MATRICES WITH ALL DIAGONAL ENTRIES LYING ON
THE BOUNDARY OF THE NUMERICAL RANGE

Hwa-Long Gau, Chi-Kwong Li, Kuo-Zhong Wang

Abstract

For an n x n complex matrix A, we study the value k(A), which is the maximum size of an
orthonormal set {x1,...,zx} such that 27 Az; lie on the boundary of W(A) for j =1,..., k. We

give a complete characterization of matrices A with k(A4) = n, and determine when such a matrix
has reducing subspaces. Furthermore, we characterize companion matrices and nonnegative
upper triangular the Toeplitz matrices A with k(A) = n.
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1 Introduction

Let M,, be the set of n x n complex matrices. For A € M,,, the numerical range of A is defined by
W(A)={z"Az : 2 € C", x*x =1}.

The numerical range is a useful tool for studying matrices and operators; see [I1] and its references.
It is known that the W(A) is a compact convex subset of C. There are interesting interplay
between the analytic and algebraic properties of a matrix A € M, and the geometric properties of
its numerical range. In particular, one may deduce useful information the matrix A if the numerical
range of a matrix has some special boundary points. For instance, if y is an eigenvalue of A lying
on the boundary, then A is unitarily similar to [u] @& A; with A; € M,,_;. The same conclusion
holds if x is a boundary point of W(A) attaining the operator norm of A or if p is a sharp point
of the numerical range, i.e., there are two different support lines passing through p . As a result,
a matrix A € M, is unitary if and only if all the eigenvalues of A have modluls one and lie on the
boundary of W (A), equivalently, W (A) lies inside the unit disk and there is a unitary U € M,, such
that U*AU is a diagonal matrix with all diagonal entries lying on the unit circle. More generally,
if A € M, has n — 1 eigenvalues lying on the boundary of W(A) or if the boundary of W(A) is a
polygon with at least n — 1 vertices, then A is normal.

The results mentioned in the last paragraph concern boundary points of W(A) with some
special spectral or geometrical properties. Recently, researchers considered the maximum size of
an orthonormal set {z1,..., 2} C C" such that 2} Az; € OW(A), the boundary of W(A). Denote
this number by k(A), which is referred to as the GW-number of A. Clearly, k(A) is the maximum



number of diagonal entries of a matrix of the form U*AU for a unitary matrix U € M, lying in
oW (A).

The GW-number was first introduced by Gau and Wu [7], who proved that (i) 2 < k(A) < n
for all A € M, (ii) k(B) = 2 for any 2 x 2 matrix B, and (iii) £(C) = [n/2] for all C € S,,, where
Sy, denotes the set of matrices X € M, whose eigenvalues all lie in the open unit disk and for
which rank(/, — X*X) = 1. Researchers have obtained interesting results on the GW-number for
various classes of matrices, including weighted shift matrices, nonnegative matrices, almost normal
matrices, tridiagonal Toeplitz matrices, and arrowhead matrices; see [1, 2], 3], &, [9, [10].

We are interested in the case when k(A) = n. For a normal matrix A, if all eigenvalues of A lie
on OW(A), then k(A) = n. On the other extreme, consider the matrix

B = 0 e,
S
0

It is easy to verify that B is unitarily irreducible and that (B + B*)/2 is unitarily similar to
(=3)I—1 @ [(n — 1)/2], and hence k(B) = n.

In this paper, we give a complete characterization of matrices A € M,, with k(A) = n. More-
over, we show that this condition leads to further structural results for special classes of matrices.
In Section 2, we present the full characterization of all A with k(A) = n. In Section 3, we study
when such matrices admit nontrivial reducing subspaces. In Section 4, we characterize companion
matrices and nonnegative upper triangular Toeplitz matrices A satisfying k(A) = n. These results
refine and extend earlier work on matrices with diagonal entries lying on the boundary of the nu-
merical range and provide additional insight into the interaction between numerical range geometry

and matrix structure.

2 Characterization of matrices with GW-number equal to n

Suppose A = (a,s) with k = k(A) diagonal entries lying on the boundary of W (A). We may apply
a permutation similarity, and assume that the first ny diagonal entries lie on a support line L1,
the next no diagonal entries lie on the support line Ly, and so on. Then we may assume that
A = (Ays)i<rs<e+1 such that the diagonal entries of Aj; lie on a support line L; for j = 1,...,¢.
We have the following.

Lemma 2.1. Suppose A = (Ays)1<rs<er1 € My, such that Aj; € My, for j =1,...,¢ such that the
diagonal entries of Aj; lie on a support line L; of W(A) for £ distinct support lines of W (A). Then
there are € distinct t1,...,t; € [0,27) such that eiW (A) lies on the left side of €iL;, which is
parallel to iR, for j =1,...,L. Moreover, eitﬂ'Ajj =d;l,; +iGj; for some d; € R, Gj; = G;‘-j, and
—ei Ay = e*ith;‘j for 1 < j </t and j# s. Consequently, Ajs =0 if L; and Ly are not parallel.



Proof. Since the diagonal entries of A;; lie on a support line L1, there exists t; € [0,27) such that
W (A) lies on the left side of €1 L1. So, Re(e"* A) has largest eigenvalue equal d;. Consequently,
Re(e*A) = dy1,, ® D for some D = D* with eigenvalues strictly smaller than d;. So, et A;; =
di1y, +1G11 with G1; = G7];. Moreover, —eM A, = e‘“lAZ1 for 1 <s</{£+ 1. We can apply the

same argument to the diagonal blocks Asg, ..., Agy. Thus, for each j = 1,...,£, we obtain
—ei A5 = e*ith;‘j for 1 <j</{andj#s.

Now, suppose L; and L, are not parallel. Then, from the equation —etli Ajs = e i A:j and
—eitSAsj = e*itSA;fs, we have —eQitSAjs = A:j = —eQitﬂ'Ajs. Thus, Ajs(e%ts —e?j) = (. This implies
that either A;, = 0, or e2its — 21t Tf 2its — ¢2itj then e2/(ts=%) = 1, which implies that ¢ —t; =0
or ty —t; = m. This is a contradiction because L; and Ly are not parallel. Therefore, we have

Aje = 0. 0

Corollary 2.2. Let A = (a,s) € M, with ai1, a2 lying on two non-parallel support lines of W (A).
Then the leading 2 x 2 principal submatriz B of A is a diagonal matriz so that W(B) is a line

segment.

Theorem 2.3. Let A € M,. Then k(A) =n if and only if A is unitarily similar to €Ay @ --- &
e Ay, with Aj € My, forj=1,...,k for distinct 01,...,0) € [0,27) such that:

(a) Aj —ajly; is skew-Hermitian for some aj € R so that eiW (A;) is a line segment lying on
a support line of W (A) parallel to €% (iR).

