Math 410 Intro to Quantum Computing Homework 5

Sample Solution

2.7 Note [U') = 2(|e1) ® |e2) — |e2) ® |e1)) = %(0,1,—170)# Thus,

2.8

2.9

2.10

00 0 0
1 Ifo 1 -1 0
p':|‘§[/’><\11’|:5(0,1,—1,0)t(0,1,—1,0):§ 0 -1 1 o
0 0 0

Thus, Try(p’) is the sum of the leading (1,1) block and (2,2) block, and equals 1/2.

Spectral decompose p, we have p = & B] 1 0]+2 {(1)] [0 1].

We may let [U) = 3[0) @ |e1) + %2[1) ® [es) = 3(1,0,0,v/3)", where {Je1),|e2)} = {(1,0)*, (0,1)"}. So,
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and equals p.

Suppose H has dimension n. If W) = >\ /Dr|ve)|ér) € H @ H is such that Tro(|W)(V]) = p, then
there is an orthonormal basis {|a;) : 1 < j < n} for H such that Tro(|¥)(¥|) = p. Then for any
unitary U and [¥') = >, /Pr|tk)U|dk), we can consider the orthonormal basis {U]a;) : 1 < j < n}
for H such that
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Note Here we cannot assume that {|¢1),|d2), ...} is an orthonormal basis.

Note that for any positive operator A, VUAUT = UV AU because B = UV AUT satisfies B2 = UAUT,
and Tr(XY) =37, 24595 = Te(YX) for X = (25) and YV = (y;5).

Now suppose p1, po are positive operators. Then

FUp U, UpoUT) = TY\/\/ Up1UtUp2UTUp Ut = Try/Ur/p1p2+/p1UT
= Te(Ur/Vp1p2v/p1U") = Te(\/p1p2/piUTU) = Te(y/prpav/p1) = Flp1, pa)-
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3.1 A direct computation shows that
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Hence, (1(0, ¢)|o|1(0, ¢)) = [cos psinf sin¢sin@ cos p|T = h(6, ¢).

1+u Uy — U
1 # ¢ Y|, then

33 1fp =3 Ugp + Uy, 1 —u,

pos = 3 (Uy — iUy +Ug +ily) = Uy, poy = 5 (iU +uy — ity +uy) = uy, po, = 2(1+u, —14u,) = u,.

Therefore, (o) = Tr(po) = u.
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3.5 Note that 0, ® 0, = . A direct computation shows that
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