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Abstract

Given two chains of subspaces in C", we study the set of unitary matrices that
map the subspaces in the first chain onto the corresponding subspaces in the second
chain, and minimize the value |U — I,,|| for various unitarily invariant norms || - ||
on C™*". In particular, we give formula for the minimum value ||U — I,]||, and
describe the set of all the unitary matrices in the set attaining the minimum, for
the Frobenius norm. For other unitarily invariant norms, we obtain the results if
the subspaces have special structure. Several related matrix minimization problems
are also considered.
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1 Introduction
Let

be two chains of nonzero proper subspaces in C", the complex vector space of n-component
column vectors, with

dim M; = dim N = r; (1=1,...,0). (1.2)
It is easily seen that there exists a unitary matrix U on C" such that
UM; =N, (j=1,...,0). (1.3)

In this paper we consider the problem of minimizing the deviation of U from the identity
transformation, i.e., minimizing of the value ||[U—1,|| on the set of unitary transformations

satisfying (1.3), for unitarily invariant norms || - || on C™*", the complex vector space of
n x n matrices. Recall that a norm | - || on C™*" is called unitarily invariant if the
equality |[UAV|| = ||A]| holds for every A € C™*" and every choice of unitary matrices
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Problem 1.1 Given two chains (1.1) of subspaces in C" and given a unitarily invariant
norm || - || on €™, compute the value

min{||U—1I|| : U is wunitary and UM; =N; for j=1,..., 0}, (1.4)

find a unitary matriz Uy, for which the minimum in (1.4) is attained, and describe the
set of all such matrices U ,.

Let x1,...,2,, and y1,...,¥y,, be two orthonormal sets of vectors in C" such that
Span{zi,...,z,,} = M; and Span{yi,...,y,,} =N;, j=1,...,L (1.5)
(Here and elsewhere in the paper we denote by Span{zi, ..., z,} the subspace spanned

by the vectors zy,...,z,.) Clearly, a unitary matrix U satisfies (1.3) if and only if U
maps Span {x, _,41,...,%,, } onto Span{y,_,11,...,yr}, for j=1,..., ¢ (weset ro = 0).

In fact, by the above observation, we can formulate Problem 1.1 entirely in matrix lan-
guage as follows. Let X and Y be unitary matrices with columns x1, ..., 2, and yq, ..., yn,
respectively, i.e., the last n — r, columns of X (respectively, Y') span the orthogonal com-
plement of M, (repectively, NV;). Then clearly the unitary matrix U = Y X* satisfies (1.3).
Furthermore, it is easy to show that a unitary U satisfies (1.3) if and only if U = YV X*,
where

V=Vi® - ®V,® Vi, (1.6)

where V; are (r; —r;_q1) X (r; — r;j_1) unitary matrices for j =1,...,¢,£ + 1 with ry =0
and 7,7 = n. Let & be the set of unitary matrices in block form as V' above. Then
Problem 1.1 can be restated as finding

min [YVX* = I|| = min [Y*(YVX")X - YV*X| = min ||[Y*X - V|| (1.7)
ves ves ves

and characterizing the matrices V € S for which the minimum is attained.

A particular case (corresponding to ¢ = 1) of Problem 1.1 appears in guidance control;
see [3], where a complete solution of this particular case for real matrices and the Frobe-
nius norm is given. More generally, several cases of Problem 1.1, and of closely related
problems have been studied in the literature (see, for example, [5], [6, Section 4]). In
turn, Problem 1.1 belongs to a large class of extremal problems in matrix analysis, many
of which have been studied extensively in connection with numerical algorithms (see, e.g.,
[10], [7], and references there), statistics (see Chapter 10 in [13]), semidefinite program-
ming, etc.

Besides the introduction, the paper consists of three sections. In Section 2, we present
some preliminary results on unitarily invariant norms. The main result here, Theorem 2.3,
characterizes the minimizers of the distance between a given positive semidefinite matrix
and the unitary group, for strictly increasing Schur convex unitarily invariant norms. We
address Problem 1.1 in its matrix formulation in Section 3. We show (cf. Theorem 3.1)
that if there exist U,V € S such that UAV is a block matrix with some nice properties,
then one can easily determine V' € S satisfying (1.7), and the corresponding optimal
value [|[YVX* —I||. When ¢ = 1, the most convenient approach is to reduce YVX* to its



CS-decomposition, i.e., finding X, Y € § so that

C 0 -S 0

. o o o
Yvx'=1| o Voo ool (1.8)

00 0 I

[}

where C' and S are k x k nonnegative diagonal matrices satisfying C%2+4 52 = I, and p+q+
2k =n. If £ > 2, we generally do not have the nice canonical form. Nevertheless, we can
still study Problem 1.1 in the operator context with the help of the CS decomposition as
shown in Section 4. Here, for the Frobenius norm, we describe completely the minimizers
of the distortion problem 1.1 in terms of the CS decomposition of the matrices X and Y
(Theorem 4.2); for unitarily invariant norms that are not scalar multiples of the Frobenius
norm, we have a less complete result (Theorem 4.5).

Although we formulate and prove our results for complex vector spaces and matrices
only, the results and their proofs remain valid also in the context of real vector spaces
and matrices.

We shall denote by o1(A) > -+ > 0,(A) the singular values of a matrix A € C"*".
Unitarily invariant norms || - || on C"*" are associated with symmetric gauge functions
¢ in a standard fashion, so that

||A”‘1> =¢ (Jl(A)v 02<A)7 s ’UH(A))

for every A € C™"; see, e.g., [13], [9] for background and basic results on this association.
The size n will be fixed throughout the paper, and the unitarily invariant norms are
considered on the algebra C™*" of n x n complex matrices. The Schatten p-norms are

. 1/p
lAll, = (Z (aj(A))p) , 1<p<oo, |Alloo = 01(A) (the operator norm).

