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Abstract

The energy of a graph is the sum of the absolute values of the eigenvalues of its
adjacency matrix. Two graphs are equienergetic if they have the same energy. We
construct infinite families of graphs equienergetic with edge-deleted subgraphs.
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1 Introduction

Throughout, G will be a simple graph, i.e., a graph with no loop and no multiple edge.
Let V(G) and E(G) denote the vertex set and edge set of G respectively. Also let A(G)
denote the adjacency matrix of the graph G. The characteristic polynomial and spectrum of
a graph are those of its adjacency matrix. If E is a subset of F(G), then G — E will denote
the subgraph of G with vertex set V(G) but with edge set £(G) — E. A subgraph H of G is
an induced subgraph of G if H contains all edges of G that join two vertices of H. Clearly
H is induced if and only if A(H) is a principal submatrix of A(G). We write G — H for
the graph obtained from G by deleting all vertices of an induced subgraph H and all edges
incident with H. This is also called the complement of H in G. Moreover, when no edge of
G joins H and its complement G — H, we write G = H ® (G — H). If E is a set of edges of
G such that G — E has more connected components than GG, then E is called a cut set of G.

Let A1 (A) > Ay(A) > -+ > A\, (A) be the eigenvalues of an n X n real symmetric matrix
A. The energy of a graph G is defined as £(G) = Y7, [N\j(A(G))| [4]. Two graphs are
equienergetic if they have the same energy. Of course, if two graphs are cospectral, i.e.,
have the same spectrum, then they are equienergetic. However the converse is not true,
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see Example 1.2. Recently there is some interest in constructing pairs of graphs which are
equienergetic but not co-spectral [1, 2, 5, 6, 7, 8, 9]. In this paper, we are interested in
constructing pairs of equienergetic graphs such that one is a subgraph of the other, i.e., the
energy of a graph is the same as the energy of a subgraph obtained by deleting some of its
edges. Formally we have the following problem.

Problem 1.1. Characterize graph G and edge set E such that £(G) = £(G — E).
Two examples of small sizes are included.

Example 1.2. The disjoint union of two copies of the complete graph on 2 vertices Ko@® K, is
an equienergetic subgraph of the cycle graph on 4 vertices Cyy. Note that £(Ky® K3) =
4=E&(Cy), and Ky @ Ky = Cy — E where E is a cut set.

Example 1.3. Let GG be a simple graph obtained by deleting two independent edges from
the complete graph on 5 vertices K5. Then the cycle graph on 5 vertices Cs is an
equienergetic subgraph of G. Note that £(G) = 2425 = £(Cs), and C5 = G — F
where F is not a cut set.

In this paper, we focus on two special cases of Problem 1.1. Section 2 concerns the case when
F is a cut set. Two convenient methods of constructing infinitely many graphs equienergetic
with disconnected subgraphs are established. Section 3 deals with the case when F is a
singleton, i.e., E contains just a single edge. We construct an infinite family of connected
graphs equienergetic with subgraphs of one edge fewer. It is worth mentioning that these
two cases are mutually exclusive because of the following result from [3].

Theorem 1.4. If e is a bridge, i.e., a cut edge of a graph G, then £(G — {e}) < £(G).

2 F is a cut set

In this section, we focus on the special case of Problem 1.1 that E is a cut set of G. In this
case, the adjacency matrix of GG is of the form

0= |5 o |

where H and K are complementary subgraphs of G — E. In [3], it is proved that £(G) =
E(G — E) if and only if there exist orthogonal matrices U and V' such that

[UA(H) UX ]
VXT  VAK)

is positive semi-definite. However this characterization is not very helpful in finding equiener-
getic subgraphs. The following example is taken from [3].



Example 2.1. For n > 2, let G be a simple graph on 2n vertices with a cut set F such
I — 1, I, | Sy 0

that A(G) = I I and A(G — F) = 0 I

the n x n matrix with all entries equal to 1, and I,, is the n x n identity matrix. Then

£(G) = &(G - E).

where J,, is

Lemma 2.2. For n > 2, let G be a simple graph on 2n vertices with a cut set E such that

A<G):l;—i {Z} and A(G — FE) = [61 21] Then £(G) = £(G — E) if and only if

|IAi(A)| > 1 for all i.

