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ABSTRACT. For a positive integer n, let M,, be the set of n x n complex matrices. Suppose m,n > 2
are positive integers and k € {1,...,mn —1}. Denote by Wy (X) the k-numerical range of a matrix
X € Myyn. It is shown that a linear map ¢ : My — M,y satisfies

Wi(¢(A® B)) = Wi(A® B)

for all A € M,, and B € M, if and only if there is a unitary U € M, such that one of the following
holds.
(i) For all A€ My, B € My,
d(A® B)=U(p(A® B))U".
(ii) mn = 2k and for all A € My, B € M,

(A ® B) = (tr (A® B)/k)Imn — U(e(A® B))U",

where (1) ¢ is the identity map A ® B+ A ® B or the transposition map A ® B — (A ® B)*, or
(2) min{m,n} <2 and ¢ has the foom AR B~ A® B' or A® B+ A'® B.
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1. INTRODUCTION AND THE MAIN THEOREM

Let M, (H,) be the set of n x n complex (Hermitian) matrices. For k& € {1,...,n}, the k-
numerical range of A € M,, is defined as
Wi(A) = {tr (X*AX)/k: X isnxk, X*X =1I}.

Since W, (A) = {tr (4)/n}, we always assume that k& < n to avoid trivial consideration. When
k = 1, we have the classical numerical range W7 (A) = W (A), which has been studied extensively;
see [9, 10, 11]. Denote by A ® B the tensor (Kronecker) product of matrices A € M,, and B € M,,.

The purpose of this paper is to characterize linear maps on M,,,, satisfying
(1) Wi(A® B) = Wi(6(A® B)) for all A € M,,,, B € M,,.

The study is motivated by two areas of research.

First, in the last few decades there has been considerable interest in studying linear preservers
on matrix algebras as well as on more general rings and operator algebras. For example, Frobenius
[7] showed that a linear operator ¢ : M,, — M,, satisfies

det(p(A)) = det(A)
for all A € M, if and only if there are U,V € M,, with det(UV') = 1 such that ¢ has the form

(2) A= UAV  or Aw UAY,
1
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where A denotes the transpose of A. Clearly, a map of the above form is linear and leaves the
determinant function invariant. But it is interesting that a linear map preserving the determinant
function must be of this form. Furthermore, in [3] Dieudonné showed that a bijective linear operator
¢ : M, — M, maps the set of singular matrices into itself if and only if there are invertible
U,V € M, such that ¢ has the standard form (2). One may see [15] and references therein for
results on linear preserver problems. For more new directions and active research on preserver
problems motivated by theory and applications, one may see, for example, [1, 19, 24].

In connection to the linear preservers of the k-numerical range, Pellegrini [21] proved that every

linear map ¢ : M,, — M,, preserving the numerical range is of the form
(3) A= UAU or Aw UAU*

for some unitary U € M,,. Three years later, Pierce and Watkins [22] extended this result to the
kE-numerical ranges as long as n # 2k. In [13] (see also [20]) it was shown that for n = 2k, a linear
map ¢ : M,, — M, preserves the k-numerical range if and only if there exists a unitary U € M,
such that ¢ has the form (3), or

(4) Ay (40 (A) k), — UAU* or Aws (tr (A)/k)L, — UAU*,

One may see [2, 16] for more information about the results on linear maps on M,, which preserve
the k-numerical range.

Another motivation of our study comes from quantum information science. In quantum physics
(e.g., see [8]), quantum states are represented by density matrices D in H,, i.e., positive semidefinite
matrices with trace 1. If D has rank one, i.e., D = zx* for some z € C" with 2*x = 1, then D is a
pure state. Otherwise, D is a mixed state, which can be written as a convex combination of pure

states. In a quantum system, every observable corresponds to a Hermitian matrix A. Then
W(A) = {tr (Azz™) : z € C", 2"z = 1}

can be viewed as the set of all possible mean measurements of quantum states. If A = A1 +iA4s €
M,,, where A;, Ay € H,, then every point in W (A) and be viewed as the set of all joint measurements
o*Ar = x*Ajx + ix*Asx of the quantum state x with respect to the two observables associated
with A; and Asg, and thus W (A) is the set of all possible joint measurements. By the convexity of
W(A) (e.g., see [9, 10, 11]),
W(A) = {tr (AD) : D € H, is a density matrix}.
Thus, W(A) can also be viewed as the set of all possible joint measurements of two observables
on mixed states. Now, by the convexity of Wj(A), and the fact that the convex hull of the set
{P/k : P2 = P = P*,tr P = k} equals the set Sy of density matrices D satisfying I,,/k — D is
positive semidefinite, we have
Wi(A) = {tr (AP)/k: P € H,,P?=P = P*trP =k} = {tr (AD) : D € S;}.

So, Wi (A) can be viewed as the set of joint measurements of the states in Sy with respect to the
observables associated with A. Suppose A € H,,, and B € H, correspond to observables of two

quantum systems with quantum states D; € M,, and Dy € M,. Then the tensor (Kronecker)
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product A ® B correspond to an observable on the joint (bipartite) system with quantum states
D € M,,, expressed as the convex combination of uncorrelated quantum states D ® Do, where
Dy € My, and Dy € M, are quantum states (density matrices). In this connection, we are interested
in studying linear maps ¢ on M,,,, satisfying (1).