=1

The Schatten 2-norm is known as the Frobenius norm:

. 1/2
|All2 = (Z ’ai,j‘2> ,

ij=1

where a;; are the entries of A. If X € C"" is Hermitian, A(X) = (M (X),..., (X))
will denote the vector of eigenvalues of X, where A\(X) > --- > \,(X). A stands for
the transpose of a matrix A. The block diagonal matrix with diagonal blocks Ay,..., A,
(in that order) is denoted diag (A;,...,A,), or A1 & Ay & ...® A,. We use the notation
Y (A) = diag (01(A),...,0,(A)) for the n x n diagonal matrix with the singular values of
A (in the non-increasing order) on the main diagonal. Denote by {E11, Eio, ..., Ey,} the
standard basis for C"*".

2 Unitarily invariant norms

In this section we present some results on unitarily invariant norms that are needed for
solution of Problem 1.1. A unitarily invariant norm || - || is a called a Q-norm if there is
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a unitarily invariant norm || - ||, which will be called the associated norm of || - ||, such
that ||A||? = ||A*A||e for every A € €C"*". For example, the Schatten p-norm || - |, is a
@-norm if and only if 2 < p < oo because [|A? = [|A*A||,/2; we refer to [4, Chapter 4]
for more information on ()-norms.

A unitarily invariant norm || - ||¢ is called strictly convez if the unit ball with respect to
that norm is strictly convex: If A # B satisfy

[Alle = [ Blle =1,
then
[tA+ (1 —=t)Blle <1 for 0 <t < 1.

For example, a Schatten p-norm is strictly convex if and only if 1 < p < oco. We need the
following property of strictly convex norms:

Proposition 2.1 Let || - ||¢ be a unitarily invariant norm which is strictly convez. If
A, B € C™" are such that

|A| < ||B]| for every unitarily invariant norm, (2.1)
and ||Alle = ||Bllo, then 0;(A) = 0;(B) forj=1,2,....
We will use the well-known fact that (2.1) holds if and only if ||A||xx < || Bllkk k =

1,2,..., where || - ||k denotes the k-th Ky Fan norm, i.e., the sum of k largest singular
values of A.

Proof. Let D; = diag(o1(A),...,0,(A4)) and Dy = diag(o1(B),...,0,(B)). Since
Al < ||Bllkx for all k =1,...,n, [16, Corollary 5],

Dy => tU;P,DyP!,
i=1
where for i = 1,...,m, U; is a diagonal unitary matrix, P; is a permutation matrix, t; > 0,
such that ¢; +--- +1t,, = 1. But then,

[Alle = I D1lle < > _t:l|UiPD2Pllo = || Blla-
=1

By the strict convexity, all U; P;Dy P} are equal, and hence must be equal to Dy. Thus,
D; = D, as asserted.

In connection with Proposition 2.1 note that there exist non-strictly convex unitarily
invariant norms that have the property described in Proposition 2.1, as the following
example shows:

Example 2.2 Define

IAlle = S (n—j + 1oy (A) = 3. Y 0i(4), Ae™
i=1 j=1i=1
If ||A]| < || B|| for every unitarily invariant norm || - || and if ||A||. = || B||, then we have



and

n J n j
j=1i=1 j=1i=1
which imply
k k
> oi(4) =) 0;(B), k=1,2,...,n,
j=1 j=1

ie., 0;(A) =0j(B), for j =1,2,...,n. On the other hand, | - ||. is not strictly convex; for
example,
lrl + sEnlle = rl|I||c + s||Ewlle for every r,s> 0.

In the sequel we will use the property of strictly convex norms that is described in Propo-
sition 2.1. By the result in [13, Chapter 3, A6-AS8], it follows that the symmetric gauge
function ¢ that corresponds to the unitarily invariant norm ||+ ||¢ on C**" is strictly Schur
convex and strictly increasing if and only if for every pair of n x n matrices A and B such
that ||A]] < ||B|| for every unitarily invariant norm || - || and [|A|l¢ = ||B|le, we actually
have 0;(A) = 0;(B) for j = 1,2, - -. For simplicity, we shall call such a unitarily invariant
norm strictly increasing Schur conver.

Theorem 2.3 Let || - ||o be a strictly increasing Schur convex unitarily invariant norm
on C"". Then, for a given positive semidefinite P, we have |P — I||e < ||P — Ul|o for
every unitary U; the equality ||P — I||e = ||P — Ul|s holds if and only if the unitary U is
such that Ux = x for every x € Range P.

The result of Theorem 2.3 is known for positive definite P [8] (see [2] for generalizations
to infinite dimensional operators, with Schatten p-norms).

The proof of Theorem 2.3 is based on the following lemma.

Lemma 2.4 Let P € C™" be positive semidefinite. Then a unitary matriz U has the
property that P — U has singular values |o1(P) —1|,. .., |on(P) = 1| if and only if Uz = x
for every x € Range P.

Proof: The result is obviousely true for P = 0,,«,. Assume that P # 0 and prove the
statement by induction. The statement is clear when n = 1. Suppose the result is true

0 X
x Ol,and

let C = P —U. Then P and C have eigenvalues +0,(P) and +|o;(P) —1| (j =1,...,n),
respectively. Now, we have

for matrices of sizes up to n — 1 with n > 1. For X € €™", let X = [

C =P+ (-0).

Note that (i) o1 (C) = 1(P)—1, or (ii) 01(C) = 1=, (P). Thus, \;(C) = A\.(P)+ A\, (=0)
with

i)o
(1,2n) if (i) holds,
(r,s) = { (n+1,n) if (ii) holds.