Proof. Let the spectrum of A be {Ay,...,A,}. Then the spectrum of A(G) is {\ *
1,..., A\, £ 1}. Since |\, + 1] + | N — 1| > 2|\|, we have £(G — E) = £(G) if and
only if >, 2| \;| = > (|Ai + 1| + |\ — 1]) if and only if 2|\;| = |\ + 1] + |A; — 1] for all 4
if and only if |A\;| > 1 foralli. m

Lemma 2.3. For n > 2, let G be a simple graph on 2n vertices with a cut set £ such that

AQ) = [ﬁ ﬂ andA(G—E):l‘g 21] Then £(G) = £(G — E).

Proof. Let the spectrum of Abe {\y,..., A\,}. Then the spectrum of A(G) is {00, 2);,..., 2\, }.
Hence E(G—E)=2Y" |\ =&(G). =

Remark 2.4. If a graph GG has nonzero integer eigenvalues, say any complete graph K, or
the cycle graph Cg, then |\;(A(G))| > 1 for all i. Hence Example 2.1 is a special case
of Lemma 2.2. Both Lemmas 2.2 and 2.3 provide convenient constructions of graphs
equienergetic with edge-deleted subgraphs. An application of Lemma 2.3 gives the
next example.

Example 2.5. For n > 2, let G be a simple graph on 2n vertices with a cut set E such that

AG) = Uzjz jz:ﬁz] and A(G — E) = [J"SI" Jnﬁln]. Then £(G) =

E(G—-E).
Theorem 2.6. Suppose that G is a simple graph with a cut set F such that A(G) =

o ] and A(G-E)=| " o T ] Then £(G) = £(G—E)

if and only if (i) n =m, and (ii) X =1, or X = J,, — I,
Proof. (Sufficiency) By Examples 2.1 and 2.5.

(Necessity) Let J, — I,, = P, " 6 1 0 PT where P, is an orthogonal matrix
“dn—-1

with the first column being the vector with all 1’s. Since J,, — I,, is nonsingular, there
exists a unique orthogonal matrix U,, such that U, (J, — I,,) is positive definite, indeed,



1 0
Un—Pn[O —in—1

beginning of this section, if £(G) = £(G — E) then

PT is also symmetric. By the characterization mentioned in the

n—1 0 1 0
- PTXP
A I AL
0 P, 10 T T m—1 0 0o Pr
o el [0
[ n—1 0 T 1 0 -
[l e ]
_Pm{o _m1|PmX Pm{ 0 [m1|Pm
B Un(Jn — 1) U, X
N U, XT Un(Jm — L)
n—1 0 1 0 v
. .. . . O ]n—l 0 —in—1 . ..
is positive semi-definite. Hence 1S positive
1 0 vT m—1 0
0 — m—1 0 Im—l

semi-definite where Y = PT X P,, is n x m. By symmetry,

10 10
ol )

E 0 k0

0 7 0o zZ7%
the first column of P, and P,, are vectors with all 1’s, denoted by 1,, and 1,, respec-
tively. It follows that X1,, = k1, and X71,, = k1,,, i.e., X has constant row sums and

n—1 0 E 0
ol ]| o %]
0 n—1 0
0 —2Z7" 0 Ina |
is positive semi-definite, and so |A;(Z)| < 1 for all . Consider the sum of squares of

entries for the matrices X,Y and Z, we have
nk=tr X' X=tY' Y=+t Z7Z=K+> N2 <K +n-1

and so PTXP, =Y = ] and PTXTp, =YT = ] Recall that both

column sums equal to k. Consequently, n = m. Now {

| —

Hence k=1lork=n—-1,ie, X=I,or X=J,—1,. =

3 FE is a singleton

In this section, we consider another special case of Problem 1.1 that E is a singleton. To
avoid triviality, the supergraph is required to be connected, but the subgraph does not need
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Figure 1: Graph Gj.

PP

Figure 2: Graph Gs.

to be connected. The numbers of connected graphs with 2 to 9 vertices are
1, 2, 6, 21, 112, 853, 11117, 261080,

respectively. After an exhaustive search, the numbers of connected graphs equienergetic with
subgraphs of one edge fewer are

0, 0,0 0, 1,0 0, 2,

respectively. They are (G; on 6 vertices in Figure 1, Gy on 9 vertices in Figure 2, and Gj
on 9 vertices in Figure 3. In these figures, the edge with an asterisk can be deleted without
changing the energy. In [3], G is shown to be a member of an infinite family of connected
graphs equienergetic with subgraphs of one edge fewer. In this section, we construct another
infinite family of graphs to which G5 is a member (See Theorem 3.2). It is still unknown
whether GG3 in Figure 3 is a member of an infinite family of connected graphs equienergetic
with subgraphs of one edge fewer.

