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1. Introduction

Linear preserver problems have attracted the attention of many researchers; see for
example [1,3,9,10,14-16,18-21], and the references therein. In [12] we characterize those
linear maps ®: M, (F) — M, (F) between matrix algebras over an arbitrary field F
preserving matrices annihilated by a fixed polynomial f(z) € F|x], that is, f(P(A)) =0
whenever f(A) = 0. We show that such a map ® will send disjoint rank one idempotents
to disjoint idempotents, provided that ®(I,,) = I, the zeroes of f(x) are all simple, and
they do not form an additive coset, i.e. a — b+ ¢ is not always a zero of f(z) when a,b, ¢
are. Then we conclude that ® has a nice form using the following

Theorem 1.1 ([12, Theorem 2.1]). Let F be an arbitrary field, n > 2 be a positive integer,
and M, (F) # Ma(Zs). Suppose a linear map ®: M,,(F) — M,.(F) sends disjoint rank
one idempotents to disjoint idempotents. Then there are mnonnegative integers p,q with
s=n(p+q) <r, and an invertible matriz S in M,.(F) such that ® has the form

AR,
P(A) =S At® 1, S™t for all A € M,,(F). (1.1)
OT‘—S

One may see the formal definitions of disjoint idempotents, the symbol A ® B and
other notions in Section 2.

In this paper, we relax the conditions by assuming instead that f(x) has at least
one (rather than all) simple zero and ® preserves symmetric (rather than all) matrices
annihilated by f(x). More precisely, consider a fixed polynomial f(z) = (z — a1)(z —
az)(xz—as) -+ (r—am,) splitting in F. Let ®: S,,(F) — M, (F) be a unital linear map from
n X n symmetric matrices into r x r general matrices such that f(®(A)) = 0 whenever
f(A) = 0. We show in Theorem 3.4 that if f(z) has a simple zero, and the set Z(f)
of zeroes is not an additive coset of (IF,+), then ® sends disjoint rank one symmetric
idempotents to disjoint idempotents. Then our new Theorem 1.2 below applies, where
|F| is the cardinality of the underlying field F.

Theorem 1.2. Let F be an arbitrary field, n > 2 be a positive integer, and ®: S, (F) —
M,.(F) be a linear map. Suppose that S,,(F) # S, (Z2),S3(Z3),S2(F) with |F| < 5. Then
® sends disjoint rank one symmetric idempotents to disjoint idempotents if and only if
there is a nonnegative integer k and an invertible matriz S in M, (F) such that ® has
the form
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A® I 0

d(A) =S < 0 Or_nk> S™1 for all A €S, (F). (1.2)

The necessity may fail in the exceptional cases, as counter examples exist.

It is worth noting that our approach is different from [5,8,17], in which the preservers
are assumed to be surjective and the underlying field is either the field C of complex
numbers or algebraically closed. One may see other related works in [6,10,11]. A result
similar to Theorem 1.2 was obtained in [21, Theorem 6.3.1] when the characteristic of F is
not 2,3, or 5. In Theorem 1.2, we only exclude the cases S,,(F) = S,,(Z2), S3(Z3), S2(F)
with |F| < 5.

When F has characteristic 2, the linear map ®: M, (F) — M, (F) defined by
A — trace(A)E for any idempotent E € M, (F), sends idempotents to idempotents,
as well as being a linear Jordan homomorphism. But ® does not have the form (1.1) or
(1.2). Therefore, we assume a stronger condition that ® sends disjoint rank one idem-
potents to disjoint idempotents rather than that ® sends idempotents to idempotents in
Theorems 1.1 and 1.2. Note that when [ has characteristic not 2, linear idempotent pre-
servers do send disjoint rank one idempotents to disjoint idempotents (see Corollary 2.7).