By [12, Theorem 3.1], there is a unit vector # € C*" such that

Ci=M(C)2, Pi=\(P)z, and —Ui=\,(-U)i.



If (i) holds, then the eigenvectors of P corresponding to A.(P) = o1(P) are of the form
[ i ] for some unit eigenvector € € of A\(P). Since C% = M\ (C)i and Uz =

Sl

As(U)Z, if X is a unitary matrix with = as the first column, then

If (i) holds, then the eigenvectors of P corresponding to A.(P) = —o,(P) is of the

form % [ _xx for some unit eigenvector z € C" of A,(P). Since Ci = A\ (C)Z and

Uz = \(U)#, if X is a unitary matrix with z as the first column, then
XCX =[(C)®Cy, X*'PX=[-0,(P)®P, XUX=I[-1aU.

In both cases, one can then apply induction assumption on the matrices C; = P, — U; to
get the conclusion. Wi

Proof of Theorem 2.3. Suppose P is positive semidefinite. Then for any unitary U,
we have (see [8])
(lo1(P) = 1|,...,|on(P) = 1]) <y o(P = U),

where o(P —U) is the vector of singular values of P —U, and <,, is the weak majorization
relation (see, e.g., [13] for this relation and its properties). It follows that

1P = 1Ille = ¢(lon(P) =1],..., |on(P) = 1]) < é(a(P = U)) = [P = Ulla.

Since ¢ is strictly increasing Schur convex, the equality holds if and only if P — U has
singular values |o1(P) — 1|,...,|0,(P) — 1]. Now, the result follows from Lemma 2.4. Hi

If we omit the hypothesis that || - ||¢ is strictly increasing Schur convex in Theorem 2.3,
then the result of that theorem is no longer valid. However, omitting the hypothesis of
strict increasing Schur convexity of || - || and simultaneously omitting “and only if” will
produce a correct statement. In other words, the set of best approximants may only
become larger if || - ||¢ is not assumed to be strictly increasing Schur convex. The proof
of this statement is easily obtained using a continuity argument and the fact that the set
of strictly increasing Schur convex symmetric gauge functions is dense in the set of all
symmetric gauge functions.

Note that there can be a much larger set of minimizers if the unitarily invariant norm is
not strictly Schur convex and strictly increasing. For example, if P = diag(3,1,...,1)
then 2 = ||P — I||oc = ||P — U|| for any unitary U = [1] & Uj.

Next, we mention several simple optimization results which will be used later.

Lemma 2.5 Let A € C™" have singular values o1(A) > o9(A) > ... > 0,(A) > 0 and
let
A=PU=VS(AW (P>0, UU* =VV*=1,),

where W = V*U, be its polar and singular values decompositions. Then, for every uni-
tarily invariant norm,

min | I, = AX|| = [[[n = X(A)[| = [|In — P (2.2)

X unitary



and the minimum is attained for X = U* = W*V*. Moreover, if || - || is strictly increasing

Schur convex, then
11, — AX|| = |1, = P

for a unitary matriz X if and only if Xx = U*x for every x € Range A.

Proof: For every unitary matrix X, it follows that X(AX) = X(A) and therefore, by the
inequality ||A — B|| > ||2(A) — X(B)|| (see, e. g., [11, Theorem 7.4.51]), we have

[0 — AX| = [[1n = 2(AX)|| = [[1n — E(A)]].

The equality is attained for X = W*V*, since the norm is unitarily invariant. The second
equality in (2.2) follows because P = U*¥(A)U for some unitary U. For the second part
of the lemma, observe that

Il — AX||= ||l — PUX| = ||X*U"— P|| and RangeA = Range P,
and apply Theorem 2.3. W

Lemma 2.6 For every matriz A € C"", for every pair of orthogonal projections P,Q €
C™™ and for every unitarily invariant norm || - || on C"*",

[Al = [PAQ]. (2:3)

Moreover, if || - || is the Frobenius norm, then ||Alls > ||PAQ||2, unless (I —P)A+PA(I—
Q) = 0.

Proof: Let U,V € C™*" be unitary such that U*PU = I, 0,,_, and V*QV = I, ®0,,_,.
Then one readily checks that

[A] = [[UAV*|| = [|(I; & 0n—r )UAV™ (L, & 0| = [|PAQ].
The second assertion is clear from the above calculation. [
Lemma 2.7 Let A; and B, be two families of n X m and n X k matrices, respectively. If
min [[Alls = [[Aglla - and  min|[Bllz = [ B |2,

then
Ifgl’isn || [At; Bs} ||2 = || [Atoa BSO] ||2

Proof: By the definition of the Frobenius norm || [4;, B |3 = ||A:]|3 + || Bsl/3, which
implies immediately the desired result. B



3 Results in the matrix formulation

In this section, we describe solutions of the problem (1.7) for Q-norms and the Frobenius
norm. We shall let A =Y X* in (1.7), and let ¢ = ¢ + 1 in the following discussion. Also,
we shall continue to use S = S(ry,...,r,) to represent the set of unitary matrices of the
form

U=U,& -&U, U® - &U 7.

Note that
min |[A-U| = mln ||VAW Ull
Ues
for any unitarily invariant norm || - ||. Thus, we can always replace A by VAW with

V. W € S to determine the minimum norm, and U is a minimizer for

min ||A - U||
vesS

if and only if VUW is a mimimizer for
min ||[VAW —U]|.
Ues

We first present the following result on ()-norms.

