M, if there is an invertible matrix S such that
A=S5"BS.
Mijan n
 There is no easy canonical form under *-congruence for general matrix.2
—— ‘—'-_—'——__—__-—
e Every Hermitian matrix A € M, is *-congruent to Ip ® —J; ® Op—p—gq. The triple v{A) =
(p,q,n — p—q) is known as the inertia of A.

¢ Two Hermitian matrices are x-congruent if and only if they have the same inertia.

Proof. Use the unitary congruence/similarity results. O
Congruence or t-congruence

e A matrix A € M, is t-congruent to B € M, if there is an invertible matrix S such that
A=5'BS.

¢ There is no easy canonical form under ¢-congruence for general matrices; see footnote 2.

. Wt{ongment to Ir. @ 0,_x, where k = rank (A).

1
» Every skew-symmetric A € M, is f-congruent to 0,,_; and k copies of ( y )

-1 0
. . : T
» The rank of a skew-symmetric matrix A € A, is even. ,Q = A

F —

¢ Two symmetric (skew-symmelric) matrices are {-congruent if and only if they have the same
rank.

Proof. Usc the unitary congruence results. (|

?Roger A. Horn and Viadimir V. Sergeichuk, Canonical forms for complex matrix congruence and *-COngrucnce,
Linear Algebra Appl. (2006), 1010-1032,
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Unitary congruence

* A matrix 4 € M, is unitarily congruent to B € M,, if there is a unitary matrix U such that
A=U'BU.

¢ There is no easy canonical form under unitary congruence for general matrices.

¢ Every complex symmetric matrix A € A, is unitarily congruent to Z;Ll s;E;;, where s; =2
-++ 2 8 > 0 are the nonzero singular values of A.

¢ Every skew-symmetric A € M, is unitarily congruent to 0,,_a; and

0 85 : .
(—s_,- 0), i=1,...,k,

where sy 2 -+« > s; > 0 are nonzero singular values of A.
® The singular values of a skew-symmetric matrix A € M, occur in pairs.

¢ Two symmetric {skew-symmetric) matrices are unitarily congruent if and only if they have
the same singular values.

Proof. Suppose A € M, is symmetric. Let x € C" be a unit vector so that x‘Ax is real and
maximum, and let U € M, be unitary with x as the first column. Show that U*AU = [s1] & 4.
Then use induction.

Suppose A € M, is skew-symmetric. Let x,y € C" be orthonormal pairs such that x!Ay
is real and maximum, and U € M, be unitary with x,¥ as the first two columns. Show that

UPAU = ( (l %l) & A;. Then use induction. O
—51
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