
Math 410 Quantum Computing C.K. Li Notes on Chapter 10

Quantum error correction

Quantum devices/processes/channels are under the influence of external environment causing

decoherence, and corruption of data. To build practical quantum computers or quantum channels,

we need to develop effective quantum error correction schemes.

10.1 Classical quantum error correction

In classical communication, suppose a noisy channel will change x to x⊕ 1 for x = 0, 1 with a

probability p < 1/2. One may send xxx instead of x and use maximum likelihood decoding so that

the probability of correct transmission for one bit is the sum of the probabilities of x sent to xxx,

xxx̂, xx̂x, x̂xx sum up to:

(1− p)3 + 3p(1− p)2 = (1− p)2(1 + 2p)� 1− p;

the probabilities of x sent to x̂x̂x̂, xx̂x̂, x̂x̂x, x̂x̂x sum up to:

p3 + 3p2(1− p) = p2(3− 2p)� p

if p is small.



10.2 Quantum error correction

10.2.1 Bit-Flip QECC

We cannot copy qubit because of no-cloning.

So, we cannot product three identical |ψ〉 from one |ψ〉.

But, we can encode |ψ〉 = a|0〉+ b|1〉 as |ψ〉L = a|000〉+ b|111〉
using CNOT gates on |ψ〉|00〉.

Then the set of code words is C = {a|000〉+ b|111〉 : a, b ∈ C, |a|2 + |b|2}.

The QECC scheme

(a) Encode |ψ〉 = a|0〉+ b|1〉 as |ψ〉L = a|000〉+ b|111〉 ∈ C; transmit |ψ〉L.

(b) Apply error syndrome detection and correction

* Suppose |x1x2x3〉 is received.

* Add two ancillas |AB〉 with A = |x1 ⊕ x2〉,
B = |x1 ⊕ x3〉 to detect the (error) syndrome.

(c) Apply correction to correct |ψ〉L accordingly.

(d) Reversing the encoding step, one gets |ψ〉.

Here we only need to check the cases when |ψ〉 = |0〉 or |1〉.



Continuous rotation

Suppose the error operator is

Uα = eiαX = cosαI + i sinαX

and Uα acts on each qubit with a probability p ∈ (0, 1/2).

Suppose we use the same QECC scheme for the bit-flip channel.

If Uα acts on the first logical qubit |ψ〉L = a|000〉+ b|111〉, then the transmitted state becomes

(Uα ⊗ I ⊗ I)|ψ〉L = cosα|ψ〉L + i sinα(α|100〉+ b|011〉〉).

Applying syndrome measurement |AB〉 to the transmitted state, we get

cosα|ψ〉|00〉+ i sinα(α|100〉+ b|011〉〉)|11〉,

Case 1. If we get |00〉, the first register collapses to |ψ〉L, and no correction is needed.

Case 2. If we get |11〉, the first register collapses to α|100〉+ b|011〉 and we may apply correction

to recover |ψ〉L.

Remarks

1. In the bit-flip channel, we can use the same QECC regardless the probabilities p0, p1, p2, p3
on the local bit.

2. As long as the error operators have the form I,X1, X2, X3, we can use the same QECC

scheme.



10.2 Phase-Flip QECC

One may consider the phase flip channel |x〉 7→ Z|x〉 = (−1)x|x〉 for x ∈ {0, 1}.

One may use the fact that UHZUH = X and adapt the QECC scheme of the bit-flip channel to

the phase-flip channel.

One can also use the phase-flip QECC scheme to handle the continuous phase-flip channel

|x〉 7→ Uβ|x〉 = eiβZ |x〉 for x ∈ {0, 1}.

The probability of error becomes P (error) = p sin2 α.

Similar analysis can be done if Uα acts on other qubits.



10.3 Shor’s Nine-Qubit Code

Consider X = σx, Z = σz, Y = iσy = ZX. They will induce the Bit-Flip, Phase-Flip, and

Phase-and-Bit-Flip error on a vector state |ψ〉.