(b) Aj—(ajl., ®bjl,,; ;) is skew-Hermitian with a; > b; such that the diagonal entries of i A;
lie on two support lines of W(A) that are parallel to ¢ (iR).

Proof. Suppose U*AU = (a;;) such that ai1,...,an, € OW(A). We may apply a permutation
similarity and assume that (eié’lln1 b @ewklnk)U *AU has real diagonal entries. By Lemma
we see that A has the asserted form.

Conversely, if A is unitarily similar 1 A; @ --- @ €% A;, satisfying (a) and (b), then all the
diagonal entries of €% A; lie on the boundary of W (A). Thus, k(A) = n. O

A matrix A € M, has a non-trivial reducing subspace V' C C" if A(V) C V and A*(V) C V.
Evidently, A has a nontrivial reducing subspace if and only if A is unitarily similar to B&® C', where
Be M, C € M,_, with1 <r <n/2. We also say that A € M,, is unitarily reducible. By Theorem
[2.3] we have the following.

Corollary 2.4. Let A € M, be unitarily irreducible. Then k(A) = n if and only if there is
t € [0,27) such that e A is unitarily similar to H + iG with H = (al, ® bl,,_x), G* = G for some

1<k < n and two distinct real numbers a and b.

By Theorem [2.3] we also have the following.



Corollary 2.5. Let A € M, be such that €' A = (aly ® bl,,_1,) + iG, where a,b,t € R with a > b.

and G* =G = <Gil 212) Then k(A) = n. In particular, the diagonal entries of al + 1G11 lie
12 22

on the right support line of e®W (A) parallel to iR, and the diagonal entries of bl,_j, +iGaa lie on
the left support line of €W (A) parallel to iR.

Note that a matrix in the form of Corollary may or may not be unitarily irreducible.
The following result [2, Theorem 6] is also a consequence of Theorem

Corollary 2.6. Let A € M,, be such that k(A) = n. If, in addition, A is unitarily similar to the
direct sum A1 @®- -+ @ Ap, where Aj € My, forj =1,...m, andn =ny+- - +np, then k(A;) = n;
forall1 < j<m.

3 Reducibility of matrices with GW-number equal to n

In this section, we study the reducibility of matrices A € M,, with k(A) = n under unitary similarity.
By Theorem we may assume that A only has one irreducible component of type (b) because a

matrix of type (a) is normal and unitarily diagonalizable. So, we focus on matrices A in the form

aly , . « _~_ (Gnn Gi2
( bIn—k:) +1G with a#b, G =G= <G21 G22) , G11 € M. (3.1)

Now, suppose A is in the form (3.1)). There are unitary matrices U € My and V' € M,,_ such that
U*GHU = diag(al, N ,ak) with al Z s Z af and V*GQQV = diag(bl, .. .,bn,k) with b1 Z cee 2
bn—x. We may replace A by (U@ V)*A(U @ V) and assume that

G = diag(ay,...,ar) with a; > -+ > ag, Gaoo = diag(by,...,by—) with by > -+ >b,_. (3.2)

Of course, by Corollary we have a + iay,...,a + iay lie on a support line of W (A) parallel to
iR, and b+ iby,...,b+ ib,_j lie on the other support line of W (A) parallel to iR.
Denote by {ei,...,e,} the standard basis for R”. We have the following.

Theorem 3.1. Suppose A € M, has the form (3.1) with Gi1,Gay satisfying (3.2). Let Vi =
span{ey,...,ex}, Vo = span{exyi1,...,en}. Then A is unitarily reducible if and only if any one of

the following conditions holds.

(a) G has a proper invariant (reducing) subspace spanned by vectors in Vi U Vs.

(b) There is a unitary matriz U = Uy @ Uy with Uy € My, such that U GyU; is permutationally
similar to Gy for i =1,2 and U{G12Us has one of the following form:

(b.1) (f(z)l }(%)2> for some nonzero Ry, Ro, (b.2) [R1 0], (b.3) [ 0 ]

In the latter two cases, A has reducing eigenvalues.



(¢) There is a unitary matric U = Uy ® Uy with Uy € My, such that U* AU is permutationally

stmilar to a direct summand and U;Gy;U; = Gy for i =1,2.

Proof. Let G171 = D1,Go = Do,G12 = R. Without loss of generality, we may assume that
(a,b) = (1,-1).

The equivalence (b) < (c) is clear. Suppose U*AU = B ¢ C with B € M,. Then we may
assume (B + B*)/2 = I,, ® —1, with p+ ¢ = r so that the first p columns of U is in V; and the next
g columns of U is in V5. Thus, these columns will be an invariant (reducing) subspace of G. Thus
condition (a) holds.

Suppose (a) holds. Let Vl C Vj and 172 C V5 be such that Vl U Vg be a reducing subspace of A.
Suppose U is unitary with the first k1 columns spanning \71, which together with the next k — k;
columns forming a basis for V. Then the next ko columns forming a basis for Va. Then U has the
form Uy @ Uy such that Uy DUy = By @ Cy, Uy DUy = By @ C, and U RUs has one of the three

forms according to the 3 cases:
(D1<k<kandl<kys<n—k, (2) k=0, (3)ke=0.

If k1 < k, we can further replace U; by a unitary matrix of the form U;(X; & X3) € M with
X1 € My, such that U DU is in diagonal form. Similarly, if k2 < n—k, we can further replace Us
by a unitary matrix of the form Us(Y; & Y2) € M}, with Y7 € My, such that U; DU, is in diagonal
form. With the modified U; and Uz, we get condition (b).

If (b) holds, then clearly A is unitarily reducible. O

Corollary 3.2. Suppose A € M,, has the form (3.1) satisfying any of the following conditions.
(a) Suppose G11,Gag satisfy (3.2)) such that ay,...,ar and by,... by_j are distinct.
(b) Suppose n =2k and G12 = s1E11 + -+ + sk Egpx € My, such that s1 > -+ > s > 0.
(c) Suppose n =2k +1 and Gi12 = s1FE11 + -+ + spEgx, € My such that sy > -+ > s > 0.
Then A is unitarily reducible if and only if A is permutationally similar to a direct sum.
Proof. (a) We only need to prove the necessary condition. Assume that A is unitarily reducible.
By Theorem there is a unitary matrix U = Uy ® Uy € M ® M,_j, such that U*AU is
permutationally similar to a direct sum, and U;G};U; is permutationally similar to Gy; for i = 1, 2.
Since Gjy; is a diagonal matrix with distinct diagonal elements, so U; is a permutation matrix for

i = 1,2. This proves the desired result.
The proof of (b) and (c) are similar. O

By Theorem (3.1} we see that A will have reducing eigenvalues if (b.2) or (b.3) holds. We have

a more explicit description of this situation as shown in the following.