For n > 2 and 1 < s, < n, define KK (n,s,r) as a simple connected graph with two
copies of complete graph K, connected via a vertex in the middle. The left complete graph
is joined to the middle vertex with s edges and the right complete graph is joined to the
middle vertex with r edges. Hence K K (n, s, r) has 2n + 1 vertices and n? —n + s + r edges.
G in Figure 2 is indeed KK (4,1, 3).

By labeling the two copies of complete graph first and then the middle vertex last, the



Figure 3: Graph Gs.

adjacency matrix of KK (n,s,r) is
0 =z
K =z,

T
z, 0

K
A=1 0
g
where K = J, — I, is the adjacency matrix of K,,, x5 is an n-vector with the first s entries
equal 1 and the rest equal 0, x, is an n-vector with the first r entries equal 1 and the rest
equal 0. In particular, the adjacency matrix for the graph in Figure 2 is

e
]

S

—

D

N

S—

I
O O O O == O
OO OO O = O =
OO OO O O = =
OO OO OO = ==
[l Rl e e =l == M s Rl an R an)

OO = = =IO OOO
SO = = RO OOF

== O = O OO
== O = =IO oo

Let Ay > -+ > Ag,11 be the eigenvalues of A. Since [0(

[O( ] is a principal submatrix
of A, we have the following interlacing inequalities:
)\1Zn_]-ZAQZH_12A32_1Z)\42_12"'2_12/\2n2_]—2)\2n+1‘
Hence \os =n—1, \y, =--- = Xy, = —1, and
AM2>n—12>X32>—12> Ay
On the other hand,

2rK =trA=XM+n—14+ X3+ (2n —3)(—=1) + Aany1,



ArKK + 22w, + 227w, = trA2 = N2 4+ (n — 1) + A2+ (2n — 3)(—1)? + Aonits
2tr K3 4+ 30T Kay + 30X Ko, = tr A3 = X3+ (n— 13 + X3+ (2n — 3)(—1)* + )‘gn+1’

After simplification,
M+ A3+ Ao =n — 2,

A+ A+ A =25 +2r +n —2n+ 2,
A A+ NS, =3s(s— 1) +3r(r — 1) +n® — 3n° + 3n.

Using Newton’s identities, we deduce that Aq, A3, and Ag, .1 are zeros of the cubic polynomial
- n—-2)2"+(1—n—s—r)r—[s*+7r"—(n—1)(s+7)].
Therefore we have the following lemma.
Lemma 3.1. The characteristic polynomial of KK (n,s,r) is
(x—n+1)(z+1)>3 (:133 —(n—=2)*+(1-n—s—r)z—[s*+r = (n—1)(s+ 7’)]) :
Let the zeros of
px)=2*-(n—-2)2"+(1-n—s—n)z—[s*+r"—(n—1)(s+7)] (1)

be a1, as, asz. Then

oy + o +a3 = n—2,
a0 + s +agay, = 1—n—s—r,
Q103 = s*+r?— (” - 1)(3 + T)a

and, by interlacing inequalities, a1 >n —1 > ay > —1 > as.
Similarly, let the zeros of
- n-2)"+(1-n—-s—r+z—[*+r—-1)°-m-DE+r-1] (2)
or ¥ —(n-2)r*+(1l-n—s—r)x—[s*+rP—(n—-1)(s+n)]+@—-n+2r) (3)

be 51, B2, 33. Then

fr+ B+ 0P = n—2,
P18z + 233 + B34 2—-n—s—r,
Bifafls = s+ (r—1)2—(n—1)(s+r—1),



and, by interlacing inequalities, 1 > n—1 > (5 > —1 > (3. Moreover, a; > (3 since
KK(n,s,r—1) is a subgraph of the connected graph KK (n,s,r). Also note that if polyno-
mials (1) and (2) have a common zero then it must be n — 2r.
Now
E(KK(n,s, 1)) =3n—4+|ai| + |az| + |as],

and

E(KK(n,s,r—1)) =3n—4+|61|+ |52| + |53
Consequently, E(KK(n,s,r)) = E(KK(n,s,r — 1)) if and only if || + |as| + |as| = |51] +
|B2| + (B3]