For the exception cases, when F = Z5, a symmetric idempotent might not be a sum
of mutually disjoint rank one symmetric idempotents. For example, consider the rank
two symmetric idempotent

011
E = <1 0 1) S Sg(ZQ), (13)
1 1 0

which cannot be written as a sum of disjoint symmetric rank one idempotents. In fact,
a rank one symmetric idempotent in S3(Zz) assumes the form ee® with e'e = 1 in Zs
for some vector e € Z3. Hence, e can only be (1 0 0)', (0 1 0)',(0 0 1)"or
(1 1 1)". In matrix form, all symmetric rank one matrices ee® in S3(Z,) are

100 00 0 000 111
0o0oo0), (o010}, (000, and |1 1 1]. (1.4)
00 0 00 0 00 1 111

The first three are mutually disjoint, while the fourth is not disjoint from the others.
Observing the diagonal entries, we see that E' cannot be written as a sum of the first
three rank one symmetric idempotents. Hence a linear map of S, (Z2) might not send
idempotents to idempotents even if it sends disjoint rank one idempotents to disjoint
idempotents.

While the symmetric idempotent E is the sum of all four rank one symmetric
idempotents in (1.4), we will see in Remark 2.8(1) that the symmetric matrix Q =

<(1) (1)> @0,—2 € S,,(Z2) is linearly independent from rank one symmetric idempotents.

Consequently, the behavior of a linear map of S, (Z2) towards its action on rank one



140 C.-K. Li et al. / Linear Algebra and its Applications 736 (2026) 137-17/4

idempotents does not suffice to determine its action at (). This explains why we need to
exclude the case when F = Z5 from Theorem 1.2.

For S, (F) = S3(Z3) or So(F) with |F| < 5, the domain S,,(F) of ® contains too few
disjoint rank one idempotent pairs to ensure the form (1.2). See Remark 2.8 for more
details.

In Section 2, we present the proof of Theorem 1.2 and the counterexamples for the
exceptional cases when S,,(F) = S,,(Z3), S5(Z3) or S3(F) with |F| < 5. In Section 3, we
apply Theorems 1.1 and 1.2 to study those linear maps ® preserving general or symmetric
matrices annihilated by a fixed polynomial f(z). Under some mild conditions on ®(I,,)
and the zero set Z(f) of f(x), we see that ® assumes the form (1.1) or (1.2), aside from
the exceptional cases. In Section 4, we show that the matrix S in (1.1) and (1.2) can be
chosen to be orthogonal when ® preserves transposition.

In a forthcoming paper [13], we characterize those linear maps ® between real sym-
metric matrix spaces or complex hermitian matrix spaces satisfying that f(®(A)) =0
whenever ®(A) = 0 for a fixed polynomial f(z) with at least two distinct zeroes. We
show that such a linear preserver has the form

A 8 Ipl
—A ® Ipz
A S At @I, S*,
—A" ® Lh
Or—n(p1+p2+ql+qz)

in which S*S = I, and py, p2, q1, g2 are nonnegative integers with r—n(p;+p2+q1+¢2) >
0, provided that f(0) = 0 or ®(I,,) commutes with every element in the range of ®.

2. Linear maps sending symmetric idempotents to idempotents

Let F be an arbitrary field, and M, «,(F) be the linear space of m x n matrices over
F.Let {eq,..., e} be the standard basis for the (column) vector space F™ over IF, and let
{E11, Eh2, ..., Emy ) be the standard basis of matrix units for M, (F); namely, E;; =
eief. Here, A® = (aji) € Myxp, is the transpose of a matrix A = (a;;) € My xn(F).

Let M,,(F) (resp. S,,(F)) be the algebra (resp. Jordan algebra) of n x n matrices (resp.
symmetric matrices) over F. Recall that a matrix A = (a;;) = 327", ai; Bij € My (F)
is symmetric if its transpose A' = (a;;) = A, and A is an idempotent if A? = A. Two
idempotents E, F' are said to be disjoint if EF = FE = 0. In particular, two symmetric
idempotents E, F' are disjoint if FF = 0.

The Kronecker product A ® B of A = (a;;) € My, xn(F) and B € M, «4(F) is the

block matrix

aniB ai2B -+ a,B
a1 B apB -+ ax,B
A®B= . . . € My xns (F).

an1B a2 B - apn,B
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By abusing notations, the block matrix

A A - Agy
Ay Ay - Agy
= . . . . == Z Eij ® Aij,
: : - : =1,
Aml Am2 ce Amn Jj=L,...,n
where A1, A12,. .., Amn can have different but appropriate sizes.

We state some simple facts whose proofs are straightforward.