Theorem 3.3. Suppose A € M, has the form (3.1)) with G11,Ge2 satisfying (3.2)), and G12 = R has
columns r1,...,rn— € C*¥ and R' has columns sq,...,s, € C"*. Then the following conditions

are equivalent.
(a) A has a reducing eigenvalue.
(b) A has a reducing eigenvalue a + ia; or b+ ibj for some j.

(¢) One of the following holds.
(cl)sj=0o0rr; =0,
(c.2) There is p > 1 such that aj = ajyp and rank(s;...s;p] < p,

(c.3) There is p > 1 such that b; = bjyp and rank[r;...rj1,] < p for some j.

In particular, when p > min{k,n — k}, if aj = aj4p or bj = bjq, for some j, then condition (c) is
satisfied, and so are (a) and (b).

Proof. Let G11 = D1,Gos = Do, G12 = R.

(a) = (b). Assume that A is unitarily similar to B @ [«]. By Theorem there is a unitary
matrix U = U; @ Uz such that U*AU is permutationally similar to B & [a] and U} D;U; = D; for
i = 1,2. Hence, we have that « is a diagonal element of U* AU and the diagonal elements are either
a +iaj or b+ tb;, which leads to the conclusion.

(b) = (c). Let UfRUy = [r}---rl_,] and Uz = [usm] € M,_. We consider two cases:
bj—1 > bj > bj;1 and there is a p > 1 such that bj_1 > b; = bjyp > bj1p1. In the first case, we

have % = 0 and [uy; - - - u(u—g);]" = €;. Then

0 =r} = Uy RUse; = U{ Rej = Uy
Thus, r; = 0 because U is unitary. In the second case, r, = 0 for some j < i < j + p and
Ué = [uim]j§i7m§j+p is unitary. Then

[7’; .. .r;+p] — UTRUQ[e] .. .ej+p] = Uik[’l”J .o ’["J+p]Ué

We obtain
p > rank[r -7l ] = rank[r; - 7jyp).

(¢c) = (a). The cases where s; = 0 or r; = 0 are clear. Assume that b; = bjq, and
rank[r;---7j4p] < p for some j. Then, there exists a unitary matrix Uj; € Mpy;q such that
[rje e rjaplUs =07 -] Let U= It @ Ij—1 © Uy ® I—g—j—p. Then

" _(alp O A D1 Ry
UAU—( 0 bn_k>+Z<R>{ D2)7

where j-th column of Ry is equal 0. Thus, U*AU is permutationally similar to B @ [b+ ib;]. This

proves the case, and the other cases are similar.



Finally, assume that b; = bj;, and p > min{k,n — k}. In this case, we have n —k > p+1 > k,
and then
rank(r; -+ ] <k <p.

Thus, (c) holds. The case where a; = a;,, is similar. O

The following was shown in [2, Theorem 8].

Corollary 3.4. Suppose A € M, satisfies the hypothesis of Theorem with k = 1 and R =

[r1,...,7n—1]. Then the following conditions are equivalent.
(a) A is unitarily reducible.
(b) 7 =0 or b; = biy1 for some i.

Proof. By Theorem (b), A is unitarily reducible if and only if A is unitarily similar to the direct

sum of the two matrices.

o a 0 . al R1 . ) .
A = ( 0 bIj >+Z<RT Dy ) and Ag—b[n_l_]+ZD2,

where D; @ Dy is permutationally similar to D. Thus, Ay is normal. Therefore, condition (a) is
equivalent to A having a reducing eigenvalue. On the other hand, (b) is equivalent to Theorem
(c). This gives us the desired result. O

Next, we give a description for unitarily reducible matrices in M,, with no reducing eigenvalues.

Theorem 3.5. Suppose A satisfies the hypothesis of Theorem [3.3 with no reducing eigenvalues.

The following conditions are equivalent.
(a) A has k direct summands.

(b) A is unitarily similar to A1 @ --- @ Ay, where A; is unitarily irreducible in the following form

()5 2)
0 bl R} Dy
fori=1,...,k and Doy @ - - - ® Doy is permutationally similar to Do.
(c) There is a unitary matriz Uy € My, with Uy D1Uy = Dy such that if bjy1 < bj < bj_1, then
Uirj = aje;

for some aj # 0 and 1 < i < k; if bj_1 > bj = bjyp > bjypy1, then we have p < k and
Uflrj--rjgtpllrj - - rj+p " Ut is a diagonal matriz with p+1 non-zero elements. In particular,
if {ai1,...,ar} are distinct, then Uy = Ij.



Proof. We only consider the case k = 2. For k > 2, the result can be proven by induction.

(a) = (b). By Theorem (b).

(b) = (¢). By Theorem (c), there exists a unitary matrix U = Uy @ Uy € M, such that
U DUy, U3 DyUs, and

* - als 0 . Dy UikRUQ
v AU‘( 0 blys )“( U;RU; Dy >

is permutationally similar to Ay @ Ao with

. a 0 . ai Rl - a 0 . as R2
A1_<0 bft1>+Z<RT D21> and AQ_(O bft2>+Z<R§ D22>’

where Ds1, Doy are diagonal matrices with distinct entries, and Ry, Ro have all non-zero elements.
Otherwise, by Theorem A would have a reducing eigenvalue, which leads to a contraction.

R 0
0 Ro

[wim] € My—2. Then for all 1 < j <n-—2, r;- = ajep or ajep for some aj # 0. Given 1 < j <n—2,

Hence, UfRU, is permutationally similar to < > Let UyRUy = [r}---r}_5] and Uy =

consider the following two cases. bj11 < b; < bj—1 and bj_1 > bj = bj4p > bjipy1 for some p > 1.

In the first case, by Uy DoUs = Dy, we have [u1; - - - u(,_9);]" = €;. Then
Uirj = U{Rej = r; = aje1 or ajey.