Remark Every unitary U ∈M2 is a linear combination of I,X, Y, Z. If there is a QECC for errors

induced by X,Y, Z, then it can be used to correct general error.

Let |+ 〉 = 1√
2
(|000〉+ |111〉) and | − 〉 = 1√

2
(|000〉 − |111〉).

QECC scheme

1. Encode |ψ〉 = a|0〉+ b|1〉 by

|ψ〉 = a|0〉+ b|1〉 → a|000〉+ b|111〉 → a|+ + + 〉+ b| − − − 〉 = |ψ〉L.

2. Transmit the logical quit. The probability of one or no erros is (1 − p)9 + 9p(1 − p)8 =

(1 + 8p)(1− p)8 so that the probability of 2 or more error is

1− (1 + 8p)(1− p)2 = 36p2 +O(p3),

which is small if p > 0 is small.

3. Syndrome detection and correction.

Send in 6 ancillas in the first round to detect Bit-Flip error and apply correction.

Then send in 2 more ancillas to detect Phase-Flip error and apply correction.



Remark

1. If only bit-flip occurs in one of the nine bits, then the first round correction will fix the

problem, and nothing happens in the second round.

2. If phase-flip occurs in one of the three groups of 3 qubits, then a|+ + + 〉+ b| −−− 〉 in that

group will change to 1
2(a|000〉+ |011〉+ |101〉+ |110〉) + b|111〉+ |100〉+ |010〉+ |001〉).

3. Then (A4, B4) = (1, 1), (1, 0), (0, 1) if phase-flip occurs in the fist, second, or third group. One

can then apply any one of ZII, IZI, IIZ to correct the group with error.

4. If Y = XZ occurs, then the first layer will correct X, and the second layer will correct the

phase-flip error.



10.4 Seven-Qubit QECC

� In classical coding theory, encoding x as xxx has a redundancy 2.

� In general, using n-bit code words c for k-bit messages m has a redundancy n− k.

� In Hamming code on Zn2 , one use an (n− k)× n parity check matrix H to detect error such

that Hct = 0 if and only if there is no error.

� Moreover, Hct will be the syndrome, and used for the correction.

� The set of code words has size 2k.



Example We will use a 7-bit sequence to transmit information in {0, 1}3, i.e., 23 code words

(amount of information) and do correction if one bit is flipped.

Let H =

0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1

 so that Hct = H(x1, . . . , x7)
t =

x4 ⊕ x5 ⊕ x6 ⊕ x7x2 ⊕ x3 ⊕ x6 ⊕ x7
x1 ⊕ x3 ⊕ x5 ⊕ x7

.

Suppose (x1 · · ·x7) was sent and (x̃1 · · · x̃7) is received. Assume there is a single error.

� The set of code words C = {c = (c1, . . . , c7) : Hct = 0 ∈ Z3} has 24 elements.

� So, c is a linear combination of the rows of a matrix

M with row space equal to C, i.e., kernel of Ht.

� Let M =


0 0 0 1 1 1 1
0 1 1 0 0 1 1
1 0 1 0 1 0 1
1 1 1 1 1 1 1

 =

(
H

11×7

)
. Then

� The eight elements in C with even number of ones are

{(0000000), (1010101), (0110011), (1100110), (0001111), (1011010), (0111100), (1101001)},

which equals C⊥ and is generated by (i1i2i30)M .

� Using the 16 = 24 code words, we get a (7, 4, 3) code, where 4-bit sequences are encoded as

7-bit sequences, and any two code words have a Hamming distance 3.

� The Hamming distance between two code words x, y ∈ C is the number of nonzero entries in

x− y = x+ y, i.e., the number of entries in y different from those in x.

� An (n, k, d)-code is a code with n-bit code words, k-bit messages, and minimum Hamming

distance between code words d.

� It can correct (d− 1)/2 errors.

� In particular, to correct single error, we need d ≥ 3.

� For Hamming codes, d ≤ n− k.

� Think about thee geometry of the set C in Z7
2:

* each code word is the center of a ball containing 8 elements including itself;

* the 24 balls are disjoint;

* these balls have 2423 = 27 elements forming a partition of Z7
2.