Lemma 2.1. Let F be a field and n > 2 be a positive integer.

(a) (i) The linear space M,,(F) has the following basis consisting of rank one idempo-
tents

{Ejj :1<j<n}U{E;+E;;:1<i<n,i#j}

(ii) Fori+# j, Ey + E;j and Ej; — E;; are disjoint rank one idempotents.
(b) Suppose F # Zs. Then there is a € F such that a(a® + 1) # 0. For any such a,
(i) the linear space S, (F) has the following basis consisting of symmetric rank one
idempotents

{Ejj 01 S j S n} U {(1 —|—a2)_1(a2Eii + a(Eij +Eji) + Ejj) 01 S 1 < j S TL};

(i) (1+a*)~H(a®Eyi+a(Eij + Eji) + Ej;) and (14a®) ™ (Eyi —a(Ei; + Eji) +a*Ejj)
are disjoint rank one idempotents whenever i # j.

The proof of Theorem 1.2 is divided into several propositions. We first establish the
main case.

Proposition 2.2. The conclusion in Theorem 1.2 holds when |F| > 5.

Proof. The sufficiency is clear, and we are verifying the necessity. Assume that ® sends
disjoint rank one idempotents to disjoint idempotents. In particular, ®(E;1), ®(Fas),
.., ®(E,,) are disjoint idempotents in M, (F). Arguing as in [12, Lemma 2.4], we
see that there is an invertible S € M, (F) and nonnegative integers ki, ...,k, with
ki+---+k, =s <r such that

ST'R(E;;)S =0 @+ ®0k,_, ®Ii, ©0k,y, @+ D Og, D Op_s. (2.1)

For simplicity of notation, we replace ® by the map A — S~!®(A)S and assume that
(2.1) holds with S = I,; namely,

(D(Ejj) = Ok1 D--- @ij71 @ij EBij+1 D EBO]M @0, _s. (22)
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Step 1. Since F # Z,, Lemma 2.1 gives a nonzero a € F such that a? + 1 # 0, and
_ _ 1
Xl = (1 + CL2) 1(E11 + a2E22 + CL(E12 =+ Egl)) = (1 + CL2) 1 (a £2> EB On_z,

2 _
Xo = (1 + a2)_1(E11 + a2E22 — a(Elz =+ Egl)) = (1 + a2)_1 <a 1a> D 0,_2

—a

are disjoint rank one symmetric idempotents in S,,(F).
Let

B = ®(E12 + E21) = (Bij)i<ij<n+1

with Bj; € My, (F) forj =1,...,n.Foralll #1,2and i = 1,2, since X;Ey = EX; =0,
we see that

®(X;) = (1+a*) HP(En) + a®®(Faz) + aB)
satisfies
0, = ®(Ey)®(X;) = ©(X;)P(Ey).
Thus, B;; = 0 for all (4, ) except when
(i,7) = (1,1),(1,2),(2,1),(2,2),1,n+1),(2,n+1),(n+1,1),(n+1,2), or (n+1,n+1).
On the other hand, since X; X, = X2 X; = 0,,, we have

0, = (14 a?)20(X)P(Xy2) = (P(E11) + a®®(E) + aB)(a®*®(E11) + ®(Fay) — aB).
(2.3)

0, = (14 a?)*®(X2)®(X1) = (a*®(E11) + ®(E) — aB)(®(F11) + a*®(Fa) + aB).
(2.4)

By adding (2.3) and (2.4), we obtain that
a(a2 + 1)(B(I)(E11 + E22) — (D(Ell + EQQ)B) =0.
Hence, By n+1, B2 n+1, Bnt1,1, Bnt1,2 are all zero matrices. As a result,
B B
B= <B;1 BZ) @O0, @+ D0k, D Bniint1,

and thus by (2.2), (2.3) and (2.4),
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_ Ikl 0 (IQIk 0
Or - |:< 0 a'2Ik2 > D Os/ + GB:| |:< 0 1 IkQ D Os/ —aB
(d®;, O 2 2 By, By a*Bi1 By
- ( 0 a?l, GOy —aBimal 2p, a2y, )P0 T 2B, By, )OO
_ 2 Ikl 0 o 2p2 (1 — CLQ)Bll 0
= qQ < O Ik2 @ OS/ a B a O (a2 _ 1)B22 EB OS’;

where s’ =7 — k1 — ky. Therefore, B2, ., =0, and

2
Ik1 0 P2 _1—aa B 0
( 0 Ikz) GO ( 0 @’-1p), @05 25)

a

When F does not have characteristic 2, that is 12 + 1 # 0, we can choose a = 1 in
(2.5), and derive that

o (I, O
B? = < b Ik2> 20, (2.6)

