Math 410 Quantum Computing CXK. Li Notes on Chapter 5

Simple quantum algorithms

5.1 Deutsch Algorithm

Let f:{0,1} — {0, 1} We want to decide whether f(0) = (1) or £(0) # f(1) using one Uy
evaluation.

Step 1 |1,/10 [’>|01) = (1/2)(|00) — [01} + |10) — |11)).
Stpe 2 Let Uy : |z, y) = [z, y @ f(z)). Then

1) = Usiyo)
(1/2)(10, £(0)) = 10,1 @ £(0)) + 1, (1)) - |1, 1@ F(1)))

= (1/2)(10, £(0)) = 10,~f(0)) + |1, F(1)) = {1, =F(1)}).
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Step 3 [vh2) = (H ® L)1) = 1((10) + ID)IS(0)) = [=£(0))) + (10) — [1))(|F(1)) — I=fFaN)
Step 4 Measure the first qubit of |1s): ZZ

Casc 1. If f(0) = f(1), then L1_b_gL= j0){|£(0)) — |=f(0)}) and we get the measurcment ...
Case 2. If f(0) # [(1), then |42} = [1)(]F(0)) ~ |-£(0)}) and we get the measurement ....
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5.2 Deutsch-Jozsa Algorithm and Bernstein-Vazirani Algorithm

Let Sy = {0,1,...,2* -1} and f: S, — {0,1}. We want to decide whether f is constant or
: A , s

balanced. ~— e
Step 0 [yo) = [0)S"|1)¢

Step 1 1) =[Vasllto) = 1(S. 12)(10) - 1),

Step 2 Let Uy : |z)|¢) — |z)|c + f(x)) and set
p—

j92) = Uslyn) =73 Ia)
L
The first equality follows from the fact that f(|z} + (|0} = |1})) always equals |f(x)) — [=f(z)}-
For the sccond inequality, if £(Jz)) = |0) then [2)(f{Is))~|=f@))) = ) (0)=1)) = (-1 @[z ([0)={1)),
and if f(|z)) = |1) then &) (f(|z)) = |=f (=) = |2)(|0} = 1)) = (=1)/E|f(2)}(|0} - I1}).

Step 3 |v3) = (Wa ® f2)|4h2) = (Zx,,,ml)f?ﬁ) ) (j0) — (1)),

To see the equality, we need to show thm ,(=1)7¥ly). Note that the rows of W, are
{t0)s - . -, |ya} with Jo) = |r}). We can label the entries of [v) = W, (3, |z)) using |r). Then, the first entry
of |v) is the sum of the first entrics of W,,|0), W,|1},..., W,|N) and equals 3 ,(—1)*; the second entry of
[t} is the sum of the second entries of W;,|0), . .., Wy |N) and equals 3~ _(—1)*7, so that the rth entry of |v)

is the sum of the rth entries of W, [0}, W,|1),..., W,.|N} and equals 3 _(—1)*". Renaming r as y, we see
the equality. For example, if n = 2, i /

O Gl
& ZI(:I)!&-:: =3 (-1)"*|y).
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Step 4 Measure the first n qubits. A \?ﬁ) <%> 0;} b:f
Case 1. If f is constant, then |¢) = ]0)**(|0) — |1}). X
Case 2. M, then the probability of the measurement of the first n-qubits equal
ly) = 10---0) is proportional to 3, (—=1)/(=1)" = T (-1} = 0 because half of the f(z)
values are 0 and the rest are 1.

Bernstein-Vazirani algorithm

Suppose f{z) = c-z. Then the above algorithm will give c in the last step.



5.3 Simon Algorithm 6/2:

Let f:{0,1}" - {0,1}~. Determme the nonzero p € {0,1}" if f(a:EBp) flx).
E— — 0 .7- -
1. Set [¢g) = |(})|U) in C¥ g CN with N = 2", Then use the Walsh-Hadamard transformation
W, to get -
[ an__1
1 1

[¥1) = (W, @ I|the) = [2}|0), n=—<= .
1 |0) ngoxm 1= 7%= T

2. Use Uy and n controlled-NOT gates with control qubits fi(z) to get { :

r”_ﬁ ;.
o) = wp Ix)’f(m))- {

3. Apply measurement f (7o) to the second state to get 2
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4. Apply W,, @ I again to get .
13 (=1 ¥y)| f (o))
= nZ( =D+ (- o))

V2 D (~1)™Yy)| f(zo)).

pry=0

[tha)

3. Measure the first state to get ) sueh that p-y = 0.

The only states |y) with positive probability in the sum are those satisfying p- y = 0. Thus,
a measurement will always yield such a vector y, = {y11- - y1n).
Repeat this to get linearly independent Y1:--.,Yn such that p.y; = 0 for all 7, i.e., we have
o linear system

(yij)(pﬂa ces :pn—l)t e (01 oo ’0)t°
We need to do it in O(n) attempts with a good probability. Then solve for r

P —
r————n,
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Math 410 Quantum Computing C.K. Li / Notes on Chapter 6
This is a generalizations of the use of Hadamard gate to compute Wy, 3 - |z) and W,, 3°_ | f(2)).