Theorem 3.1 Let || - || be a Q-norm, i.e., there is a unitarily invariant norm || - ||e such
that | A||*> = ||A*Al|¢ for every A € C*", and let A be an n x n unitary matriz. Suppose
there exist

V=Vie---a&V, and W=W,&---aW, eS8
with VAW = [A;;]!;—; such that the matrices A;; € Clrimri=)xri=ric) - gre positive
semidefinite for i =1,...,q, and A, ; = —(A;,;)* fori# j. Then

VAW —I| = |[A— V*'W*| < |A-U|  forallU€S.

Moreover, U =U, @ --- @ U, € S satisfies the equality

A= Ul = |A = VW (3.1)
for some Q-norm || - || whose associate norm is strictly increasing Schur convex if and
only if .

V;UW,x =z for every x € Range A,,, j=1,...,q (3.2)

As mentioned in the introduction (cf. formula (1.8)), the hypothesis on existence of V € S
and W € § with the indicated properties is always satisfied when ¢ = 2.

Proof: Without loss of generality, we may assume that V = W = I, otherwise, we may
replace A by VAW . Also, we may assume that A, ; are diagonal, and thus A = A; +iA,,
where A, = diag (¢1,...,t,) and Ay are Hermitian. Let U =U; & --- & U, € S. Then

(A—U)(A-U) =21 — (AU +U*A) and (A—ID)*(A—1)=2I—(A+ A").

We claim that

Za] (A—1I)* i *(A-U)), m=1,...,n, (3.3)



or equivalently, that

SON(A+ AN > Z (AU +UA), m=1,...,n.

] m

Suppose U = X +1Y so that X and Y are Hermitian. Then the vector of diagonal entries
of the matrix A*U 4+ U*A equals to that of A1 X + X A, i.e., to 2(dit1,...,dut,), where
di...,d, are the diagonal entries of X and satisfy |d;| < 1 for all j. For a fixed r, let

1 <14 <--- <14, <n be the indices so that ¢ ,...,¢; are the r smallest diagonal entries
of A;. Set
P = Z Ei ;- (3.4)
i=1

Since |d;;| < 1, we see that (the first inequality below follows by the interlacing properties
of eigenvalues of a Hermitian matrix and of its principal submatrix, whereas the last
equality is valid since the matrix A + A* is diagonal)

> M(AU 4+ U*A) < trace (P(A*X + X*A)P)

k=n—r+1

i=1 =1

k=n—r+1

which proves (3.3). We obtain that ||(A —I)*(A—I)|| < [[(A—=U)*(A—="U)|| for every
unitarily invariant norm || - ||. Consequently, ||A — I|| < [|A —U|| for every Q-norm ||| - ||.

Now, suppose U € S and 3
A= 1] = [[A=Ul|

for some Q)-norm || - || whose associate norm || - || is strictly increasing Schur convex. Thus,
(A=D"(A-D=|I(A-T) (A-T)]| (3.5)

and thus the singular values of (A —I)*(A—I) coincide with those of (A - [7)* (A — U) :
Therefore, o

N(A4+A") = N(AU+UA), j=12,...n
Using the notation introduced in the first part of the proof, we have

n

Zt] = trace A} = trace (A7 X + X*4y) = Z

Therefore, d; = 1 for every j for which ¢; > 0. This condition is easily seen to be
equivalent to (3.2). N

We give explicit formulas for the Schatten norms for 2 x 2 real matrices A of the form
described in Theorem 3.1.

Lemma 3.2 Let a > 0, b be real numbers such that a®> +b> = 1. Then

a—t —b _la—=1 —b ol/p fo
l b a_T]p_Hl b a—l] =272 —-2a, 2<p<oo, (3.6)

p

min




where the minimum is taken over the set of (ordered) pairs {t,r}, t,r € C, such that
] = |r| = 1.

Moreover, if a > 0, the minimum in (3.6) is achieved only fort =r = 1, whereas if a =0
and p > 2, the minimum in (3.6) is achieved precisely for those pairs {t,r} (|t| =|r| =1)

—t —1
1 —r
Proof: A calculation shows that the singular values of the matrix
a—t —b
A= l b a-—r ]
are \/2 —aRet — aRer £ /g, where ¢ = (aRet —aRer)? 4 b*|t —T|*. So we have to prove
that

has constant value 2.
2

for whicht =7. Ifa =0 and p = 2, then

(2 — aRet — aRer + /q)"? + (2 — aRet — aRer — \/q)"/* > 2(2 — 2a)?/? (3.7)

if p > 2 and |t| = |r| = 1. Treating u = ,/q as an independent variable, we need only to
prove that

(2 — aRet — aRer + u)?’? + (2 — aRet — aRer — u)?/? > 2(2 — 2a)"/? (3.8)

forp > 2, |t|=|r| =1, and 0 < u < 2 — aRer — aRet. The inequality (3.8) is valid for
u = 0, and the derivative with respect to u of the left hand side of (3.8) is positive for
u > 0 (here the hypothesis p > 2 is used). Thus, (3.8) is proved. An examination of the
proof of (3.6) shows that the equality in (3.8) is achieved only in the situations indicated
in Lemma 3.2.

Lemma 3.2 (applied with a = 0) shows in particular, that the condition (3.2) is generally
not sufficient to guarantee the equality in (3.1).

The result of Lemma 3.2 fails for 1 < p < 2. More precisely:

—t -1
1 —r
where the minimum is taken over the set of pairs {t,r}, t,r € C, such that |t| = |r| = 1.

Moreover, the minimum in (3.9) is achieved precisely for those pairs {t,r} for which
t=—-T.

Lemma 3.3 Let 1 < p < 2. Then

min

—or, (3.9)

p

The proof is elementary and relies on the explicit formulas for the singular values of the

matrix [ _1t :i ] obtained in the proof of Lemma 3.2.