In fact, this line of study has been carried out in [4, 5, 6, 12, 23]. Suppose f(X) is a linear

function on the matrix X € M,,,. It is shown in [4] that the linear maps ¢ on H,,, satisfying

() f¢(A® B)) = f(A® B)

for all A € H,,, and B € H,, when f(X) is the spectrum or the spectral radius of X. In [5, 6], the
authors characterized the linear maps ¢ on M,,, satisfying (5) for all A € M,, and B € M,, when

f(X) is a Ky Fan norm, Schatten norm or the numerical radius of X.

The following is our main result.

Theorem 1.1. Let k € {1,...,mn —1}. A linear map ¢ : My, — My, satisfies
(6) Wi(¢(A® B)) = Wi(A® B)

for all A € M,, and B € M, if and only if there is a unitary U € My, such that one of the
following holds.

(i) For all A € M,,, B € M,,
) H(A® B) = Ulp(A® B)U".
(ii) mn = 2k and for all A € M,,, B € M,,
®) G(A® B) = (tr(A® B) k) — Ulp(A & B))U",
where (1) ¢ is the identity map A ® B — A ® B or the transposition map A ® B — (A ® B)!, or

(2) min{m,n} <2 and ¢ has the form A@ B~ A® B' or A® B+ A'® B.

The proof of the theorem will be given in the next section. We will use the following properties

of the k-numerical range; for example, see [10, 13, 18, 22].

Proposition 1.2. Let A€ M, and k € {1,...,n —1}.
e For any o, B € C, Wi(A) = {a} if and only if A = al,, and Wi(al, + 5A) = a+ Wi(A).
e For any unitary U € M,,, Wi ,(UAU*) = W (A).
e For any s X n matriz V with s > k and VV* = I, we have Wi(VAV*) C Wi(A).

Wi(A) C R if and only if A is Hermitian.

If A € H, has eigenvalues oy > -+ > ay,, then

Wk(A) = [(an,kﬂ +---+ Oén)/k, (041 R Oék)/k]
o Wi(A5A) = Re (Wi(4) = (Re(2) : 2 € Wi(A)}.

To conclude our introduction, let us point out that we consider only the bipartite case, i.e.,

M, ® M, with integers m,n > 2. Our proofs are rather technical and we are not able to extend
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them to the multipartite systems M,, ® --- ® M, with ni,...,n, > 2 and m > 2. Furthermore,

one can define the k-numerical radius of a square matrix A € M,, by
wi(A) = max{|z| : z € Wi(A)}.

It would also be interesting to characterize the linear preservers of the k-numerical radius on the
bipartite or multipartite systems. Again, it does not seem easy to apply our proofs to solve this

problem.

2. PROOF OF THEOREM 1.1

In the following, denote by E;; € My, 1 < i,j < n, the matrix whose (i, j)-entry is equal
to one and all the others are equal to zero. Two matrices A, B € M, are called orthogonal if
AB* = A*B = 0. We write ALB to indicate that A and B are orthogonal. It is shown in [17] that
ALB if and only if there are unitary matrices U,V € M,, such that UAV = Diag (a1, ..., a,) and
UBV = Diag (f1,...,0n) with a;,8; > 0 and o;8; = 0 for i = 1,...,n. The matrices Aj,..., As
are said to be pairwise orthogonal if A7A; = AiA;f = 0 for any distinct 4,5 € {1,...,s}. In this
case, there are unitary matrices U,V € M, such that UA;V = D, for i = 1,...,s with each D;
being nonnegative diagonal matrix and D;D; = 0 for any distinct 4,5 € {1,...,s}. We will need

the following lemmas in the proof. The first lemma was proved in [14].

Lemma 2.1. [14, Lemma 4.1] Let k € {1,...,n} and suppose A € H, have diagonal entries
ai,-...,ay and eigenvalues \y > --- > X\, respectively. Then 2?21 a; = Ek Aj if and only if

j=1
A= A1 ® Ay where A1 € Hy, has eigenvalues Ay, ..., \g.

Lemma 2.2. Let k € {1,...,n} and A,B € H, be positive semidefinite matrices. Suppose
tr (A)/k = max{x:x € Wy(A— B)}. Then ALB.

Proof. Suppose U € M, is a unitary matrix such that U(A — B)U* = Diag (A1,...,A,) with
A1 > --- > Ay, Denote the diagonal entries of UAU* and UBU* by aq,...,a, and by,..., by,

respectively. Then a;, b; are nonnegative for i = 1,...,n, since A > 0 and B > 0. Now
k k
Z(ai — bl) = Z A\, = tr (A)
i=1 i=1
leads to
k
Zai:tr(A), agy1=---=a,=0 and by =---=b=0.
i=1

Using the fact A > 0 and B > 0 again, UAU* and UBU™* must have the form
UAU*= A1 ®0,_, UBU" =0, ® B
which means AL B. ]

Denote by A1(X) > -+ > A\, (X) the eigenvalues of a Hermitian matrix X € M,,.