Seven-Qubits QECC

Inspired by the Hamming code, one can consider a Seven-Qubit QECC for general error.

Encoding

� Let M0 = X4X3X2X1, M1 = X5X3X2X0, M2 = X6X3X1X0,

|0〉L = 1√
8
(I +M0)(I +M1)(I +M2)|0〉⊗7

=
1√
8

(|0000000〉+|1010101〉+|0110011〉+|1100110〉+|0001111〉+|1011010〉+|0111100〉+|1101001〉),

and |1〉L = 1√
8
(I +M0)(I +M1)(I +M2)|1〉⊗7

=
1√
8

(|1111111〉+|0101010〉+|1001100〉+|0011001〉+|1110000〉+|0100101〉+|1000011〉+|0010110〉).

� Here note that 1√
8
(I +M0)(I +M1)(I +M2) is not unitary, but we can find a unitary U to

do that encoding.

� It is common in quantum computing research to create non-unitary transform T to transform

certain unit vectors (quantum states), and then find a unitary U to do the job.

� Let X̃ = X⊗7,

Z̃ = Z⊗7,

N0 = Z4Z3Z2Z1,

N1 = Z5Z3Z2Z0,

N2 = Z6Z3Z1Z0.



Error detection

� There are nice commuting and anti-commuting relationships on X̃, Z̃,Mi, Ni, etc.

� Also, (M0,M1,M2, N0, N1, N2) are chosen so that the 9 error types can be detected by study-

ing their effects on the received quantum state |Ψ〉 ∈ Z7
2.

� For example, |0〉L and |1〉L are common eigenvectors of (M0, . . . , N2) of eigenvalues (1, . . . , 1);

X0|0〉L andX0|1〉L are common eigenvectors of the 6 operators of eigenvalues (1, 1, 1, 1,−1,−1).

� Note that the eigenvalues can be detected by quantum operations. For example,

where |ψ〉 is an encoded seven-qubit state with a possible single-qubit error and the last qubit

is the ancilla. Recall that Ψ〉 is an eigenvector of Mi with the eigenvalue 1 or −1. In case the

eigenvalue is 1, the output of this part is |ψ〉|0〉, while it is |ψ〉|1〉 if the eigenvalue is −1.

� Thus, we can use these behaviors to detect syndrome.



Decoding

� Suppose |Ψ〉 = a|0〉L + b|〉L is sent and |Ψ̃〉 is received.

� Use 6 ancillas to get Mi|Ψ̃〉 = µi|Ψ̃〉 and Ni|Ψ̃〉 = νi|Ψ̃〉 with µi, νi ∈ {1,−1}.

� Assume that there is only one error of the X,Y, Z type on one of the 7 qubits. We can

determine what error using (µ1, µ2, µ3, ν1, ν2, ν3).

� We may then apply the correction accordingly.



Five-Qubit QECC

� Suppose n-qubits are used to set up the QECC for one qubit.

� There are 3n operators Xi with 0 ≤ i ≤ n− 1 single errors to detect.

� So, 3n+ 1 vectors in Zn2 will be decoded unambiguously as |0〉L and 3n+ 1 vectors as |1〉L.

� Hence, 2n ≥ 2(3n+ 1), i.e., 2n−1 ≥ 3n+ 1. Hence, the optimal value is n = 5.

� We do have such a QECC!

Let

M0 = X2X3Z1Z4, M1 = X3X4Z2Z0, M2 = X4X0Z3Z1, M3 = X0X1Z4Z2 ∈M25 .

10.5.1 Encoding

Let

|0〉L =
1

4
(I +M0)(I +M1)(I +M2)(I +M3)|00000〉

and

|1〉L =
1

4
(I +M0)(I +M1)(I +M2)(I +M3)|11111〉,

which is a superposition of 16 basic vectors in C32.

Here again we can use a unitary matrix to change |00000〉, |10000〉 to |0〉L and |1〉L.



Syndrome Detection and decoding


