
Math 410 Intro to Quantum Computing Homework 5

Sample Solution

2.7 Note |Ψ′〉 = 1
2 (|e1〉 ⊗ |e2〉 − |e2〉 ⊗ |e1〉) = 1√

2
(0, 1,−1, 0)t. Thus,

ρ′ = |Ψ′〉〈Ψ′| = 1

2
(0, 1,−1, 0)t(0, 1,−1, 0) =

1

2

0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

.
Thus, Tr1(ρ′) is the sum of the leading (1, 1) block and (2, 2) block, and equals I/2.

2.8 Spectral decompose ρ, we have ρ = 1
4

[
1
0

] [
1 0

]
+ 3

4

[
0
1

] [
0 1

]
.

We may let |Ψ〉 = 1
2 |0〉 ⊗ |e1〉+

√
3
2 |1〉 ⊗ |e2〉 = 1

2 (1, 0, 0,
√

3)t, where {|e1〉, |e2〉} = {(1, 0)t, (0, 1)t}. So,

ρ̂ = |Ψ〉〈Ψ| = 1
4

 1 0 0
√
3

0 0 0 0
0 0 0 0√
3 0 0 3

 and Tr2(ρ̂) is the matrices of traces of the blocks of the matrix ρ̂

and equals ρ.

2.9 Suppose H has dimension n. If |Ψ〉 =
∑
k

√
pk|ψk〉|φk〉 ∈ H ⊗ H is such that Tr2(|Ψ〉〈Ψ|) = ρ, then

there is an orthonormal basis {|αj〉 : 1 ≤ j ≤ n} for H such that Tr2(|Ψ〉〈Ψ|) = ρ. Then for any

unitary U and |Ψ′〉 =
∑
k

√
pk|ψk〉U |φk〉, we can consider the orthonormal basis {U |αj〉 : 1 ≤ j ≤ n}

for H such that

Tr2(|Ψ′〉〈Ψ′|) =
∑
j

(I ⊗ 〈αj |U†)(
∑
k

(|ψ〉 ⊗ U |φj〉)(
∑
k

(〈ψ| ⊗ 〈φj |U†)(
∑
j

(I ⊗ U |αj〉)

=
∑
j

(I ⊗ 〈αj |)(
∑
k

(|ψ〉 ⊗ |φj〉)(
∑
k

(〈ψ| ⊗ 〈φj |)(
∑
j

(I ⊗ |αj〉) =
∑
j

(I ⊗ 〈αj |)(|Ψ〉〈Ψ|)(I ⊗ |αj〉) = ρ.

Note Here we cannot assume that {|φ1〉, |φ2〉, . . . } is an orthonormal basis.

2.10 Note that for any positive operator A,
√
UAU† = U

√
AU† because B = U

√
AU† satisfies B2 = UAU†,

and Tr(XY ) =
∑
i,j xijyji = Tr(Y X) for X = (xij) and Y = (yij).

Now suppose ρ1, ρ2 are positive operators. Then

F (Uρ1U
†, Uρ2U

†) = Tr

√√
Uρ1U†Uρ2U†

√
Uρ1U† = Tr

√
U
√
ρ1ρ2
√
ρ1U†

= Tr(U
√√

ρ1ρ2
√
ρ1U

†) = Tr(
√
ρ1ρ2
√
ρ1U

†U) = Tr(
√
ρ1ρ2
√
ρ1) = F (ρ1, ρ2).
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2.11 Note that ρ1 = 1
2 [1 0 0 0]T [1 0 0 0] + 1

2 [0 0 0 1]T [0 0 0 1] and
√
ρ1 = 1√

2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 . Thus,

√
ρ1ρ2
√
ρ1 = 1

4


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

 = 1
2 ·(

1√
2
)2[1 0 0 1]T [1 0 0 1], so

√√
ρ1ρ2
√
ρ1 =

√
1
2 ·

1
2 [1 0 0 1]T [1 0 0 1] =

1
2
√
2


1 0 0 1
0 0 0 0
0 0 0 0
1 0 0 1

. Therefore, F (ρ1, ρ2) = 1
2
√
2

+ 0 + 0 + 1
2
√
2

= 1√
2
.

3.1 A direct computation shows that[
cos θ2 e−iφ sin θ

2

]
σx

[
cos θ2

eiφ sin θ
2

]
= e−iθ cos φ2 sin φ

2 + eiθ cos φ2 sin φ
2 = 2 cos θ cos φ2 sin φ

2 = cos θ sinφ;

[
cos θ2 e−iφ sin θ

2

]
σy

[
cos θ2

eiφ sin θ
2

]
= ie−iθ cos φ2 sin φ

2 − ie
iθ cos φ2 sin φ

2 = 2 sin θ cos φ2 sin φ
2 = sin θ sinφ;

[
cos θ2 e−iφ sin θ

2

]
σz

[
cos θ2

eiφ sin θ
2

]
= cos2 φ2 − sin2 φ

2 = cosφ.

Hence, 〈ψ(θ, φ)|σ|ψ(θ, φ)〉 = [cosφ sin θ sinφ sin θ cosφ]T = n̂(θ, φ).

3.3 If ρ = 1
2

[
1 + uz ux − iuy
ux + iuy 1− uz

]
, then

ρσx = 1
2 (ux− iuy+ux+ iuy) = ux, ρσy = 1

2 (iux+uy− iux+uy) = uy, ρσz = 1
2 (1+uz−1+uz) = uz.

Therefore, 〈σ〉 = Tr(ρσ) = u.

3.5 Note that σx ⊗ σz =


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

. A direct computation shows that

〈Φ+|(σx ⊗ σz)|Φ+〉 = 0, 〈Φ−|(σx ⊗ σz)|Φ−〉 = 0, 〈Ψ+|(σx ⊗ σz)|Ψ+〉 = 0, 〈Ψ−|(σx ⊗ σz)|Ψ−〉 = 0.
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