In particular, Lemma 3.3 shows that Theorem 3.1 is generally false for unitarily invariant
norms that are not Q-norms.

For the Frobenius norm, we have the following general result.
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Theorem 3.4 Let A be an n X n unitary matriz partitioned as a q X q block matrix
A = [A]1 ), where Ay, € CUimrimXUimrio) and et W = Wi @ --- @ W, € S (as
defined in the paragraph following the statement of Problem 1.1), be such that A; ;W is
positive semidefinite. Then

q q
2n — Y trace(A;W;) = 2n — > trace\/A; A% = |A— W3 (3.10)

j=1 j=1
and
|A—=W]|2 < ||[A=Ul> forallU € S. (3.11)
Moreover, U =U; & --- & Uq € S satisfies the equality
A=Wl =A=Ul: (3.12)
iof and only if
ﬁjo*x =z for every x € Range A;;W/, j=1,...,q. (3.13)

Proof: The proof of the first part follows the same pattern as the proof of Theorem 3.1,
except that (3.3) needs to be proven only for m = n, and therefore we take P = I in

(3.4).

For the second part, in view of Theorem 3.1, we need only to show that if (3.12) holds for
some unitary matrices U = U; @ --- @ U, € S, then (3.13) holds. To this end notice that

IA=Ulz = (A =TU1) @ ... & (A = U)lz + D 1Al
%k
! T2 2
= D A = Uills + 3 1Al
j=1 ik
and therefore, the proof reduces to showing that, for a fixed j, ||A;; — Uil = |4, —
Wjl|l2 as soon as the unitary matrix U; has the property that UiWixz = x for every
x € Range A;;Wr. But every such unitary matrix U;W; decomposes into the orthog-
onal sum U;W; = X; @ Y with respect to the orthogonal decomposition €C"77"7~" =
Range A;; W5 © Ker Aj; W, and the equality [|A;; — Uilla = ||A;; — Wjll2 is obvious. W

The result of Theorem 3.4 does not hold for all @-norms, as the following example (pro-
duced by Matlab) shows.

Example 3.5 Let

0.4104 —0.5789 — 0.2985: —0.5773 + 0.27221
Q= | —0.1678 + 0.71657 0.2186 —0.0369 + 0.6397¢
—0.5337 + 0.07217 —0.5740 — 0.4455¢ 0.4266

The matrix @ is unitary (up to Matlab precision), and @) — I has singular values 1.9328,
0.3665, 0.1367. On the other hand, let

1 0 0
E=10 —-0.9999 + 0.01502 0
0 0 0.4749 — 0.8800:

Then F is unitary (up to Matlab precision), and the singular values of ) — E are 1.6706,
1.5250, 0.3076. Thus, [|Q — I]le > ||Q — Elco-
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4 Cosine-sine decomposition approach

In this section we treat Problem 1.1 in the operator form, using the cosine-sine decompo-
sitions as the main tools. Although in principle the operator formulation of Problem 1.1
is equivalent to the matrix formulation which was dealt with in Section 3, the cosine-sine
decompositions allow us to obtain the main result in a more detailed geometric form (us-
ing canonical angles between subspaces).

We recall these decompositions of partitioned unitary matrices.
Theorem 4.1 Let X, Y € C"*" be two isometric matrices: X*X =Y*Y = I.. Then:

1. If 2r < n, there exist unitary matrices Q € C"*" and V., W € C™" such that

r I, r r
QXW = r 01, QYV = r A |, (4.1)
n—2r 0 n—2r 0
where
I' =diag (11,...,7%) and A =diag (01,...,0,) (4.2)
satisfy

0<<... <, 6 >...>0, >0, V+6 =1 (G=1,...,7). (4.3)

2. If 2r > n, then Q, V and W € C™" can be chosen so that

n—r IL,_. 0O n—r I 0
QXW = 2r—n | 0 I |, QYV=2r—n |0 Iy, |, (44)
n—r 0 0 n—r A 0
where
I'=diag (71, .-, Y—r) and A =diag (61,...,0,_) (4.5)
satisfy

0<m<... <Y, 0 >...>2 0 >0, 7]24—(5]2-:1 (j=1,...,n—r).

The proof (see e.g., [15]) relies on the CS (cosine-sine) decomposition of a partitioned
unitary matrix which in turn, was introduced in [6] and [14]. See also [10] and [7], where
the CS decomposition is used in the context of numerical algorithms and geometry of
subspaces. Since 7; and ¢; satisfy 'yjz + (5? = 1, they can be regarded as cosines and sines
of certain angles 6;: v; = cos0;, d; = sin6;, which are called the canonical angles between
subspaces M = Range X, and N = RangeY; (see e.g., [1]). Note also the equalities

XY =WIV* 2r<n) and XY =W [ ] vV (2r > n), (4.7)

0 [2rfn

which follow from (4.1) and (4.4), respectively, and present in fact the singular value
decomposition of the matrix X*Y.
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Consider the chains of subspaces (1.1) and (1.2) It is clear from (1.1) and (1.2) that
O=rg<ri <rg<---<rp=r<n.

Let x1,...,2,, and y1,...,¥y,, be two orthonormal sets of vectors in C" such that

4
{x].?"'?w?“j} and {yl""’yrj}

form bases of M, and N, respectively. Let

X, = [xrﬁl Tpipo - a:rjﬂ} and Y; = {yrﬁl Yrj42 - y,,jﬂ} (j=0,...,0)

be the n X (rj4; — r;) matrices with orthonormal columns which span the subspaces
M1 © M; and N1 © Nj, respectively. Then a unitary matrix U satisfies (1.3) if and
only if

UX; =Y;D; for some unitary matrix D; € CUn=r)>iea=ri) (=1 f). (4.8)
Introducing the matrices
X=X, X ... X)) and Y=V Y5 ... Yy, (4.9)

we rewrite (4.8) as
UX =YD for D =diag(D,...,Dy). (4.10)

The set of all unitary matrices U satisfying (4.10) we denote by U. We formulate first
our result for the Frobenius norm.