In the second case, by Theorem 1 <p < min{2,n — 2} < 2. Thus, p = 1. Next, we claim
that <r;,r;+1> = 0. If not, we may assume that r;- = aje; and T§‘+1 = ajtie1. In this case, both
bj and bj;1 would appear on the diagonal of Doy, but b; = bj1q1. By Theorem Ay has a
reducing eigenvalue, which leads to a contradiction. Thus, we conclude that <7‘2», r;» +1> = 0. Since
Us D2Us = Dz, we have that Uy = [uim]j<im<j+1 is unitary. Hence [ 77 4] = Uy[r;j 7j41]U; and

we obtain that

*

Utlrs rjsallr rja]Ur = [rj rjallrf vjal”
which is a diagonal matrix with non-zero diagonal entries. This completes the proof of part (c).
(¢) = (a). Assume that b; = bj4q. In this case, Uf[rj rj41][r; 7j41]*Ur is a diagonal matrix
with non-zero diagonal entries. Let [rj rj11]*Ur = [s1 s2]. Then, the matrix [si/||s1]| s2/||s2]|]] = S
is a 2 x 2 unitary matrix. Define F1 =1;_1 ® S ® I,_2_j_1 € M,_2. Then we have

U 0 A Ui 0\ [ al 0 iy Dy UfRFy

0 FY 0 ) 0 bl, o FIR*U; Doy ’
where U RFy = U [r1 - - - rn—2]F1, and the j-th column is a;eq, while the j+ 1-th column is o4 1e2
for some aj, aj11 # 0. Using a similar reasoning, we can find a unitary matrix F' € M,_» such that

F*DyF = Dy, and Uy RF has each column equal to ae; or aey for some o # 0. Let U = Uy @ F.

Then the matrix U* AU is permutationally similar to the direct sum of two matrices. O



Corollary 3.6. Suppose A € Ms satisfies the hypothesis of Theorem with (k,n — k) = (2,3).
Then A has a reducing eigenvalue if and only if any of the following holds.

(a) The matriz R has a row or a column equal to 0.
(b) a1 = az and rank(R) = 1.

(c) by =bj for some i # j and rank([r; rj]) = 1.

(d) by = by = bs.

Corollary 3.7. Suppose A € My satisfies the hypothesis of Theorem with (k,n — k) = (2,3)

with no reducing eigenvalues. The following conditions are equivalent.
(a) A has 2 direct summands.

(b) At most two of b1, ba, bz are equal, and there is a unitary matriz Uy € My with UF DUy = Dy
such that if b; = b for some i # j, then

Uilri rj]ri 5] U = diag(ay, o)
for some oy, c; 11 # 0. Otherwise,
Uiri = ajer or aes

for some a; # 0. In particular, if a1 # as, we have U = I5.

4 Special classes of matrices with GW-number equal to n

We first determine when a companion matrix

0 1
0 1
A= e M, (4.1)
0 1
ap QAp_1 -+ G2 a1

will satisfy k(A) = n. We always assume that n > 3 to avoid trivial consideration. We begin with

the following.

Theorem 4.1. Let n > 5 and A € M, be a companion matriz in the form (4.1). Then k(A) =n

if and only if A is unitary, i.e., |a,| =1 and a; = -+ = ap—1 = 0.

For the proof of Theorem we need some basic properties of companion matrices. The first

one is a criterion in terms of the eigenvalues for a companion matrix to be unitarily reducible.



Proposition 4.2. [0, Theorem 1.1] An n-by-n (n > 2) companion matriz A is unitarily reducible if
and only if its eigenvalues are of the form: awll - ,awf{’, (1/6)@)%”“, e ,(1/6)(.0%”, where a # 0,

wp =XM1 <p<n-1, and {j, - Jpt and {jpy1,-- -, jn} form a partition of {0,1,--- ,n—1}.

In this case, A is unitarily similar to a direct sum A; & Ay with o(Ay) = {awi}, - ,awif’} and
o(Ag) = {(l/a)w%’“, o (1/@)wirY. In particular, every unitarily reducible companion matriz is
invertible.

The following corollary provides a characterization of companion matrices that are unitary.

Corollary 4.3. [0, Corollary 1.2] The following conditions are equivalent for an n-by-n companion

matriz A of the form .'
(a) A is unitary;
(b) a1 =+ =apn—1 =0 and |ay| = 1;
(c) the eigenvalues of A are of the form awh,j=0,1,--- ,n—1, where la| =1 and w,, = e*™/™,

For any matrix B € M, p(B) denotes the spectral radius of B. Let A € M,, be a unitarily
reducible companion matrix, Proposition yields that p(A) > 1. Moreover, Corollary says
that A is unitary if and only if p(A) = 1. The next result gives a complete characterization of A
with p(A) > 1. Recall that D denotes the open unit disk,

Sp={X € M, : 0(X) CD and rank(l, — X*X) = 1},
and
Sl ={Y € M, :rank(I, - Y*Y) =1 and [\| > 1 for all A € o(Y)}.
Note that Y € S, ! if and only if Y is invertible and Y=t € S,,.

Proposition 4.4. [4, Corollary 2.3] Let A be an n-by-n unitarily reducible companion matriz. If A
is mot unitary, then A is unitarily similar to a direct sum B&C with B € S, and C € S;Ek, 1<k<
n—1. In this case, we have o(B) = {awl!,- -, awl*} and o(C) = {(1/6)(#2““, o, (1/@)wir}, where

0<|al <1, wn =€ and {ji, - ,jx} and {jes1, - ,jn} form a partition of {0,1,--- ,n —1}.
The S,,-matrix is completely determined by its eigenvalues.

Proposition 4.5. [0, Corollary 1.3] An operator is in S,, if and only if it has the upper triangular
matriz representation [ti;]7';_,, where |t;| <1 for all i and t;; = s;;(1 — [t )21 — |tj;2)/2 for
1 < j with

Jfl - . . .
o H (_tkk) ij>Z+1,
Sij = N k=i+1
1 if j=i+1.

The GW-number of an S,-matrix can be obtained by the following.

10



Proposition 4.6. [7, Theorem 4.4] If A is a matriz of class Sy (n > 3), then k(A) = [n/2], the
ceiling of n/2.

The S, !-matrix is also completely determined by its eigenvalues.

Proposition 4.7. [4, Theorem 2.4] An operator is in S, ' if and only if it has the upper triangular
matriz representation [t;;]}';_y, where |t;;| > 1 for all i and t;j = sij(|[til> — DY2(|t512 — 1)V? for
1 < j with
Jj—1 _
. H trk Zf ] >+ 1,
Sij = N k=i+1
1 if =1+ 1.

The GW-number of an S, !-matrix is unknown, but we can have an upper bound by the following

results.
Proposition 4.8. [4, Theorem 2.5] Let B be an S, '-matriz.

(1) The maximal eigenvalue of Re(e® B) is simple for all § € R.
(2) OW(B) contains no line segment.

(3) For any point X in OW (B), the set {y € C" : (By,y) = M|y||*} is a vector space of dimension

one.
(4) B is unitarily irreducible.

(5) OW(B) is a differentiable curve.

Proposition 4.9. [8, Corollary 3.6] Let B € M, (n > 3). If the set {y € C": (By,y) = \|y||*} is
a vector space of dimension one for all A € OW (B), then k(B) <n — 1.

Combine Propositions (3) and we have the following easy consequence.
Corollary 4.10. If B is a matriz of class S;;* (n > 3), then k(B) <n — 1.