Lemma 2.3. Let k € {1,...,mn — 1} and ¢ : My, — My, be a linear map satisfying (6). The

following conditions hold.
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() ¢(Hmn) S Hunn-

(0) ¢(Imn) = L.

(c) ¢ is trace-preserving. Furthermore, if mn # 2k, then ¢(Ey; ® Ejj) is positive semidefinite
foralll1<i<mand1l <j<n.

Proof. (a) Let A € Hy, and B € H,,. Then Wi(¢p(A® B)) = Wi(A ® B) C R. By Proposition
1.2, (A ® B) € Hpy,. Since every C' € H,,, is a linear combination of matrices of the form A ® B
with A € H,, and B € H,,, we see that ¢ maps H,,,, to H,y,.

(b) Wi(¢(Imn)) = Wi(Imn) = {1}. Thus, ¢(Imn) = Imn.

(c) Let a1 > -+ > aump be eigenvalues of ¢(Ey; @ Ejj) = Ajj. Since Wi(A;j) = Wi(Ey ® Ejj) =
[0,1/k], we have a1 +- - -+ap = 1 and pp—pt1+- -+ Qmn = 0. If mn = 2k, then tr A;; = 140 = 1.

If mn > 2k, then ogy1,...,0mn—k > Qmp—k+1 > 0 and, thus, tr(A4;;) > 1. Moreover, if

Qmn—k > 0, then tr (4;5) > 1. On the other hand, we have

mn = tr (Iyn) = tr (¢(Imn)) = tr qﬁ(z Eii ® Ej;) | =tr ZAU > mn.
i3 i,J

This yields that A;; is a positive semidefinite matrix with trace one.
Similarly, if mn < 2k, then ayp—g41 + - - + o > 0 and, thus, tr (4;;) < 1. Therefore,

mn = tr (Iymn) = tr (¢(Lny)) = tr ¢(Z Ei; ® Ej;) | =tr ZAij < mn,
i3 i,J

which yields that A;; is a positive semidefinite matrix with trace one.

We can apply the same argument to show that for any orthonormal bases {z1,...,2,} C C™
and {y1,...,yn} C C", tr (¢(z;2] ®y;y;)) = 1. Thus, ¢ is trace preserving for all Hermitian A® B
and, hence, for all matrices in M. O

Lemma 2.4. Let k € {2,...,N — 2} and X,Y € Hy with Wi(X) = Wi(Y) = [0,1/k] and
Wi(X +Y)=10,2/k]. If

X —Y =Diag(1 — (k- 1)a,a,...,a,—1 — (k—1)a)
with a € [—1/k,1/k], then
X =Diag(1—(k—1)d,d,...,d,—(k—1)d) and Y = Diag(—(k —1)d,d,...,d,1— (k—1)d)
with d € {0,1/k} so that X —Y = Diag(1,0,...,0,—1).

Proof. Suppose X has diagonal entries x1,...,zny and Y has diagonal entries yi,...,yn. Then
forany 1 =14 <...<ir <N —1, we have

k k k k
Z:‘CitSL Zyitzoﬂ Zmit_zyitzl’
t=1 t=1 t=1 t=1

which imply z;, +- - -+2;, = 1 equal to the sum of the £ largest eigenvalues of X and y;, +---+y;, =0
equal to the sum of the k£ smallest eigenvalues of Y. Thus, applying Lemma 2.1, x1 is the largest

eigenvalue of X, xo = .-+ = xy_1 are the second largest eigenvalue of X, y; is the smallest
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eigenvalue of Y, and yo = --- = yny_1 are the second smallest eigenvalue of Y. Moreover, X and Y

have the form
X =Diag (1 — (k — 1)i,#,...,7 —(k—1)#), Y = Diag(—(k — 1)§,4,...,7,1
with Z, g € [0,1/k]. Hence, X4+Y = Diag (1—(k—1)z—(k—1)g,2+9,..., 247, 1 (

satisfies Wi(X +Y) = [0,2/k]. So, either (a) k(Z + §) = 2, which implies that z = ¢ = /k r (b)
k(Z 4+ y) = 0, which implies that Z =g = 0. O

Lemma 2.5. Let 2 < k < mn/2 be an integer and ¢ : My, — My be a linear map satisfying (6).
Then for any orthonormal bases {x1,...,xm} C C™ and {y1,...,yn} € C", either

(1) there is a unitary U € My such that U*¢(zix; @ y;y;)U = zix; @y;y; for alli=1,...,m,

and j=1,....,n, or
(2) mn = 2k and there is a unitary U € My, such that U*¢(z;2; @y;y;)U = Lnn/k—zi27; @Y;y}
fori=1,....m,andj=1,...,n.

The proof of this lemma is rather technical. We will present it in the last part of this paper.

Denote by o(X) the spectrum of X € M,,. The following example is useful in our proof.