Theorem 4.2 Let X, Y € C"" be two isometric matrices of the form (4.9) with C'S
decompositions (4.1) — (4.3) (for 2r < n) or (4.4) — (4.6) (for 2r > n) with unitary
matrices QQ, V and W. Let

XY, =PZ;  (P>0, Z;Zi=77Z;=1, (4.11)

j+1—7"j)

be the polar decompositions of matrices X;Y;. Then
¢
1 2 * * * *
min [U — I, 5 = 4r — 2trace (VXYYX) -2 ;:1: trace (\/X;V;V7X;).  (4.12)

Moreover, a matrix Uy, € U is a minimizer for the unitary distortion problem, i.e., it
satisfies

iy U~ Ll = [ Unio Lol (1.13)
if and only if it is of the form
' —-AR 0
Upn =Q" | AT 'R 0 Q, (4.14)
0 0 [n72r
if 2r < n and
r o —-A
Umin = Q* 0 IZT—n 0 [ ig % ‘| Q7 (415)
A0 r
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if 2r > n, where R is an arbitrary r xr (if 2r < n) or (n—7r) X (n—r) (if 2r > n) unitary
matrixz such that
Rx =x for every x € Rangel’ (4.16)

and T is an r X r matrixz of the form
T =V*diag (Dy,..., D)W, (4.17)
where D; € Cri+1=m)>XCi1="9) gre arbitrary unitary matrices such that

Djx = Zix  for every x € Range P, (7=1,...,0). (4.18)

It is interesting to compare this result and Theorem 3.4, in which XY; = A;; for 1 <
i,j <{=q—1. The formula (4.12) is the same as (3.10) because

n — trace \/X;Y,Y; X, = 2r — trace (VX*VY*X)

is just the dimension of the space spanned by the columns of X and Y.
We establish two lemmas to prove Theorem 4.2.

Lemma 4.3 Let I' and A be positive semidefinite matrices such that I? + A% = I, and
let T € C™" be a unitary matriz. Then the matriz

(4.19)

v U]

AT U,

is unitary if and only if Uy = —AR and Uy = T'R for some unitary matriz R € C™".
Proof: The “if” part is clear. For the “only if” part, observe that

r A

WQ:{—A r

| w13

0 R

are unitary, and hence S = 0. It follows that

. IT —AR
V:wa@mzlAT FR]

as asserted. [

Lemma 4.4 Under the hypotheses and notation of Theorem 4.2, let D denote the set of all
block diagonal unitary matrices D = diag (Dy, . .., Dg) with the blocks D; € Qi+t =i)*(r+173)
forg=1,...0. Then

|1, = XY Dl = i 11, = XY D]l (4.20)

(i.e., D minimizes the value of || I, — X*Y D||y over the set D) if and only if the blocks D;
satisfy conditions (4.18).
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Proof: In view of the block decompositions (4.9) and (4.10) of X, Y and D,

I - XYD = [5,1, ., - X;‘Yjpj}f’jzl , (4.21)
where 9;; is the Kronecker symbol. Decomposing the last matrix as
I, = X*YD = [A((Dy), ..., ADy)],  Aj(D,) € ¢vtrani=mi), (4.22)
we conclude by Lemma 2.7 that the minimum on the right hand side of (4.20) is attained
for a unitary matrix D = diag (D1, ..., Dy) if and only if its blocks D,’s are minimizers
for
14;(Dy)ll2 = |, min A (Dl G =1,....0). (4.23)

Comparing (4.22) and (4.21) and taking into account that the Frobenius norm is unitarily
invariant, we get

[ -X{YD; ] =X
~X;,Y;D; — XY,

14;(Dy)llz = ||| £ - X7Y;D5 || = D} — X}Y;
_X}kHYij B }‘k+1Yj
_XZS/JDJ d1lg _XZS/J 41l

Only the j-th block in the latter expression depends on D; and therefore, again by Lemma
2.7, the extremal matrix D; in (4.23) has to satisfy

1D} = X5Vl =  min |[Dj = X7¥jlla = min [|] = X7Y;D;ll,.

D; unitary D; unitary
Making use of the polar decompositions (4.11), we obtain
|1 = X7Y;Djlla = I = P;Z;Dj|la = |D; Z; — Pilla = | Py — Z;Djla

and by Theorem 2.3, we conclude that D; minimizes the value of || — X7Y;Djl|, if and
only if Z;D;x = x for every vector x € Range P;. It follows now by Lemma 2.7, that
D = diag (D1, ..., Dy) satisfies (4.20) if and only if

ZiDjx = x for every x € Range P; (j=1,...,7).
Since Z;’s are unitary, the latter conditions are equivalent to (4.18). il

Proof of Theorem 4.2:
The case 2r < n. Making use of representations (4.1) we rewrite (4.10) as

QUQ*OXW = QYVV*DW (4.24)
and get, in view of (4.1),
I, r
QUQ*| 0 | =| A |T, where T =V*diag(Ds,...,Dy)W. (4.25)
0 0
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We regard T as a function of unitary matrices Dy, ..., Dy, with V and W fixed. Thus,
QUQ* necessarily has the form

I'T Uy Us
QUQ" = | AT Uxp Uy
0 Usx Uss
Since we are minimizing the value of U — I, || = [[QUQ* — I||2, upon applying Lemma
I 0