Using these, we are able to prove Theorem [.1]
Proof of Theorem 4.1. If A is unitary, Corollaryyields o(A) = {a,aw,...,aw"™ '}, where |a| =1
and w = ¢2™/™_ In this case, W(A) is a regular n-sided polygon with vertices {a,aw, ...,aw™ '}.
Hence k(A) = n.

Conversely, assume that k(A) = n. We first show that A is unitarily reducible. Assume the
contrary that A is unitarily irreducible. From Corollary since k(A) = n, after a rotation, we may
assume that Re A is unitarily similar to al ® 81—k, where @« = maxo(Re A) and § = mino(Re A).

Since n > 5, it follows that k > 3 or n — k > 3. We may assume that £ > 3. Note that the Jordan
block

Jn—l = E € Mn—l
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is the leading principal submatrix of A so that Re J,,—; is the (n — 1) x (n — 1) leading principal
submatrix of Re A. By interlacing property, Re J,—_1 has a multiple eigenvalue «, this contradicts
the fact that all eigenvalues of Re J,_1 are simple. Hence A is unitarily reducible.

We next show that A is unitary. On the contrary, suppose that A is not unitary. Then, by
Proposition A is unitarily similar to B @ C, where B € S, and C € S;_lk Since k(A) = n,
Corollary implies that k(B) = k and k(C) = n — k. But, if £ > 3, by Proposition we have
k(B) = [k/2] < k = k(B), which is a contradiction. Hence we obtain k¥ < 2. On the other hand, if
n — k > 3, Corollary leads to k(C) <n —k—1<n—k=Fk(C), which is absurd. Therefore,
we also have n — k < 2. These follow that n = k + (n — k) < 2+ 2 = 4, which contradicts the fact
that n > 5. Hence we conclude that A is unitary. O

The next results concern the cases when n = 3 and 4.

Theorem 4.11. Let A € M3 be a companion matriz in the form (4.1)). Then k(A) = 3 if and only
if there are 6,0 € R, d € {1,—1} and z3 € C such that

4 A . 1
(a3, e ay, ear) = <Z3, —(1 +dz3), §(d(1 — |z3)%) + ’504)> :

For the proof of Theorem [£.11], we need a characterization of the GW-numbers of 3-by-3 matrices
from [10].

Proposition 4.12. [10, Proposition 2.11] Let A be a 3-by-3 matriz. Then k(A) = 2 if W(A) is
either an elliptic disc, except when A has an eigenvalue on OW (A), or an oval region. In all other
cases, k(A) =3

We are now ready to prove Theprem [4.11

Proof of Theorem [{.11. Suppose that k(A) = 3. By Proposition either the boundary of the
numerical range W (A) contains a line segment, or A has an eigenvalue on 0W (A). This implies
there is a @ € R such that €A is unitarily similar to (alj @ bl3_j) + iG, where a,b € R and
G = G*. So, ¢A is unitarily similar to (aly ® [b]) + iG, with a,b € R and G = G*. Let
D = diag(1, €', e?). Then D(e A)D* = A, which can be obtained from A by changing its last
row to (23,2, 21) = (e%as3, €%y, ea1). Thus, the eigenvalues of Re(A) are {a,a,b}. Note that

0 1
00

Therefore, the interlacing property implies a € {1/2,—1/2}. Let d = 2a € {1, —1} and

the leading 2 x 2 principal submatrix of A is ( ), whose real part has spectrum {£1/2}.

. —d 1 Z3
C=2Re(A)—alz)=| 1 —d 1+ 2
z3 1429 —d+z1+ 21
Since o( Re(A)) = {a, a, b}, the matrix C' must have rank one. This condition implies that

29 =—1—dzz and 2z +7 =d(1—|z]?).
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Conversely, the condition on (a3, as, a1) ensures that Re(e? A) is unitarily similar to
1 0 1 z3
z3 —ng d(l — |Z3’2)

A direct computation shows that o(Re(A)) = {d/2,d/2, —d(|z3)? + 1)/2}. Therefore, by Corollary
we have 3 = k(A) = k(A). This completes the proof. O

Theorem 4.13. Let A € My be a companion matriz in the form (4.1). Then k(A) = 4 if and only
if there are 6, € R and z4 € C with |z4] = 1 such that

30

(ei49a4, e30a3, e qy, ewal) = (24,0, —24 — 1,iq).

For the proof of Theorem we need one of Lee’s results from [§] on the computation of k(A)
for unitarily reducible matrix A, that is, A is unitarily similar to a direct sum A; @ Ay. To formulate
this result, we denote by n; the size of the block A; and introduce k;(A;) as the maximum number
k for which there are orthonormal vectors x1, ...,z € C" such that z; Ajz; € OW (A) NOW (4;)
forall 1 <I<k;j=1,2.

Proposition 4.14. [8, Theorem 2.4] Let A = B & C, where B € My, and C € M,,. If OW(A)
consists of at most two line segments, then k(A) = ki(B) + ki1(C) < k(B) + k(C). In this case,
k(A) = k(B) + k(C) if and only if k1(B) = k(B) and k1(C) = k(C). In particular, k(A) =k +m
if and only if k1(B) = k(B) =k and ki1(C) = k(C) = m.

We are now ready to prove Theorem [£.13]

Proof of Theorem[[.13. Assume k(A) = 4. First, we want to show that there exists a § € R such
that € A is unitarily similar to a matrix of the form (bl @ cIy_;) +iG, where b,c € R and G = G*.
Indeed, if A is unitarily irreducible, since k(A) = 4, by Theorem we are done. Therefore, it
suffices to consider the case that A is unitarily reducible. Then Proposition implies that one of
the following conditions holds for some a # 0:

(i) o(A) = {a,—1/a,i/a,—i/a}, (ii) o(A) ={a,ia,—1/a,—i/a}, (iii) o(A) = {a, —a,i/a,—i/a}.
Note that if |a] = 1, then the three conditions are equivalent to each other, in this case, we
have o(A) = {a, —a,ia, —ia} and det(zI; — A) = z — a*, thus A is unitary by Corollary and
Re(e"™/*GA) is unitarily similar to ((1/v/2)Io @ (—1/v/2)I) as required. Therefore, in the following,
we always assume that |a| # 1.