6.1 Quantum Integral Transform 'F&P/Q& Wa 55 K=K ('}J‘ '
Let S, = {0,...,N — 1} with N = 2" and let K be an N x N complex matrix with entries
K(i,7) with i,5 € S,. Thep K is g QIT transfo‘g\m converting f = (f(0},..., f(N - 1))t to
[ T=00O), .. Jv =1y oyff = x77) = F - o
1

- It K is unitary (invertible) then

—
-y

ﬂ.l (respectively, f = K71 ). E@( N-1)

Proposition If U|z) = K|y), then
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6.2 Quantum Fourier Transform % ) 0 < L C N ; w n = w
N
Suppose N = 2%, w = ¢2m/N |/ and K = (.L y) with K(x,y) = (wn ) J < </V
Then f = K f is & commonly used QFT.
Example Whenn =1, 2.
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6.3 Application of QFT to period finding - 2 (0"' 4 \\, e . \>?1
- @ 4
This is an essential component in the Shor's algurithn/ _ % \ p.,-d . ° Y

For a periodic function, f: S, — S, where S, = Z5, we want to detect P € S,, such that

f@) = f(z+P) forallz €S, SR P

Bxample Let n =3, .= % /(1) = £(2) = [(1) = £(6) = 0. /(1) = /3) = £5) = SD) =,
Step 1. Prepare |Ty) = [0)0) € Sy ® S5, |

0
Step 2. Apply W3 ® Is to |¥o) and the oracle Uy to get\l‘I’) =73 |2 f(=2)).
Step 3. Apply F = [e™2"%0/8| @ I,, to |¥) to get "“————m?
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Step 4. Mecasurement of the first register gives 0,4. So the period is 2.

Remark In general, the observed value of the first register is one of

%k-?‘, k=0,1,..,P-1.

{M—' : é%hz/y g,a/‘f‘h_wﬂ S | x> ‘.-r-b() >'/ We want- Yo
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6.4 Implementation of QFT

We need the controlled By gate corresponds to Ujile,y) = e %%z, y) for |z, y) € Sg, and
the Swap gate,

Proposition QFT can be implemented using O(n?) elementary gates.
6.5 Walsh-Hadamard Transform

The kernel W, = ((—1)*¥) defines the discrete integral transform
1 N=1
fly) = —= (=1)*Y f(x).
fo =2 IZ:(:) ()

6.6 Selective Phase Rotation Transform

The kernel diag (8y,...,6y-1) defines the transform

F) =) €6y f(2) = €% f(y).
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§7.1 Search for a single file
Let f:5; = {0,1} be defined by (‘_-?__—rd-—l_} T [ .‘ *----~_.._/
2= (], L -2z

\& "
1 ifzx=z
) flz)= 0, ifxsz, T Q[Jf
{ — j R
Step 1 Define the reflection Ry such that Ry = I- 2|z)( \ﬁa:;_’

l
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Ref = Zf(-%)RfIm) (5( )@y, ( [-212>¢ ) [; \ /
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Step 2 Construct D = {71 +?lfpu),((pg| with |pg) = N

Step 3 Construct U; = DRE and its action on @) =3 w ,,:].1:) with 3" |w,|? = 1. Then

'u}“|m>=ak|z>jr_35§|$ ] (r“} X >
S

%
such that ag = by = 1/v/N. For k > 1 we have 2 qu

@)-505 ) () .

Here note that Uy[by, ..., by, ag, by, ... k]t = [Bk1s -y Dt ka1, brats - - - brya)t.

Let cx = N — 1b. If {ag,co) = (1,VN - 1)/V/N = (sin#, cos 8), then
ap) _ [ cos28  sin268Y far )\ _ (sin[(2k + 1)d]
ck)  \~sin20 cos20/ \cr_y/ = \cos[(2k + 1)8)}°

Step 4 Maximize P2 ', = aj, by putting (2k + 1)8 ~ /2. For large N we have m = {w/46] so that

m = O(VN).
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