2.6 to the matrices A = QUQ* — I, and P = , we conclude that the minimal

0 0
value of |U — I||, is attained only for unitary matrices U of the form
I'r Uy, 0O
U=Q"| AT Uxp 0 Q.
0 0 In—2r 1

By Lemma 4.3, Uj; = —AR and U,y = I'R for some unitary matrix R € C"*" and thus,

I'T -AR 0O
U=0Q*| AT TR 0 Q, (4.26)
0 0 [n72r

which provides the representation formula (4.14) for minimizers. It remains to show that
U of the form (4.26) is a minimizer if and only if the matrices 7" and R are subjects to
(4.16)—(4.18). Since the norm is unitarily invariant and since @), 7" and R are unitary, it
follows by (4.26), that

rr—-1, —-AR . r-rm~ -A
o, 10— Elle =, mig [ AT TR-1I, ] e A [ A TR ]
(4.27)
By Lemma 2.7, it remains to find separately unitary matrices Dy,..., D, and R which

minimize the values of ||[I' — 7|, and ||I' — R*||,. By Theorem 2.3,

IT = Rl = min I = R"[|,

R unitary

if and only if R*z = z for every vector x € RangeI'. Since R is unitary, this condition is
equivalent to (4.16). On the other hand, in view of (4.25) and the first relation in (4.7)
and since the norm is unitarily invariant,

|0 —=T*||e = || I, = TT||e = ||[I, =TV*DW ||y = || I, = WT'V*Dl||y = ||I, — X*Y D||2. (4.28)

and by Lemma 4.4, a matrix T" of the form (4.17) minimizes ||I' — 7*||2 if and only if the
matrices D; are subject to (4.18).

The case 2r > n. Making use of representation (4.4) and of equality (4.24), we get, in
view of (4.10),

I,—, O ' 0
QUQE* | 0 Ly | =10 Iy, | T, where T =V*diag(Ds,...,Dy)W. (4.29)
0 0 A0
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Thus, QUQ* necessarily has the form

r o Uis
X T 0
A 0 Uss e

By Lemma 4.3, U3 = —AR and Us; = 'R for some unitary matrix R € C™*"=7) and
thus,

r o0 Alrr
U=Q| 0 Iy, O [ 0 R]Q, (4.30)
A 0 r

which leads to the representation formula (4.15). As in the case 2r < n, we have to
minimize
l r o ] e A
A 0 I'-R*

or equivalently (by Lemma 2.7), to minimize

2

Il — R*||]s and 0 Iy

i)

2
by the appropriate choice of T (of the form (4.29), where Dy,..., D, are unitary) and
unitary R. As in the case 2r < n, for U of the form (4.30) to be a minimizer, R has to
satisfy (4.16). Furthermore, in view of (4.29) and the second relation in (4.7),

g T o
|||‘0 ]2rn]_T N Ir_[o I2r—n]T

2 2

' o X
= Ir—[o f2r—n]VDW

' o X
= IT—W[O [2r—n‘|VD

2

— |I, - X*Y D, (4.32)
2

and by Lemma 4.4, a matrix T" of the form (4.17) minimizes ||I' — 7%||; if and only if the
matrices D; are satisfy (4.18).

Finally, to compute explicitly the minimal value of |U — ||, where U € U, we chose a
special minimizer corresponding to

IT? lf 2T§TL o _ 3 * * o * 70
R:{]n—ry if 2r>n’ D° =diag(Zy,...,Z;) and T =V*D°W.

Let 0 < 71 < 75 < ... < =, be the singular values of the matrix X*Y (i.e., 7, are
the cosines of canonical angles between subspaces M and N), let matrices I" and A be
defined by (4.2), (4.3) (for 2r < n) or by (4.5), (4.6) (for 2r > n) and let (4.7) be the
polar decomposition of the matrix X*Y. Then for 2r < n, we get from (4.27) and (4.28)

min U — 7,13
= |IT =773 + 213 + [T = B3
= |1, = XYD°|3+ 2| Al + T = L3
= trace {([, — (D°)'Y*X)(I, - XY D°) + 2A% + (T — I,)*} (4.33)
= trace {2I, — XY D° — (D°)'Y"X + (D°)'Y*XX"Y D° 4+ 2A* + T? — 2I'}.
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Since D°, V and W are unitary, it follows from (4.7) that
trace {(D°)*Y*XX*Y D°} = trace {(D°)*"VIW*WTV D°} = trace %,
and since ' is positive semidefinite, we have also

trace’ = trace v X*YY*X.

Furthermore, in view of (4.11),
¢ ‘ ‘
trace (X*Y D) = trace (XJ*YJZJ*) =) trace P; =) _trace ( X;‘Y}Yj*Xj) :
j=1 j=1 i=1

Substituting the three last equalities into (4.33) and taking into account that I'*+A? = I,.,
we get (4.12). If 2r > n, then we get from (4.31) and (4.32)

ro X %
U=l = 0] g 7, |- TR 2AR I R

= L = XYD°|3 + 2 Al + T = Lot 13
and using the preceding arguments we come again to (4.12). il

Recall that the positive semidefinite square root v/A of a positive semidefinite matrix A
is a real analytic function of the real and imaginary parts of the entries of A, provided
that the rank of A remains constant; this follows from the functional calculus formula

1
2T

/M_ (M — A)dr+ /F VA — A) LA,

Here £ > 0 is such that that the positive semidefinite matrix A has no nonzero eigenvalues
inside the circle |A\| = ¢, and I' is a suitable contour that surrounds the nonzero part of
the spectrum of A. Using the analyticity of the square root, one obtains from (4.12)
that minyey ||[U — 1,,||3 is a real analytic function of the real and imaginary parts of the
components of the vectors z; and y;, as long as the numbers ¢, ry,...,r, and the ranks
of the matrices X;Y; (j =1,...,/) and of X*Y are kept constant.

