Chapter 3 States, measurements and channels M\) ‘_)>

Qubits gl °) ,
l5) b
. 1\'Iathematically,is a vector in |r) = a|0) + b|1) = (g) € C? with |a}? + o> = |

realized by physical quantum states such as the verticzi]y and horizontally polarized
photons, or spin 1/2 in NMR system.

—

¢ Note that measurement will give |0) or |1) even a qubit can assume infinitely many

states. The probability for the measurement on |z} yielding |0} is (z|(]0}{0])|z) = |a|*.

o We cannot extract the information |a| and |b| by making many identical |z) and

measure them bhecause of the no cloning theorem.

e One may consider qutrits in C* and qudits in C".
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Let 0 = (g1, 04,0:). If |[2) = cos(8/2)|0} + ¢ sin(8/2)|1) —\ ( 1(;0:‘;519(/92/)2) , then
N
I"J) cos2(6/2) e~ gin 13/2 Jeos(8/2)} _ 1 14cosh e it '-‘.ln())
e“" sin{8/2) cos(6/2) sin’(8/2) 2\ ¢®sinfg 1—cosf
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1+ cosf cs¢asm — isin¢sin
Lﬂsmff-l-asmqbbmﬂ (—1—(:059 ) T&ﬂaﬁ_\p’nﬂf\ﬂ.
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B(0, $) = (sind cos ¢, sin 0 sin ¢, cos )

A
then /. e E N ) h[& fb) 2
/ \ 00, ¢} - o|r) ?_@w),.(ﬂzl o)) = |z). —

So, every state vector |} corresponds to a vector i{#, ¢) on the surface of the unit sphere,
called the Bloch spj cre in this context,
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Multi-qubit systems and entangled states

Given n qubits |}, ..., |x,), we can consider the tensor product |21} ® -+ & |z,) € CN
with N = 2", Most state vectors

=01 T

Y iz ® - ® |1,,,') ec”

1
are entangled state vectors, which are not of the tensor form.
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Example The Bell states

q)+)———(|00 Y1), 87y = 75100y = [11)),

[Tty = |01) 1)), |¥7) (|01 - |10)) )

are entangled states and form an orifhonormal basis for the two qubit systems.
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Example In the 3 qubit system, we have that GHZ state and W state:

!GHZ)=~\}—§(|000)+|111)) and |t,v>-\/1_§(|100?f|313)+|001>).
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Measurements
For each outcome m, construct a measurement operator Af,, so that the probability of

obtaining outcome m in the state |z} is computed by

Y7
p(m) = (.1:|1W,T:‘ MTM‘ M:/Mk

and the state immediately after the measurement is P
Y= AWPERP b
g (70

) =@
{ ‘\/.p(m)

Example Let A = { My, M, }with Ay ——4))(?} nd M, = 1)(11,>Then for |z) = al0) + b]1)
with a # 0, p(0) = |a]?, Mo|z) = 2|0}/|al, whirY is the same as\the vector state |0).

10 X
S

y
Mo W [\/\i1



In general, suppose an observable Af is given with measurement operators M,,. Then
setting P = M,-UW,-, we require that 3, P,, = I..
If there are many copy of a state |), then the expected value of M is

E(M)= (M) =73 mp(m) =3 m{z|P,|x) = (x|M|z).

m

Here A4 can be identified with $,, mP,,.

The standard derivation is

A(M) = (M = (M))? = \/(M?2) — (M)>.
The variance (square of standard deviation) is

(M — (M))*) = (]| M) — (| M|



Example One can do measurement of the first qubit for a state vector in a n qubit system.

For instance, @2 b
. N
|z} = a|00) + 6j01) + ¢|10) + d[11), |af® +{b)* + |c* + |d|® = C
7 et T— g

We measure the first qubit with respect to the basis {|0),[1)}. Set

0)(al0} +5[1)) + |1}{c|0) +d|1

|z) =\Q\),___l)_j w|0)((a/u)[0) + (b/u)|1)) +v[1)((c/v}I0} + (d/v)I1)),
where = y/|a|? + |b]® and v = \/|c|? + |d|2. Now,

Erfu = |0?(0| ®L, M=|1){1® Izj

—

Applying My and M), we obtam {0 with probability (| Mplx) = u and 1 with probability v?;

the state |z) collapses to |07§ (afw)[0)+ b/u)m nd {1)® (c/v [0}y +(d/w}|1}), respectlvely,
upon measurement. ‘O@ J f&"\v/‘*"" )
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Einstein-Podolsky-Rosen (EPR) Paradox » 3 ~
Consider the EPR state B _;";Li‘ﬁa—r

1 fa
) = Js(101) ~ [0}

Alice gets the first particle and Bob gels the second one. “When Alice measures, Bob's
particle will change instantaneously to |01) or |10) according to the measuring outcome of
Alice.

Note that information is not sent. Alice cannot coutrol her meassurement and hence the
reading of Bob! So, it does not violate the special theory of relativity. (It is impossible that
information travels faster than light!)