If (i) holds, then A is unitarily similar to a direct sum A; & Az with 0(A;) = {a} and o(A2) =
{-1/a,i/a,—i/a} by Proposition Since k(A) = 4, we have k(A1) = 1 and k(A2) = 3 by
Corollary If |a| < 1, we have Ay € S5 ! by Proposition Moreover, Corollary ensure
that k(Az) < 3 —1 =2 < 3, which is a contradiction. If |a| > 1, we have Ay € S3 by Proposition
and thus k(A2) = [3/2] = 2 < 3 by Proposition which is absurd. Hence if (i) holds, then
k(A) < 4, which contradicts our assumption that k(A) = 4.
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If (ii) holds, then A is unitarily similar to a direct sum A; @ Ay with o(A;) = {a,ia} and
o(A2) = {—1/a,—i/a} by Proposition Without loss of generality, we may assume that a =
rei™/* where 0 < r = |a| < 1. Then A, is in Sy and As is in S{l by Proposition Moreover,
from Propositions and [£.7, we may assume that

i /4 1 — p2 5i7r/4/ (1/ 2) -1
__[Tre T (€ r r -1

Note that both W(A;) and W (Az) are elliptical disks, and the major axes of W(A;) and W (A2)
are parallel and their centers lie on the line iR. Since r < 1, the length of the major axis of W (A4;)
is less than the length of the major axis of W (A3), therefore, the arc OW (A) NOW (A;) is lass than
a half of the ellipse OW (A;), if follows that k1(A41) <1 < 2 = k(A;). From Proposition we
have k(A) < k(A1) + k(A2) = 2+ 2 = 4. Hence if (ii) holds, then k(A) < 4, which contradicts our
assumption that k(A) = 4.

Finally, if (iii) holds, by Propositions and A is unitarily similar to a direct sum

A1 @ Ay, where
_(a 1—|a]? _ (i/a (1/]af?) -1
A = <0 a ) and A; = ( 0 _i/a .

Without loss of generality, we may assume that 0 < a < 1. If W(A;) is contained in the interior
of W(Asz), then OW (A) N OW (A1) = () and OW (A) N OW (A2) = OW (A3), it follows that k(A) =
k(A2) = 2 < 4, which contradicts our assumption that k(A) = 4. Therefore, W(A;) is not
contained in the interior of W (Asz). Moreover, since the two sets W(A;) and W (Asg) are elliptical
disks centered at the origin, and their major axes of are perpendicular, it follows that W(A;) and
W (As) are symmetric with respect to the origin. Moreover, because W (A1) is not contained in the
interior of W (Az), the two numerical ranges must share two parallel supporting lines. This leads

to the conclusion we aim to prove.

Next, let D = diag(1,e”, €2, ¢%%). Then A= D(e' A)D* is just the matrix obtained from A

by changing its last row by (24, 23, 22, 21) = (e%%ay4, €3%a3, ¢ ay, ay), i.e.,
0 1
P 0 1
4= 0 1
Z4 23 Z2 21
Then Re A = (A + A*)/2 is
0 1 0 Z4
1 1 0 1 Z3
21 0 1 0 142

24 23 1420 21+ 21

and unitarily similar to bl @ cIy_j. The leading 2 x 2 principal submatrix has eigenvalues +1/2.
The leading 3 x 3 principal submatrix has eigenvalues {+1/ V2, 0}. By interlacing property, Re A
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has no eigenvalue of algebraic multiplicity 3, and its spectrum must be {£1/1/2, £1/4/2}, indicating
that tr(Re A) = 0. This implies that Rez; = 0, so z; = i« for some o € R. Now, consider the
eigenvectors associated with 1/ V2. Tt can be verified that

1 1
=5 2 U 1
P (=)=
1 1 1
Therefore,
1
(Re A + 1/v21,) ﬂ/i = 0.
0
This gives
24 1
< Z3 ) q:\/i > = 07
1+ 2 1

which implies that the vector (z4, 23,1 + 29)¢ is orthogonal to both (1,v/2,1)" and (1,—v/2,1)".
Hence, (24, 23,1 + 22)! = p(1,0,—1)¢ for some p € C. This gives 22 = —24 — 1, and 23 = 0. To
determine |z4|, consider the characteristic polynomial of Re A. With the above conditions, the

matrix becomes

0 1 0 Z4
~ 1 1 0 1 0
Re A = 2l 01 o _z (4.2)
z4 0 —Z4 0
Direct computation of its characteristic polynomial yields
1 1 1 1 | 242
— =N (= + N2 =det(Re A — \}) = (—= — N)(—= + N (= = \?),
which implies |z4]| = 1.
Conversely, if (a4, . ..,a;) satisfies the condition. Then e A is unitarily similar to A with Re A
in the form (4.2) with |z4| = 1. This matrix has eigenvalues {#1/v/2, +1/1/2}, and hence k(A) = 4
by Corollary O

Next, we turns to nonnegative upper triangular Toeplitz matrices.

Theorem 4.15. Let a; >0, a; >0 forj=2,...,n—1, and

0 ay az - Ap-—1
0 al
A= a | € M,,.
0 al
0
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Then k(A) = n if and only if one of the following statements holds:
(a) A+A" is unitarily similar to [((n—1)a1]®(—a1)I,—1. In this case, aj = ay for all2 < j < n—1.

n—1
(b) n is even and (A — AY)/a is an orthogonal matriz, where o = ([ > ajz.
j=1
Proof. Assume that k(A) = n. Since aj # 0, then A is unitarily irreducible, thus k(A) = n yields
that Re(e A) is unitarily similar to aly ©bI,,_j for some 6 € [0, 7) and a,b € R. We want to show

that either 8y = 0 or 0y = /2. Indeed, note that since {z € C: |z| < a;/2} =W ((8 aOl)> C

W (A), it implies that W (A) is not a line segment, thus |a| > a;/2 > 0, |b] > a1/2 > 0, ab < 0,
k # 0 and k # n. We may assume that k > n — k, that is, k > n/2. Let

Jn = h €M, and V= e M,
o1 1
0

then A= Y""la;J} and V*JiV = J37 for all j, thus V*AV = A*. It follows that
) 1 . . 1 . . ,
V*Re(e® AV = §V*(6190A + e A"y = 5(67'6014* + e 0 A4) = Re(e ™0 A). (4.3)

Since V' is unitary, we deduce that Re(e*ieoA) is also unitarily similar to aly @ bl,,_. Therefore,

we have

dimker (al,, — Re(e'® A)) = k = dimker (al,, — Re(e "% A)).

We first consider the case that k& > n/2, then

dim ( ker (al, — Re(e'® A)) Nker (al, — Re(e*ieoA)))
> dimker (al, — Re(e'® A)) + dimker (al,, — Re(e "% A)) — n
= 2k—n>1.