For norms other than scalar multiples of the Frobenius norm, the proof of Theorem 4.2
breaks down. The reason is that Lemma 2.7 is valid only for unitarily invariant norms that
are scalar multiples of the Frobenius norm. Indeed, let || - ||¢ be such a unitarily invariant
norm, and Let ¢ be the corresponding symmetric gauge function on IR}, the convex cone
of real vectors with n nonnegative components. We may assume that ¢(1,0,...,0) =1 by
a suitable normalization. By assumption, ¢ # Iy, where lo(x1,...,2,) = /23 + ... + 22,
x; > 0 is the symmetric gauge function corresponding ot the Frobenius norm. Then there
exists 1 < k < n such that ¢(z) = l(x) for all € R’ with at most & nonzero entries,
but ¢(y) # lo(y), for a certain y = (y1, ..., Yk+1,0,...,0) € R} with gy > -+ > y4q > 0.
Consider the family F} of n x n matrices with exactly k& nonzero singular values y1, ..., yx,
and the family F, of n X n matrices with the only nonzero singular value y;,;. We see
that Ag = y1E11 + -+ - + yp By is a minimizer of || - || in Fy, and By = Y41 Ejt144+1 and
By = yr+1E11 are are both minimizers of | - [l in Fo. But then

||[A0 BO]||<I> = ¢(y17"'7yk+170a"'70) 7é ZQ(yla"'vyk-i-lvOa"'vO)

- ZQ(\/y%+yl%+17y27“'7yk707'"70) - ¢(\/y%+yl%+17y27"'7yk707"‘70)

= [l[40 Bollle.
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So, [Ag By and [Ay By] cannot be both minimizers of || -||¢ in the set of n x 2n matrices

{[A B]:Ae F,B € F,}.

In view of the observation made in the preceding paragraph, we need an additional hy-
pothesis to deal with norms other than scalar multiples of the Frobenius norm. For
()-norms we have the following result (recall that U/ is the set of all unitary matrices U
satisfying (4.10)).

Theorem 4.5 Let X, Y € C™" be two isometric matrices of the form (4.9) with C'S
decompositions (4.1) — (4.3) (for 2r < n) or (4.4) — (4.6) (for 2r > n) with unitary
matrices QQ, V and W. Assume further that the matriz VW?* is block diagonal: VW* =
diag (Wh,..., W), where W; isr; xr; (j=1,...,£). Then for any Q-norm,

) r—-1 -A
i ||U—fnu—|H X F_I]H. (131

The proof proceeds similarly to that of Theorem 4.2. We omit the details. It is worth
noting that the above theorem can be viewed as a special case of Theorem 3.1 when there
exist V,W € § so that up to a permutation VAW is of the form

L—A @I
A F 2ms

(using the notation of Theorem 3.1). One can translate the conclusion on the minimizers
in Theorem 3.1 as well.

References

[1] S. N. Afriat, Orthogonal and oblique projectors and the characteristics of pairs of
vector spaces, Proc. Cambridge Philos. Soc. 53 (1957), 800-816.

[2] J. G. Aiken, J. A. Erdos, and J. A. Goldstein, Unitary approximation of positive
operators, Illinois J. Math. 24 (1981), 61-72.

[3] 1. Y. Bar-Itzhack, D. Hershkowitz, and L. Rodman, The pointing in real Fuclidean
space, Journal of Guidance, Control, and Dynamics, 20 (1997), 916-922.

[4] R. Bhatia, Matriz Analysis, Springer-Verlag, New York, 1997.
[5] C. Davis, Separation of two linear subspaces, Acta Math. Szeged 19 (1958), 172-187.

[6] C. Davis and W. M. Kahan, The rotation of eigenvectors by a perturbation. III, STAM
J. Numer. Anal. 7 (1970), 1-46.

[7] A. Edelman, T. A. Arias, and S. T. Smith, Geometry of algorithms with orthogonality
constraints, SIAM J. Matrix Anal. and Appl. 20 (1998), 303-353.

[8] K. Fan and A. Hoffman, Some metric inequalities in the space of matrices, Proc.

Amer. Math. Soc. 6 (1955), 111-116.

[9] 1. C. Gohberg and M. G. Krein, Introduction to the Theory of Linear Nonselfadjoint
Operators, Translations of Mathematical Monographs, Vol. 18, Amer. Math. Soc.,
Providence, R.I., 1969 (translation from Russian)

19



[10] G. H. Golub and C. F. Van Loan, Matriz Computations, Johns Hopkins University
Press, Baltimore, MD, 1989.

[11] R. A. Horn and C. R. Johnson, Matriz Analysis, Cambridge University Press,
Cambridge-New York, 1985.

[12] R. A. Horn, N. H. Rhee, and W. So, FEigenvalue inequalities and equalities, Linear
Algebra Appl. 270 (1998), 29-44.

[13] A.W. Marshall and I. Olkin, Inequalities: Theory of Majorization and its Applica-
tions, Academic Press, London, 1979.

[14] G. W. Stewart, On the perturbation of pseudo-inverses, projections and linear least
squares problems, SIAM Rev. 19 (1977), no. 4, 634-662.

[15] G. W. Stewart and J.-G. Sun, Matriz Perturbation Theory, Academic Press Inc.,
Boston, 1990.

[16] R. C. Thompson, Singular values, diagonal elements, and convexity, STAM J. Appl.
Math. 32 (1977), 39-63.

20