Example 2.6. Suppose m,n > 3. Let A= X @& Op—3 and B = X & O,,_3 with X =

o O O
O O W
o = O

Then A ® B is unitarily similar to

09 0
Omn_7@[o 3]@[0 3]@ 0 1],

0
0 0 0 0 0 0 o0
and A ® B! is unitarily similar to
[0 3 0]
1
Omn_7@[8 0]@[8 3]@ 00 3
0 00

Consequently,

c(A® B+ (A® B)*)/2) = {—\/41/2,-3/2,-3/2,0,...,0,3/2,3/2,\/41/2},
o((A@ B'+(A® B")")/2) = {—9/2,—\/ /2,-1/2,0,...,0,1/2,1/9/2,9/2}.
Applying Proposition 1.2, one see that Re (Wy(A® B)) # Re (W(A® B')), and hence Wy (A® B) #
Wi (A ® BY) for any k € {1,...,mn — 1}.

Now we are ready to present the proof of Theorem 1.1.
Proof of Theorem 1.1.
Note that the 1-numerical range is just the classical numerical range. The case k¥ = 1 has been
obtained in [6, Theorem 2.1]. Since (n — k)W,,_;(A) = tr (A) — kEWi(A), by Lemma 2.3, we have
Wi(o(A4)) =Wi(4) <= Wik(9(A4)) =Wypi(4).

Therefore, we can focus our proof on 2 < k < mn/2, with mn > 4.
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Note that Wi(X) = Wi(o(X)), Wir(X) = Wi(X?), Wi(X) = W, (U*XU) for any unitary U
and X in M,,,. Furthermore, if A € My, then A = U4A'U, for some unitary Uy depending
on A so that for any B € M, the matrix A ® B is unitarily similar to A® ® B. Thus, Wi(A ®
B) = Wi(A' ® B) = Wi((A' ® B)Y) = Wi(A ® BY). Similarly, if A € M, and B € My, then
Wi(A® B) = Wi(A® B') = Wi(A! ® B). Combining the above, we get the sufficiency.

For the converse, suppose Wi(A ® B) = Wi(¢(A @ B)) for all (A, B) € M, x M,. Suppose
mn # 2k. Then by Lemma 2.5, (1) always holds. So, for any Hermitian A € M,,, and B € M,, with
spectral decomposition A =} a;x;z] and B = }_bjy;y;, we see that ¢(A @ B) is unitarily similar
to A® B. So, A® B and ¢(A ® B) always have the same eigenvalues. Thus, by [4, Theorem 3.2],
there is a unitary V such that ¢ has the form A ® B — V*p(A® B)V for any Hermitian A € M,

and B € M,,, where ¢ is one of the following forms:

(1) A B— A® B,

(2) A9 B— A® B,

(3) A9 B— A'® B,

(4) A® B— A'® B
By linearity, the map ¢ can only have one of these forms on M,,,. However, if m,n > 3, we see
that ¢ cannot be of the form (2) or (3) by Example 2.6. So, ¢ can only be of the form (1) or (4).

The desired conclusion holds.

Now, suppose mn = 2k. We claim that either (1) in Lemma 2.5 holds for any choice of orthonor-
mal bases {z1,...,2,} € C™ and {y1,...,yn} € C", or (2) in Lemma 2.5 holds for any choice of
orthonormal bases {z1,...,z,} € C™ and {y1,...,yn} € C™. To see this, note that the set

S={(z,y):xcC™yecC"x"z=1=y"y}

is path connected because the unit spheres in C™ and C™ are path connected. Consider the
continuous map from S to reals defined by f(z,y) — |det(p(zz* ® yy*))|. If (1) holds for a pair
of orthonormal bases containing = and y, then f(z,y) = 0; if (2) holds for a pair of orthonormal
bases containing = and y, then f(z,y) = |det(Inn/k— E11 @ E1y)| = (1/k)™ (1 —1/k). It follows
that either f(x,y) = 0 for all (z,y) € S so that (1) always holds, or f(x,y) = (1/k)™"(1—1/k) for
all (z,y) € S so that (2) always holds.

If (1) holds for all orthonormal bases {z1,...,z,} € C™ and {y1,...,yn} C C", then, by the
argument in the case of mn # 2k, we see that ¢ has the desired form. If (2) holds for all orthonormal
bases {z1,...,2m} € C™and {y1,...,yn} C C™, then compose ¢ with the map X — (tr X)I/k—X
so that the resulting map satisfies (1). The result follows. O

Finally, we give the proof of Lemma 2.5.
Proof of Lemma 2.5.

By Lemma 2.3 (a), ¢ maps Hermitian matrices to Hermitian matrices. We may focus on the
case that z;27 = Ej; for i = 1,...,m and y;y; = Ej; for j = 1,...,n. Otherwise, replace ¢ by the
map ¢(A® B) = ¢(V1 AV @ VaBVy') so that Vi € M, and Vo € M, are unitary matrices satisfying
Vizix; Vi = Ej; fori=1,...,m, and ngjy;V; =Fjjforj=1,...,n
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We divide the proof into three cases, namely
(a) mn # 2k, (b)) mn=2k,m<3andn<3 and (c)mn=2k, m>4orn>4.

2.1. The case mn # 2k.
Claim 1. There exists a unitary U € M,,, such that

¢(Ei ® Ejj) = U(Ey © Ej;)U”
foralll<i<mand1<j<n.

It suffices to prove that
) ¢(Eii ® Ejj) Lo(Ery @ Ess)
for all pairs (i,7) # (r,s) with 1 <i,7 <m and 1 < j,s < n.