Suppose F has characteristic 2. Since |F| > 5, we see that F contains at least 8 elements.
Thus we can find distinct ay, as, ag from F such that a;(a? —1)(a?+1) # 0 for i = 1,2, 3.
We can also assume ajas # —1, for else we can replace as with ag. It follows from (2.5)
that

(1—(1% 1—a%>BM: (a2_a1)(1+a1a2)31120,

ai az ai1a2

and thus By; = 0. Similarly, Bos = 0, and (2.6) holds again.
Since ®(X1) is an idempotent, we have

0, = ®(X1) — ®(X,)?

o a a 2 2
=7 +a2.B - (1 +a2)2 [(Ikl D a Ikz @OS/)B—f—B(Ikl D a Ikz @OS/)}.

. B B
In particular, Bp41,n+1 =0 and B = <B; B;;) B 0.

Step 2. Since |F| > 5, there is an element a € F such that a(a® + 1)(a? — 1) # 0. Hence
the equality (2.5) or (2.6) imply that

Bi1 = 0k,, Bz =0,, Bi12Bsy =1, and DB Bis=I,.
Consequently, k1 = k; and By = Bl_21.

We can apply the arguments on Ey, Eoo, E1o+ Ey; to By, Ej;, E1j+ Ej; to conclude
that ky = ko = --- = k. Set this common value to be k. Furthermore, for j =2,... n,
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(Ey; + Ej1) = Byj © Byj + Eju © By with Bjy = By}t € My(F).
We may replace ® with the map
X (Iy @ Biz ® Bis -+ @ Bin)®(X) (I & By & By &+ & By,)),
so that
O(Ey;+Ejn)=E, L, +En @Iy forj=2,...,n

If n = 2, then we are done.
Step 3. Suppose n > 3. We can apply the arguments on Fii, Fos, F1o + FEo1 to
Eii, Ejj, Eij + Ej; to conclude that for any 2 <14 < j <n,

q)(Eij + Eji) =FE;; ® By + Ej; ® Bj; with some Bj; = Bi;I € MK(F) (27)

We will show that Bj; = B;; = I forall 2 <i < j <n.
Let v = ce; + e; + e; for some nonzero c € F such that b = c? +2 # 0. Such c exists
unless F = Z3. Indeed, the polynomial y? + 2 = 0 has at most two nonzero solutions in

I, and thus such ¢ exists in [ if F contains at least four elements. On the other hand,
c =1 can be used if F has characteristic two. Consider the rank one symmetric matrix

A=b""v' =b"" (B + (B + En + By + Ej) + Ei + Ejj + Eij + Ej;)
in S,,(F). Observe that
A2 =bp" 2w )t =b" vt = A
is an idempotent. Now,
D(A) = b " (PP(E1) + c®(Ey; + Ej + Eij + Ej1) + ®(Ey + Ejj + Eij + Eyj)).

Up to a permutation similarity, 0, = ®(A4)? — ®(A) is a direct sum of a zero matrix and
b=2(C? — bC) with

C2Ik CIk CIk
C = ka I;g Bij .
CI}.C Bji Ik
Looking at the (1, 3)-th block of C? — bC, we see that
0r = b 2[(*Iy + ¢Bij + cly) — (¢ + 2)cly] = b 'e(Byj — I),

and hence B;; = Ij,. Thus, Bj; = Bigl = I;. Consequently, we have
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(I)(El) =F;®I; and (I)(E” —I—Eﬂ) = (El] —I—Eji)@Ik fori,j=1,...,n with i # j.
Since {E;;, Eij + Ej; 14, =1,...,n,i# j} is a basis for S,,(F), the result follows. O

Theorem 1.2 will be established after the following three additional propositions are
verified.