Let u € ker (al,, — Re(e? A)) N ker (al,, — Re(e~?0 A)) be a unit vector and L be the line 2 = a.
Then u*Au € (e L) N (e7™ L) and thus 6y # 7/2 because a # 0 and (e/™/2L) N (e~*"/2L) = (.
Note that both the lines e/ L and e~ L are supporting lines of W(A). If 6y # 0, since 0y # /2,
then these two lines €® L and e =" L are not parallel, this implies that the point u*Aw is a corner
of W(A) and thus u*Au is a reducing eigenvalue of A, this contradicts the fact that A is unitarily
irreducible. Hence we conclude that 6y = 0, that is, Re A is unitarily similar to aly & bl,_;. Note
that Re A is a permutationally irreducible nonnegative matrix, its maximal eigenvalue is simple and
positive, since k > n/2, it forces that « <0 < band n—k =1 or k = n—1. Moreover, tr(Re A) =0
yields that b = —(n — 1)a and thus Re A is unitarily similar to al,—1 & [—(n — 1)a]. It following
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that Re A — al,, is a rank one positive semidefinite matrix, in other words, Re A — al,, = yy* for

some y = [y1 y2 ... yn)t € C", therefore, we have
—2a a1 az - Ap—1 9 _ _
. o0 a il® oy 0 s
1 - 1 : )
- 2 - :
@ a . . ay | =2ReA—2al, =2| %" i ' - (@
9 : T ynflgn
. o “ “21a Y1 YU lynl®
n—1 - 2 1 -

Compare the entries of the diagonal and the first row, we have |y;| = /—a for all 1 < j < n, and
a;j = |aj| = 2|y1||lyj+1] = —2a for all 1 < j < n —1. Hence al,,—1 @ [—(n — 1)a] = (—a1/2) -1 &
[((n—1)a1/2], that is, A4+ A" = 2Re A is unitarily similar (—a1)I,—1 ®[(n—1)a1] and aj = —2a = a;
for all 2 < j <n — 1, this completes the proof of (a).

We next consider the case k = n/2. In this case, n is even and n — k = n/2 = k. Since A is
nilpotent, that is, tr Re(e’®A) = 0, we deduce that b = —a and Re(e'® A) is unitarily similar to
aly & (—a)ly. Tt follows that (Re(ei® A))? = a21,, or,

4021, = (%0 A + 70 A*)2 = 2100 A2 4 200 A*2 L AA* 4+ A*A. (4.5)

We use (X);; to denote the (i, j)-entry of a matrix X € M,. Note that (42)13 = a2, (A*?)13 =0 =
(A*A)13 and (AA*)13 = Z;:f ajajy2. Then (4.5) implies that

n—3

0= (4(12In)13 — (621'90A2 + e—QiOOA*Q + AA* —I—A*A)lg _ €2i00a% + Zajaj+2'
j=1
Since a1 > 0 and a; > 0 for all 2 < j < n — 1, it forces that e2W — _1 or g = /2. Tt follows
that Re(e’®A) = Re(iA) = —Im A. Hence, (A — A?) is a multiple of a unitary matrix. Let

a = \/Z?:_ll a? be the norm of the first row of A — A?, we see that (4 — A?)/a is a real unitary
matrix, i.e., an real orthogonal matrix. This completes the proof of (b).

Conversely, assume that (a) holds, that is, a; = aj for all 2 < j <n — 1, then A+ A" + a11,, =
ajuu* where u = [1 1 ... 1]' € C". Since the all one matrix uu* is unitarily similar to [n] @ 0,,_1,
hence A + A' is unitarily similar to [(n — 1)a;] ® (—a1)Il,—1 and k(A) = n. On the other hand, if
(b) holds, then (A — A')/a is a skew-Hermitian orthogonal matrix with trace zero, we deduce that
(A — A")/a is unitarily similar to il,, /o ® (—i)I, /2, thus Imn A = (A — A")/(2i) is unitarily similar
to (a/2)1,)2 ® (—/2)I,, /5 and hence k(A) = n. This completes the proof. O

One may wonder whether there are matrices satisfying condition (b) in Theorem We have
the following.
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Theorem 4.16. Letn =2k (k>1), a1 >0,a; >0 forj=2,...,n—1, a = Zn_laQ. and

J=1"5
0 ay az -+ Ap-—1
0 al " .
A= L 4 € M,.
0 al
0

Then (A— A')/a is an orthogonal matriz if and only if a; = an—; and azj =0 for all1 < j < k-1,

and
j—2

n—j
Zaiaiﬂ_l = Z ;5 —1—4 fOT’ all 3 < j < k.
i=1 i=1

In particular, if az; =0 for all1 < j <k —1 and

agj 1 = ——F5——
. (2j—1
sm(( j—m

n

then (A — A')/ac is an orthogonal matriz.

Proof. Replace A by A/a, we may assume that o = 1 and A — A! is orthogonal. For each
j=1,...,n, let x; be the jth column of A — A’ then

Jj—1 n—j
L=xjl? =) af+) ai.
i=1 i=1

It follows that 0 = ||x;11]|? — ||x;]> = a? — a?_ ., thus a; = a,,—; for all 1 < j < n — 1. Moreover,

J n—j’
for 2 < j < k, we have

n—j j—2
*
0=xjx1 = E aiQiqj—1 — E a;a;—1—,
i=1 i=1

or,
n—j 7j—2
g AiQi45—1 = g Q@5 —1—i-
i=1 =1

We now show that ag; = 0 for all 1 < j < k — 1. Indeed, for the matrix A — A', we apply

a permutation similarity moving the rows 1,3,5,...,n — 1 to the top and row 2,4,...,n to the
. A A
bottom, and do the same to the columns, we get a matrix < jt A2>’ where
—AL A
0 az  ag o Ap-2 ay ag as o Qp-1
—a9 0 a9 .. —aq al as
A=1 —ay —ap e T w and Ay =1 —q3 —a; . . as
0 as a1 ag
—p—2 -+ —aqg —az 0 —Qp-3 -+ —az3 —ar ap
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Let

0 1
W = 0 € Mka
1
-1 0
since a; = a,—; for all j, it is easily seen that
k-1 . k-1 '
Al = ZCLQJ'W] and A2 == Z agj_:,_lW].
j=1 §=0

Let p(z) = 25;11 as;z’ and ¢(z) = Zf 0 a2j+127, then Ay = p(W) and Ay = q(W), thus A1 4 =

AsAq. Moreover, since A — Al is orthogonal, we have
(Ik o) < A A2>t < A A2>
0 I —AL Ay —AL Ay

. —-A; —As A As . —A% + AQAé —2A1 A5

o AtQ —A; —AtQ Ay o AgAl + AlAg —A% + AEAQ )
This implies that A1 49 = 0 and I, = AQA% — A%. Therefore, we obtain A; = AlAgAé — A*z’ = —Aij’,
or, A1(A} + I;) = 0. We infer that o(A;) C {0,4,—i}. On the other hand, since W is unitary
and Wk = — I, thus o(W) = {@=D7/k . j =1 ... k} and there is a unitary matrix U € My

such that D = U*WU = diag(e™/*, 3m/k . eGh=1in/ky Tt follows that U*A;U = p(D) and
U*AsU = q(D), thus we have