First, suppose that i = r or j = s. Considering

Wi(o(Eii ® Ejj) — ¢(Err ® Ess)) = Wi(Eii ® Ejj — Epr ® Ess) = [-1/k, 1/k],
applying Lemma 2.3 and Lemma 2.2, we conclude that (9) holds.

Now, let ¢ # r and j # s. We may assume that 2 < k < mn/2 < mn — 2, we consider
Wk(¢(Eii®(Ejj+Ess))*¢(ETT®(Ejj+ESS))) = Wk(Eii®(Ejj+Ess)*Err®(Ejj+Ess)) = [-2/k,2/K].
Applying Lemma 2.2 again, it follows that ¢(Ey ® (Ej; + Ess)) Lo(Err @ (Ejj + Ess)). Hence, we
have (9).

2.2. The case mn =2k, m < 3 and n < 3.
Since mn = 2k is an even integer, without loss of generality we may assume that n is even. So

it suffices to consider the cases when n =2 and m € {2, 3}.

Claim 2. Let m € {2, 3} and A; = ¢(Ezz & (E11 — EQQ)) € M,, ® My for i =1,...,m. Then there
is a unitary U € My, such that ¢(4;) = U(Ey; @ (E11 — E99))U* fori=1,...,m.

We only need to show that Ai,..., A, are mutually orthogonal and each A; has eigenvalues
1,—1,0,...,0. Note that Wy(A4;) = [-1/k,1/k] for i =1,...,m. So A\1(A;) + -+ A(A;) =1 and
Met+1(Ai) + -+ -+ Aam(A4;) = —1. Since Wi (A1 + Az) = [-2/k,2/k], we see that

k k
D XA+ Ag) = (A(A1) + Aj(Ag)) =2
=1 j=1
and
2m 2m
DT ONAL+Ag) = > (N(Ar) + Aj(Ag)) = -2,
j=k+1 j=k+1

So, by a unitary similarity and applying Lemma 2.1, we may assume that A; = By @ Cy and As =
By@® (5 so that B; has eigenvalues A\1(4;), ..., \x(4;) and C; has eigenvalues \g11(4;), ..., Aom(4;),
i =1,2. As Wi(A1 — As) = [-2/k,2/k], we see that (B; — Bz) @ (C1 — C3) has eigenvalues
v1 > -+ > Yo such that v + -+, =2 and Y41 + - -+ + y2m = —2. Clearly, v1,...,7; cannot
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all come from By — By, else, 1 + -+ + 7y, = tr (By — Bg) = 0. Similarly, 71,...,7; cannot all come

from C7 — C5. Now we distinguish two cases.

Case 1. m = 2. In this case we see that an eigenvalue of By — By and an eigenvalue of C; — Cy
sum up to y1 + 2 = 2. Since A\1(B1; — B2) < A1(A41) — A2(A2) and

M (C1 — Ca) < A3(A1) — Aa(Ag),
we have

2 = Y47y <A(A1) + A3(A1) — A2(A2) — M(A2)
/\1(A1) + )\Q(Al) — )\3<A2) — )\4(A2) = 2.

A

It follows that
)\2(141) == )\3(141) and )\Q(AQ) == )\3(142)

Without loss of generality, assume that A; is unitarily similar to a matrix of the form
Diag (1 —a,a,a,—1 —a) with a€[-1/2,1/2].

By Lemma 2.4, we conclude that a = 0.
Similarly, we can show that Ay has eigenvalues 1, —1,0,0. It is then easy to show that Ay, Ao

are orthogonal.
Case 2. m = 3. We have two subcases.

Subcase 2.1. An eigenvalue of By — By and two eigenvalues of C7 — Cy sum up to 71 +v2 + 3 = 2.
Since )\1(31 — Bg) S )\1 (Al) — )\3(142) and

A(C1 = o) + Xa(Cr = o) < Au(Ch) + A2(C) — Aa(C2) — A3(Ch)
= (A1) + A5(A1) — As(A2) — Xs(A2),

we have

2 = M4+ +73 < A(AD) + (A1) + As5(A1) — A3(A2) — As(Az) — Ae(A2)
< A(Ar) + A2(A1) + A3(Ar) — Aa(Az) — As(Az) — Ne(A2) = 2.
It follows that

)\Q(Al) == )\5(A1) and )\3(A2) = )\4(A2).

Subcase 2.2. An eigenvalue of C; — C5 and two eigenvalues of By — By sum up to 1 + 2 + 73 = 2.
Then

)\3(141) = )\4(141) and )\2(142) == )\5(A2)
Without loss of generality, assume that A; is unitarily similar to a matrix of the form
Diag (1 — 2a,a,a,a,a,—1 —2a) with a€[-1/3,1/3].

By Lemma 2.4, we conclude that a = 0.
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Now, applying the arguments to As and Ag, we conclude that one of the matrices As and As, say,
As, has eigenvalues 1, —1,0,0,0,0. Then it follows from Lemma 2.2 that A; and As are orthogonal.
So, we may assume that A; = Diag(1,0,0,—1,0,0) and Ay = Diag(0,1,0,0,—1,0). Note that

Ws(Ayp + Ay — A3) = W3(A1 + Ay + A3z) = [—1, 1].