Theorem 3.2. Forn > 2 and 1 < r,s < n, E(KK(n,s,r)) = E(KK(n,s,r — 1)) if and
only if
i s — (2r —1)s + 2n%*r — 8nr? + 8r® — n? + 6nr — 9r? —n + 3r = 0,
ii. n < 2r,
i, s2+r2<(n—1)(s+r).
Proof. (Sufficiency) Conditions (i) and (ii) imply that n — 2r is a common negative root of

polynomials (1) and (2) (via equation (3)). Conditions (ii) and (iii) imply that both
ag and [y are positive. Hence a3 = 3. Therefore we have

|+ [eof +|as] = artaz—a;
= o1+ o+ a3 —2a3
= i+ B+ B3 — 203
= Oi1+ 02— B3
= [Bi] +Be] + |55]

and so E(KK(n,s,r)) = E(KK(n,s,r—1)).
(Necessity) Assume that E(KK(n,s,r)) = E(KK(n,s,r — 1)), and so

|| + |ae| + |ag| = | 51| + |Ba] + | B3]

First we claim that F5 > 0. Otherwise §, < 0, and it leads to a contradiction as
follows. If ay < 0 then oy = [ is a common zero of polynomials (1) and (2), then
ar = f1 =n—2r > n—1,1e.,1 > 2r, a contradiction. If ap > 0, then a1+ = 51 < ay,
also a contradiction.

Next we claim that as > 0. Otherwise ay < 0, and it leads to a contradiction as
follows. Since ap < 0, we have s + 72 — (n — 1)(s + 1) = ajasas < 0. Therefore we
have the following 4 cases to consider.

Case 1: s=r=n—1.



Then ajasas = s> + 12— (n—1)(s +7) = 0, and so ay = 0 because a; and a3 are
nonzero. Therefore a; — ag = |ou| + |aa| + |as| = |B1| + |B2] + 53] = B1 + B2 — Fs.
Because aq + s+ a3 = (1 + B2+ (3, it follows that a3 = 3. Hence az = 3 = n—2r =
n—2n—1)=2—-n,and oy =n—2—a3=n—2—(2—n) =2n — 4. Consequently,
3—3n=1—-n—s—r=awmasz=(2n—4)(2 —n) which is impossible because n is an
integer.

Case 2: s =71 =n.

Then 513205 = s>+ (r—1)* = (n—1)(s+r—1) =n > 0. However (3, > 0 implies that
(15233 < 0, a contradiction.

Case 3: s=nandr<n-—1.

Since 0 > (16233 =8+ (r—1)* = (n—1)(s+r—1) =7r% — (n+ 1)r + 2n, it follows
that

n+1—vn2—6n+1 n+14++vn2—-6n+1
<r < 9

5 and n? —6n+1>0.

Note that 2 < ndl=vn —6ntl ”;Q_G”H < 3and n — 2 < nElEVRTOntl ”;Q_G”H <n—1frn > 6.
Consequently, 3 <r <n — 2 with n > 6.

On the other hand, 0 > ajanaz = s> +1r* —(n—1)(r+s) =r*—(n—1)r+n. It
follows that

n—1—+vn2—6n+1 >n—1+\/n2—6n+1

r < orr >
2 2

and n2—6n+1 > 0. Note that 1 < n=i=vn"—6n+l ”52_67”“1 < 2and n—3 < n=lbvni-—Gntl ”ZLLG”H <n—2
for n > 6. Consequently » <1 or r > n — 2 with n > 6.

Eventually r = n — 2 with n > 6, so we have

n—2=a;+oa+ag = [+ P2+ G, (4)
3—3n =102+ asas +asa; = [y + B3+ B — 1, (5)
2=aiapaz = (1505 +n—4. (6)

Suppose that |ai| + |as| + |as| = |5i] + [G2] 4 |Bs]. Since az <0, by (4), a1 = 1 + o
and ay + a3 = B3. And by (5), asaz = 313, — 1. And by (6), a% = 65’3” — 1 which
gives 33 = (6 —n);%5. Finally, by (4), of + (10 — 2n)a; + (4 — 2n) = 0 which gives
a; = n—5++v/n? — 8n + 21. Put it back into (5), we have 3—3n = a;(ag+a3)+asaz =
ar(n—2—a;)+ 2 and then 8n* —146n° +872n* —2106n+2164 = 0 which is impossible
because n is an integer.

Case 4: s<n-—1andr=n.