Proposition 2.3. The conclusion in Theorem 1.2 holds whenn >4 and F = Zs.

Proof. It suffices to check the necessity.

Step 1. Since Zj contains a nonzero element ¢ = 1 such that a®> + 1 # 0, we can
proceed as in Step 1 in the proof of Proposition 2.2 and conclude that, after a similarity
transformation if necessary,

@(Ejj):Okl@'-‘@okj71@ij@okj+l@---@0kn@or_s forj=1,...,n,

12 12
By? B
B =@+ Ex) = (12)  p(12) © 0y
B21 B22

with
B? = E11 ® Iy, + B2y ® I,

where Bi(]u)
Applying the arguments on E11, Eas, E12+ Eo1 to By, Ejj, Eij + Ej;, we can conclude

is an k; x k; matrix for i, j = 1,2, s = r—ky—ko—- - -—ky and s’ = r—k; —ko.
for any 1 <1i < j < n, with
Uij = Eij + Ejs,
that
®(Us) = ®(Eij + Eji) = By ® B + Ei; © By + Eji © BY + Bj; @ B, (2.8)
for some By € My, (Z3), BY? € My, (Z3), B € My,1,(Z3), B € My, (Z3), and
®(Uyy)? = By @ Iy, + Ej; @ I,

Consider the rank one symmetric idempotents

Xl = —(61 + 62)(61 + €2)t, X2 = —(61 — 62)(61 — 62)t,
X3 =—(ez+e)(este), Xo=—(e3—ea)(es—ea),

and
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t
e1 —ex+e3+eq)(er —ex+e3+e4

)

t
e1 — ey +e3—eq)(er —ey+e3—e€y4

3

e1+ex+e3+eq)(er +ex+e3+ €4

= ) )
= ( ) )
= ( ) )",
= ) )

€1 +ex+e3—eyq)er +e2+e3—eq

Since

X141 = X1A = XoB) = XoBy = X1 X0 = X1 X3 = X1 Xy = Xo X3 = XXy, =0,

we have
0=Q(X1)P(A1) = 2(X1) [2(U13 — Uss) + ®(Ura — U24)],
0=3(X1)P(A2) = B(Xy) [P(Uig — Uzsg) — ®(Ura — Un4)],
0= ®(X3)®(B1) = ®(X3) [®(U1z + Uszz) + ©(U14 + Uz4)],
0= @(XZ)@(B2) = (I)(Xg) [‘D(Ulg =+ U23) (D(U14 + U24)]
It follows
I 0
0=&(X)P(Uiz — Usz) = — [( 0 Ikz) @0y + ‘I’(Ulz)] [@(U13) — ®(Ua3)],
and
0=®(X2)P(Urz + Uzz) = — [(ISI 122) & 05 — ‘I)(Uu)] [®(Us3) + ©(Uas)] -
Hence
O(U12)®(Ups) = [(ISI 122> @ 05/] ®(Uss)
and

B(Uy2)®(Ung) = [(181 12) @osl] B(Uss).

Step 2. With a direct calculation, we have

BB 0 PR 0 0 0 0
23 23

BRI o Ay | _ o BEY BE o

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



C.-K. Li et al. / Linear Algebra and its Applications 736 (2026) 137-17/ 147

and
12) (23 12) (23
0 Biz)Béz) B§2 )Bé3) 0 Bﬁs) 0 B%S) 0
12) (23 12) 5(23
o BGPBEY BUYBEY o|_| 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Hence,

13 23 12 13 12 23
B4YY =0, BEY =0, BUPBLY =0 and BLYBLY =o.

Since ®(U;;)? = By ® Iy, + Ej; ® I, for (i,7) = (1,3) and (2, 3), we have

By ByY =1, and BiVBgY =1

5
Therefore,

By = B I, = BB BGY = 04, and
12 12 12) (23) (23
Béz ) = Béz )Ik2 = Béz )353 )B§2 )= Ok, -

Again, since ®(U12)? = E11 @ Iy, + Fag ® I,, the form (2.8) can be rewritten as

D(Uy) = O(Erp + Ez) = Eyp ® B2 + By @ BI?