We see that A3 = B3®Cj3 such that B3 has eigenvalues 1—2¢, ¢, ¢ and C3 has eigenvalues ¢, ¢, —1—2c.
Now, applying Lemma 2.4 on A3, we conclude that As also has eigenvalues 1, —1,0,0,0,0. It follows

from Lemma 2.2 that Ay, Ag, A3 are mutually orthogonal. Thus, we obtain the claim.

Using the notation as in Claim 2, we see that there is a unitary U € My, such that A; =
U(E; @ (E11 — E22))U*. By Lemma 2.4, for each i =1,...,m,

(10) ¢(Ei ® Ejj) = U(E; ® Ej)U*,  j=1,2,
or
(11) ¢(Eii ® Ejj) = Iyn/k — Py(E;; @ Ej;) P}, j=1,2,

for a suitable permutation matrix P; € Ms,,. Because Z” ¢(Ei; @ Ej;) = Iom, either (10) holds
for all ¢ = 1,...,m, or (11) holds for all ¢ = 1,...,m. In the latter case, the map d~>(A) =
tr (A)/klmn — ¢(A) must satisfy (10). This shows that P; = --- = P,.

2.3. The case mn =2k, m >4 or n > 4.

Without loss of generality, we assume m > 4. If A;; = ¢(Ey; ® Ej;) is positive semidefinite for
any 1 < i <mand 1 < j < n, then applying the same arguments as in the previous case, we
conclude that ¢ satisfies (1). Now suppose there exist some iy and jo such that A;,;, has negative

eigenvalues. Without loss of generality, we assume ig = jo = 1.
Claim 3. There exists some i € {1,...,m} such that ¢(E;; ® I,,) has a negative eigenvalue.

For 1 < i < m, we denote the eigenvalues of ¢(Fy ® I,) by a1(i) > az(i) > -+ > amn(i). Since
Wi(¢(Eiy ® I,)) = [0,n/k|, we have Z§:1 a;(i) =n and > 77 1 a;(i) = 0 for 1 <4 < m. Suppose
¢(E;i@1I,) > 0forall 1 <i < m. Since Wi(¢(E11+ E22)®1,) = [0,2n/k], without loss of generality
we can assume ¢((E11 + E92) ® I,) = Diag (r1,...,"mpn) With 1y > 19 > - > 1 > 1y = -+ =
Tmn = 0. Let ¢(E11 ® I,) = (xi5) and ¢(E22 ® I,) = (yij). Then

k k k k
Zﬂﬁii = Zyn‘ =n= Zai(l) = Zai@).
i=1 i=1

i=1 i=1
By Lemma 2.1, ¢(F11 ® ;) = X @ 0 and ¢(Fae ® I,) =Y @ 0 with tr X = trY = n. Moreover,
Wi(o((Eh1 — Ea2) ® I,)) = [—n/k,n/k]. Thus, applying Lemma 2.2 we have X LY. It follows that
X is singular and ax(1) = ag11(1) = -+ = amn(1) = 0. Suppose V' € M,,,, is a unitary matrix such
that

Diag (a1(1), ..., ak-1(1),0,...,0) = Vo(En @ I,)V* =Y _V(En @ Ej;) V™.
j=1
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Denote the diagonal entries of V¢(E11 ® E;;)V* by di(j), ..., dmn(j). Then

k—1 n k-1
n=> ai(l)+as(1) =Y (3 di(j) +ds(5))
i=1 Jj=1 i=1

for every s € {k,...,mn} and W (¢(E11 ® Ejj;)) = [0,1/k] ensures that Zf;ll di(j) +ds(j) =1 for

every s € {k,...,mn}. Applying Lemma 2.1 again, we see that for every j € {1,...,n}, we have
Vo(E ® E]’j)V* =R; ®tjlpi1,

where each eigenvalue of R; is larger than or equal to ¢;. Further, 0 € Wy (¢(E11 ® Ej;)) implies

t; = 0 for 1 < j < n, which contradicts with the assumption that ¢(E1; ® E11) is not positive

semidefinite.

Claim 4. Suppose there exists ¢ € {1,...,m} such that the eigenvalues of ¢(FE;; ® I,) are a1 (i) >
az(i) > -+ > amn (i) with amn(7) < 0. Then
(12) a1 (i) = az(i) = -+ = ap41(2).

Moreover, ¢(E;; ® Ip,) has a negative eigenvalue for every j € {1,...,m}.

Without loss of generality, we assume i = 1 and

¢(E11 ® In) = Dlag (al(l)a T aamn(l))
with
(13) ai(1) > az(1l) > -+ > amn(1),
where ai(1),...,a,4+1(1) are not identical. Let us denote the diagonal entries of ¢(FE;; ® I,,) by
hi(j),- -, hmn(j) and the diagonal entries of U¢(Ej; ® I,)U* by hi(U,j), ..., hmn(U,j). Note that
ar(1) and ag11(1) must be equal. Otherwise, by the fact that Wi (¢((En + Ejj) ® I,)) = [0, 2n/k],
we have Y% a,(1) = Y% h(j) = n for j = 2,...,m. But then, if Z = > i1 0(Ejj ® 1),
the leading k x k submatrix of Z will have trace mn, which contradicts with Wy (¢(Iny)) = {1}.
Suppose a;(1) > ag(1), i.e., there are integers s,t € {1,...,k — 1} such that

(14) ar(1) =2 - > as(1) > as1(1) = -+ = appe(1) > appega (1) = -+ > amn(1).
We are going to show that
(15) () = = ho(i) = hses1 () = -+ = houn(G)  for j=2,...,m.

