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Math 410 Intro to Quantum Computing Homework 3

Sample solution based on that of Ren He

(a) Using code "A = [5,-2,-4;-2,2,2;-4,2,5]", then "eig(A)" in matlab, we can find that the
eigenvalues of matrix A are 1,1,10. In fact, using [U, D] = eig(A), we can get unitary D and diagonal
D such that A = UAUT. By direct computation or using U, we get the corresponding orthonormal
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(b) A= 1P1 + ].OPQ, where P1 = "U1><'U1| + |/U2></02‘ P2 = "l}3><’l)3|.
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Let A=n-0o= [ ] FEigenvalues of A are \; =1, Ay = —1.

Ng + 1N,y —Ny

By spectral decomposition as done in prop.2, we have
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where P, = 1 [_nz —iny,  14n. y], c=A=(1)P+ (—1)P». So,
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Note that ATA= [0 0 [ } =10 0 O0f, solving with the "eig()" function in matlab,
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we see that the eigenvalues of ATA are 0,2, 2. So,
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We show that |u;uy) is an eigenvector:
(A& Iy + I ® Blujon) = (Alu) @ (plon)) + (nlug)) @ (Blow))
= (Ajlug) @ lvk) + [ug) @ (prlve)) = Aj(lugor)) + pw(fujoe)) = (A + ) ([ugow)).-
Therefore, (A® I+ 1, ® B) has the eigenvalues {\; + p } with the corresponding eigenvectors {|u;v) }

(a) Let (| AB|y) = z1. Because A, B are Hermitian, 2} = ()|ABJ)T = (¢|BTAt|y)) = (| BA[Y) = 2o
so that |z1]| = |22|. Consequently,

[(|AB — BA[$)|” + [(Y|AB + BA[¢)[”

= |[(Y|ABp) — (Y|BA|Y)|* + |(Y|AB|y) + (Y| BA[Y)|?
= |z — 2 + |z 4+ 2> = 2(12 + |22 = 4]z1 > = 4| (| ABJ) .

(b) Let tA+e"B  where 6 satisfies |(¢|e?® ABJ)| = € (Y| AB|p) = e~ (4| BA|y) = |(1)|BA|¢))|. Then
0< (W|(tA+ B (tA+ e " B)|y) = at® + 2bt + ¢

where
a= (Y|A%Y), b= |(Y|AB|y)| = (¥|BAY)|, ¢ = (¥|B?[¢).
Since t2a + 2tb + ¢ > 0 for all t € R, ab — 4b? < 0, i.e., (| A2|p) (| B2|b) > |(| AB|)|2.

Alternatively, let A|¢) = |u), B|p) = |v). Then |u) = ajv) + |w), where o = (u|v)/(v|v), and
(ulu) = |al*(v|v) + (wlw) > |a]*(v|v) = [(ulv)]*/{v]v).

Thus, (u|u)(v|v) > [(ulv)[?, Le., (YA [Y)(]B?[¢) > [(Y[AB))[>.
(¢) By part (a) and (b), we have

(I[A, Bll)* < Al(w|ABIv)|* < [(¥]A%[4)] + [ B?[¢)].
(d) Let A=A — (p|Ay), B= B — ()| B|¢)). Then
[A,B] = (A— (A)I)(B — (B)I) — (B — (B)I)(A— (A)I) = AB— BA = [A, B].

Also,
(A1) = (A — (AVD)?) = (A2 — 2(AVA + (A)*1) = (A%) — (A)* = (A(A))2

Similarly, AB = \/(¢|B2|¢)). Using part(c), we have

AA)AB) =/ (I A2 (B2} > 1[5 (IIA, BIw)? = (I, Bllw) = 5 (14, Bl

By theorem, any matrix can be written in form of USUT, where U is unitary and S is upper triangular.

Let A = USUY, B = VD,V' for some unitary U,V and triangular S,7. So A ® I, + 1, ®B =
USU' R I, + [, VTV = (US®@VI,+UL, VDU V) =UeV)(S®I,+1,T) (U V)

Therefore, A® I, + I, ® B= (U V)(S®I,+ I, 2 T)(UR V)T