Since 0 > 313833 =8>+ (r—1)>—(n—1)(s+r —1) = s> — (n — 1)s, it follows that
1<s<n-—2.



On the other hand, 0 > cyapaz = s> +r2 —(n—1)(r+s) =s>—(n—1)s+n. It
follows that

1 — 2 _ _ 2 _
Sn 1—+vn 6n+10r82n 1++/n 6n+1
2 2
and n? —6n + 1 > 0. Consequently, s < 1 or s > n — 2 with n > 6.
Eventually, we have two subcases to consider.

Subsubcase 4.1: s =1 and r = n.

n—2=a1+a+as = P11+ P2+ s (7)
—2n = e + apas + aza; = B10a+ Boffs + B3 — 1 (8)
2=ooi0003 = (1B +n (9)

Suppose that |aq| + |az| + |as] = |51| + | 52| + |F3]. Since ay < 0, by (7), it follows
that oy = 01 + f2 and so as + a3 = 3. Consequently, from (8), asaz = (102 — 1.

From (9), a% = 25_—3” —land so az + a3 = 3 = (2 — n);*5. Now, from (7) again,

a? + (6 —2n)ag + (4 — 2n) = 0. It gives ay = n — 3+ v/n2 —4n + 5. Put it back to
(8), we obtain 4n* — 40n3 + 136n2? — 200n + 116 = 0 which is impossible because n is
an integer.

Subsubcase 4.2: s=n—2 and r = n.

n—2=a1+a+tag = [Bi+ P2+ s (10)
3—3n=ajas +mas+asagr = [P+ Bofs+ B0 — 1 (11)
2=aimas = (150B3+n (12)

Suppose that |aq| + |aa| + |as] = [B1] + | 52| + |F3]. Since ap < 0, by (10), it follows
that a; = 81 + (2 and so as + a3 = f3. Consequently, from (11), asas = (102 — 1.
From (12), a% = % —land so as + a3 = 3 = (2 —n);%5. Now, from (10) again,
a? + (6 —2n)ag + (4 —2n) = 0. It gives oy = n — 3+ v/n2 —4n + 5. Put it back to
(11), we obtain 8n* — 90n3 + 352n% — 594n + 380 = 0 which is impossible because n is
an integer.

Finally, from the two claims above, we conclude that a3 = 3 is a common root of
polynomials (1) and (2), hence n — 2r = a3 = 3 < 0, which gives condition (ii).
It follows that n — 2r is a root of polynomial (1) and it gives condition (i). And
s2+1r?2—(n—1)(s+7r) = ajasas < 0, which gives condition (iii). m

Remark 3.3. The conditions (i), (ii), and (iii) in the Theorem 3.2 can be summarized as
“n — 2r is the only negative zero of the polynomial p(z) in (1)”.
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By Theorem 3.2, there are many choices of parameters n, s, r such that E(K K (n, s, r)) =
E(KK(n,s,r—1)). For example, Gy = KK (4,1,3) in Figure 2 is the example with smallest
parameters. Corollary 3.4 below gives explicitly an infinite subclass of these graphs, and
hence confirms that the family described by the parameters in Theorem 3.2 is infinite.

Corollary 3.4. Let s = n. Then E(KK(n,s,r))

= E(KK(n,s,r — 1)) if and only if n =
s =4k*> — 9k + 6 and r = 2k® — 4k + 3 for k > 3.

Proof. Applying Theorem 3.2 with s = n, we see that E(K K (n,n,r)) = E(KK(n,n,r—1))
if and only if

i 2n%r — 8nr? + 83 +4nr — 9r? + 3r =0,
ii. n < 2r,

iii. 2 < (n—1)r —n.

By taking k = 2r — n, one can check that (i), (ii), and (iii) hold if and only if n = s =
4k* -9k +6and r =2k*> — 4k +3for k> 3. m

Corollary 3.5 Let s = 1. Then E(KK(n,1,7)) = E(KK(n,1,r — 1)) if and only if n =4
and r = 3.

Proof. Applying Theorem 3.2 with s = 1, we see that E(KK(n,1,7)) = E(KK(n,1,r—1))
if and only if

i (2r—1n?+ (6r—8r* —1)n+8r* —9r2 +r+2=0,
ii. n < 2r,

iii. T+r2<(n—1)(1+7r).

One can check that (i), (ii), and (iii) hold if and only if n =4 and r = 3. m
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