Let v = m/2 when m is even and v = (m + 1)/2 when m is odd. Denote by
G=¢(2(En+--+ Ey1q-1) + By p) ® In),
Gir=¢((Eni+-+Ey_1,-1)®1I,), and Go=¢(En+-+E,,) ®I,).
Then we have
(16) Wi(G1) = [0, (y = Dn/k],  wi(G) = wir(G1) + wi(Ga),

where the k-numerical radius wy (G), wi(G1), and wi(G2) are the right end points of Wi (G), Wi (G1),
and Wi (G2), respectively. Let U be a unitary such that the sum of the first k£ diagonal entries of
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UGU* equals to kwi(G). Then the sum of the first k£ diagonal entries of UG;U* equals to kwy(G;)
for ¢ = 1,2. We assert that the following conditions hold.
(a) Zﬁ_l hyp(U,~) = n when m is even and Zk_l »(U,y) = n/2 when m is odd.
(b) Up(Ej; ® I,)U* = Bji @ Bjp with Bj; € My, and tr(Bj1) =nfor j=1,...,7v—1.
(c) Up(FEj; @ I,)U* = Bj1 @ Bjp with Bj; € My, and tr (Bjg) =nfor j=~v+1,...,m
Since

(y=Dn= kwp(G1) =21 Sy he(U,g) < )2 n=(y = 1)n, and

mn

. mn
P2 = huwr(Ga) = X X e ) <

It follows that Zlgzl hp(U,j) =nfor j=1,...,7v—1 and (a) holds. Applying Lemma 2.1, we have
the condition (b).
For any j € {v+1,...,m}, since

Wi(9(Ejj @ In)) = Wi(Ej; © In) = [0,n/k],

the sum of any k diagonal entries of U¢(E;; @ I,)U* lies in [0,n]. Now, the right end point of the

set
Wi(o((E11 + -+ Eyy + Ejj) @ 1))

is 1, and the sum of the first £ diagonal entries of Up((E11 + -+ E5 ) ® I,)U* is k. We see that

Zp 1hp(U,j) =0 and 3377 ) hy(U, j) = n. Hence, we get (c).
Suppose Uy and U are unitary matrices such that

UlBHUii< = Diag (al(l), e ,ak(l)) and UQBlQU; = Diag (ak+1(1), e ,amn(l)).

Replace U with (U1 ®Usz)U. Then the new matrix U also satisfies (a), (b) and (c). Moreover, U is of
diagonal block form Us @ Uy @ Us with Us € M, Us € Mj,_;. Since any unitary Us and Us will yield
the same summation of the first & diagonal entries of UGU™*, we can assume U = I, ® Uy & I_4.
Thus, for j =~ +1,...,m, it follows from (c¢) that

hp(j§) = hp(U, j) < hg(U,j) = he(j) forallpe{l,...,s} and ge{k+t+1,...,mn}.

On the other hand, since Wi (¢((E11 + Ej;) ® 1)) = [0,2n/k], there exists a unitary matrix V' of
the form V = I, & V; @ I_; such that zl;:1 hyp(V,j) = n, which implies

hp(j) > he(j) forallpe{l,...,s} andge{k+t+1,...,mn}.
Hence, we have
hi(4) = = hs(j§) = hgyt41(G) = -+ = hin () for j=~v+1,....,m

Interchanging the roles of {2,...,v} and {y+1,...,2v — 1} and applying the same argument, we
have (15).
Let T ={1,k+1,...,mn — 1}. Note that hy(U,1) = a1(1) > amn(1) = hpmn(U,1). We have

ZhUl ZhUl

peT p=k+1
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By the fact that hy(U,j) = h1(j) = hmn(J) = hmn(U, j) for j = 2,...,m, we have

(17) Z hp(U: 1)+th(U7j) = th(U, 1)"‘2 Z hP(Uaj)
peT J=v peT J=v \p=k+1
= > WU +k>k
peT

which contradicts with wy(¢((E11 + Eyy + -+ - + Emm) ® I,)) = 1. Hence, we get (12).
Next, suppose there is some 2 < j < m such that ¢(Ej; ® I,,) > 0, say, j = 2. Again, we can
assume ¢(F11 ® I,) = Diag (a1(1), ..., amn(1)) with
a1(1) = = ape(1) > agre1(1) > - > amn(1), 1<t<k-1
and ¢(E9 ® I,,) = Diag (a1(2),...,amn(2)) with
a1(2) > - >as(2) > as41(2) = =amn(2) =0, 1<s<k.