(5 o) (% 2) (6 0)= (D o)

that is, the matrix A — A? is unitarily similar to the direct sum

Ek: (25— 1)7r7,/k:) q(e(Qj—l)m'/k)

= 6(2] 1) m/k) p(€(2j—l)7ri/k) :
We now check that g(e™/*) # 0 and p(e™/*) = 0. Indeed, since a,—1 = a; > 0, all a;’s are
nonnegative and sin(jn/k) > 0 for all 1 < j < k — 1, thus

k—1

Im(q(e’”'/l’C Z azj+1Im e]m/k Z agj4+18in(==) > a,—1 sin(
7=0

(k—1)m

——) >0
k)>,

) wi/k wi/k
or, q(em/k) # 0. Since the matrix <—Afi§ i?) is orthogonal, then the matrix (_pq(em/lZ) Z<2wi/k>>

is unitary, we deduce that

emi/ky \ ik - ’ ' '
0= (fé(em/z)> <;])Ee7”/k§) — p(em/k) . q(em/k) _ q(em/k)p(em/k)'
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Since q(e™/*) # 0, it forces that p(e™/*) = p(emi/k), or p(e™/*) is a real number. But p(e™/*) €
o(p(D)) = (A1) C {0,4,—i}, hence p(e™*) = 0. Tt follows that

k—1 k—1 .
0 = Im (p(e™/¥)) = §_j az Tm(e™/*) = Ezj azysin(2).

Note that all a;’s are nonnegative and sin(jm/k) > 0 for all 1 < j < k — 1, hence we conclude that
az; = 0 for all 1 < j <k — 1, this completes the proof of the necessity.

For the proof of the sufficiency, we need to show that {x1,...,x,} is an orthonormal set. Indeed,
since a; = a,_; for all 1 < j < k—1, we have ||x;41]]> — [|x;[|* = a? —aifj =0foralll <j<n-1.
We infer that

n—1
enl|? = lxn-1]® = - = [Ixal® = [xa[* = Y af =a=1.
j=1

Next, for 1 <i < j <n—1, we have
X; 1 Xj41 — X Xj = ;a5 — Qp_iGp—j = 0.

It follows that

X;X; =X;_1Xj_1 = =X|Xj_41 forany 1 <i<j<n.

We now check that xix; = 0 for all 2 < j < n. Indeed, for j = 2, since ag; =0 forall 1 <1 < k-1,
it implies that a;a;+1 = 0 for all 1 <1 < n — 2, thus we obtain

n—2

*
XX = E aja;+1 = 0.
=1

For 3 < j <k, we have
n—j Jj—2
* —_ —_
X1Xj = E AijQjt5—1 — 5 ajaj—1—; =0,
i=1 i=1

by assumption. For j =k + 1, note that n = 2k and ag4; = ap—(444) = ag—; for all 1 <7 <k —1,
thus

k—1 k—1 k—1 k—1
X Xp41 = 5 QiQpqi — Z aiap—; = Z aiag—; — Z a;ap—; = 0.
=1 =1 =1 =1

Fork+2<j<n,letl=n—j7+2,then2<I<n—-—k=kand

n—j Jj—2 -2 n—l

*

X1X; = E Qi Qi4j—1 — g Q;Qj—1—i = E AiQAp—]44i+1 — g QiQp—]—i+1
i=1 i=1 i=1 i=1

-2 n—I
*
= E a;iap—i—1 — E ajapyi—1 = —x1x; = 0.
i1 i=1

This completes the proof of the sufficiency.
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Finally, assume that ag; =0 for all 1 < j <k —1 and

CLijlzw fOl“jZl,...,k:.

sin (

n

We show that (A — A')/« is an orthogonal matrix. Note that A — A! is permutationally similar to

( ?4'5 f(1)2>,Since agj =0 forall 1 <j <k—1. Let w; =e@~Dm/" for j = 1,... k. Then
—4y

k k —2\k
1— (w?%) 1—(-1) 1
, o1 . -l . j ,
7 w- =700 (W) =7 -Wi- — = - — = . = a9i_1
IZ; ! J; ! R wj =W sin(@Zm)

and g(e@—Dmi/ky = Zle agl_lw?(l_l) for 1 <j <k. Let

2(k—1 _ ok
1 w% w‘f~- wl( ) w1 w‘rf w%k !
2(k—1 _ _2k—1
1 w% w% e w2( ) Wo w23 e wgk
F= and Q = .
' 2(k—1 _ 3 _ok1
1 w,% w,‘i e wk( ) W Wp o W

Then FF* = kl}, and (diag(wy, ..., w,)F)* = Q. We deduce that

q(w?) { 101
2 = @ . (4.6)
q(@i) i ool
This implies that the matrix As = Uq(D)U* has vector of eigenvalues equal to k(iw1, iws, . . . , iy ),
so that % <(34§ %2> has eigenvalues +i, . . ., 4 is unitary. It follows that (A—A%)/a, with a = k,

is a real unitary matrix, and hence is real orthogonal. O

Corollary 4.17. Let a € C\ {0} and

0 a a? a” 1
0 a :
Jn(a) = L a2 S Mn
0 a
0

Then k(Jp(a)) = n if and only if |a| = 1.

Proof. Note that J,,(a) is unitarily similar to J,(|a|). Assume that k(J,,(|a|)) = n. Since |a|? # 0,
by Theorem [4.15|and Proposition [4.16] we infer that Re J,,(|a|) is unitarily similar to [(n—1)|a|/2]&
(—lal/2)I,—1. Moreover, Theorem (a) yields that |a|? = |a| or |a] = 1 as asserted.

Conversely, if |a| = 1, then |a]/ = 1 for all 1 < j < n — 1. Hence k(J,(|a|)) = n follows from
Theorem m (a), this completes the proof. O
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Remark 4.18. We believe that a matrix satisfies Theorem (b) must satisfies ag; = 0 for all
1<j<k-1and

agj 1 = ———n——— forj=1,...,k,
! sin (Z=Lr

for some ¢ > 0. It would be nice to prove or disprove this statement.
Note that one can use the proof of Theorem [£.15]to show that an irreducible nonnegative strictly
upper triangular matrix A satisfies k(A) = n if and only if there is ¢ > 0 such that

(a) cA is the upper triangular matrix with all upper triangular entries equal to 1, or

(b) n is even and c(A4 — A!) is a skew symmetric orthogonal matrix, so that there is a real

0 I
—I, O
entries. The matrix cA will be the upper triangular matrix with entries equal to twice of those in
c(A — AY).

orthogonal matrix P € M, such that c(A—A!) = P! ( > P has nonnegative upper triangular
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