Recall that there is a unitary matrix U satisfying (a), (b), and (c). Suppose Uy, Uy are unitary
matrices such that Uy Bo U] = Diag (a1(2),...,ax(2)) and U B12Uy = Diag (ag+1(1), ..., amn(1)).
Replace U with (U; @ U2)U. Then the new matrix U also satisfies (a), (b), and (c). Moreover,

Up(En @ I,)U" = Diag(ai(1),...,amn(1)),

Up(Eee ® I,)U* = Diag(ai(2),...,amn(2))
which implies that U is of the form U = Uy ® Uy & Us with Us € My, Us € Mp_;. We can assume
U3 = Is and U5 = kat'

For any given j € {y +1,...,m}, we denote by oy > --- > a;, the eigenvalues of Bj; and
p1 > -+ > B the eigenvalues of Bjs. Then i, > ay. By Wi(¢((E22 + Ejj) ® 1)) = [0,2n/k], there
is a unitary V such that
(18) V(BQ1 ) BQQ)V* =Y &0 and V(le & BjQ)V* =719 72y
with Y, Z1 € My, tr (Y) = tr (Z1) = n. Suppose W is a unitary matrix such that WY W* = By;.
Replace V with (W & I;)V. Then we still have (18) with Y = Bs;. Moreover, V is of the form
V =V, ®Vp with V; € My and we can assume V; = I,. Partition Bj; and Z; as

011 012 D11 D12

B = 7, =

a7 [021 Con|’ "7 |Da Do

with Ci1, D11 € M. We can rewrite the second equation in (18) as
I Cn Ci2 7 « | D Di2
[ s VJ Co1 Ca [ B VJ = [Da1 Do

Bjs Za
It is clear that D13 = Cq1. Since tr (C11 + Da2) = n equals to the sum of the k largest eigenvalues
of Bj1 @ Bja, we see that tr (Dag) = Zlg;f Bp- Applying Lemma 2.1, we have Dy = D3; = 0, which
implies C12 = C3; = 0 and 0(Ch1) = {a1...,as}. It follows that a1 = -+ = a5 = fr_s41 = - =
,Bk and 011 = Oélls.
Similarly, considering W(¢((F11 + Ej;) ® I,,)) = [0, 2n/k], there is a unitary V such that

(19) v(BH D 312)‘7* = a1(1>Ik D ? and V(le D ng)v* = Zl (&) ZQ



14 AJDA FOSNER, ZEJUN HUANG, CHI-KWONG LI, YIU-TUNG POON, AND NUNG-SING SZE

with Z; € My, tr (Zl) = n. Suppose W is a unitary matrix such that WYW* = Bys. Replace 1%
with (I, ® W)V. Then we still have (19) with ¥ = Bjy. Moreover, V is of the form V = V; @ V,
with Vo € M}, and we can assume Vp = I},_;. Partition Bjs and ZQ as

o R11 R12 5 Sll 512
Bj2 = |:R21 R22:|, 22 = [321 522]

with Ry1,S11 € M;. We can rewrite the second equation in (19) as

Cii 2

Vi Ca2 1% : _ g g
Iy Ri1 Ry Iy 511 512
R21 RQQ 21 22

Since tr (Z;) = n is the sum of the k largest eigenvalues of Bj1 ® Bja, which equals to the sum of
the k largest eigenvalues of C11 ® Coy ® R11, we see that the eigenvalues of Ry are also the t largest
eigenvalues of Bjs. Hence, we have Ri2 = R3; = 0 and Rop = Bply—s = o lj—y.

So we have
(20) hi(3) = hi(U,j) = hyn(U, J) = hpn(j) for j =~y +1,...,m.

Similarly, (20) holds for j =2,... 7.
Again, we have (17), which contradicts with wi(¢((E11+Ey,+- -+ Emm)®1,)) = 1. Therefore,
¢(Ej; ® I,) has a negative eigenvalue for every 1 < j < m.

Claim 5. For any 1 < i < m and 1 < j < n, the largest eigenvalue of ¢(E; ® Ejj) is 1/k and,
hence, %Imn - gf)(E“ &® Ejj) > 0.

Given any 1 < ¢ < m, by the previous claims, we can assume
o(Ei; @ I,) = Diag (a1(i), .. ., amn(7))
with a1(i) = -+ = agy1(2) > -+ > amp(i) and apy(i) < 0. Denote by dy(i,7),...,dmnn(i,j) the
diagonal entries of ¢(E; ® Ej;). Then

> du(iy1) == du(i,n) =1

ueT ueT
for any T C {1,...,k + 1} with |T'| = k. It follows that d,(i,j) = 1/k for all 1 < u < k+ 1 and
I1<j<n
Applying Lemma 2.1, each ¢(E; ® Ej;) is of the form

Dlag (dl(l’J)v o 7dk+1(iaj)) @X(Zaj),

where the largest eigenvalue of X (i, 7) is less than or equal to 1/k. Thus, we get the claim.

Now, let (A ® B) = (tr (A ® B)/k)Lnn — $(A @ B). Then Wi(¢(A ® B)) = Wi(A ® B) for
all A€ Hy,, Be€ Hy, and Y(E; ® Ej;) > 0 forall 1 <i <m,1<j <n. Applying the same
arguments as in the first case on 1, we conclude that v satisfies (1) and, hence, ¢ satisfies (2).

The proof is completed. l
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