3

for some B'LY € My, 1, (Z3) and BU? € My, (Z3) with

By ByY = I, and ByYBLY = I,
-1
Hence, k; = ky and BSQ) = Bgm .
We can apply the arguments on eq, es, e3, e4 to any other quartet of €, €5, €p, €q when-
ever 1 <i < j <p<q<mntoconclude that ki = ks = - = ky, := k, By = B = 0,
(i)

.. L —1
and BJ(-?) = B whenever 1 < i < J < n. Consequently, we can write B;; = B;;

Y
and Bj; = B](;]), and (2.8) becomes

@(Ew + EJ'L) = Eij & Bij + Eji ® Bji with Bji = Bzzl S Mk(F)

whenever 1 <i¢ < j <n.
We may replace ¢ with the map

X (It ®Bia®Bis® - @ By,,)®(X)(I;, ® By ® B3 @ --- @ By},

so that
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BUZ jlzlk forj:2,...,n
Comparing the (2, 3)-th blocks in (2.9), we have
Bog = By Biz = I, and then Bz = Byj' = I
As a result,
@(Eij + Eji) =F; I, +E; @I, foralli,j=1,2,3. (2.10)

Replacing 1,2,3 with any other indices 1,4, 7, we see that (2.10) holds for any distinct
i,j =1,...,n. Since {E;;, E;; + Ej; 14,5 =1,...,n,i # j} is a basis for S,,(Z3), the
result follows. O
Proposition 2.4. The conclusion in Theorem 1.2 holds when n > 3 and |F| = 4.
Proof. It suffices to check the necessity. Up to isomorphism, we can assume that F =

= {a+bx : a,b € Zy} with 1 + z + 22 = 0. Note that F, contains two distinct
nonzero elements a = x and a = 1+ z such that a® +1 # 0. We can proceed as in Step 1

of the proof of Proposition 2.2. More precisely, we can conclude that, after a similarity
transformation if necessary,

O(Ejj) =0k, ©--@O0,_, ©Iy,; @0, - B0, ®0p—s for j=1,...,n,

where s=r—ky — kg —--- — k,, and

_pn_ (B B .
O(Ey2+ B ) =B = <le Bay ) ®Oks @ © 0, ® Bry1npa

with Bj; € My, (F4). Putting a = z in (2.5), we have

B2 = < P +B22) @0, (2.11)

Consider the rank one symmetric idempotents:

= ((1+2)er + zea) (1 + x)er + xeg) ,
= (ze1 + (14 x)ez) (wer + (1 + 1:)62) :
=(14z (wel +(1+x)ex+ :Ceg) (:vel +(1+x)ex+ xeg)t,
=14z ((1 +x)e; + zes + :1063) ((1 +x)e; + xeg + £C€3)t.

Since ®(X1) is an idempotent, we have
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0, = ®(X;) — (X;)?
(I, O 2 0 Bi
—<01 Ik2>@os/+B+B +(B21 0 )

Bi1 B
BQ]_ B22 D Os’ .
In a similar way, with U;; = E;; + Ej;, we obtain that

It follows that By, y1 41 =0 and B =

O(Uy;) = ®(Eyj + Eji) = Ey ® By + Eiy @ BY + E;; @ BY + Ej; ¢ BY) (2.12)
for some BY?) € My, (F4), BY” € My, (Fa), B € My, (Fa), B € My, (Fy) with
®(Uj)? = Eii ® (I, + BY) + Bj; @ (I, + B,

Since XlAl = XQAQ = XlXQ = X1E33 = X2E33 = On, we have

0, = ®(X1)P(A1) = (1 +2)P(X1) [P(X2) + (1 + 2)P(Urz) + P(Uzs) + (1 + )P (E33)]
= (1 4+ 2)@(X1) [(1 + 2)2(U13) + ®(Uzs)]

and

0, = ®(Xg)P(Az) = (1 +2)P(X2) [P(X1) + ®(Usz) + (1 + 2)P(Uaz) + (1 + 2)P(E33)]
= (1 +2)®(X2) [®(Ur3) + (1 + 2)®(Ua3)]

where s’ = r — k1 — ko. It follows from (2.13) and (2.14) that

[(ISI x?k2> @08/] (Urs) + [(w{)k a +(;)Ik2) @05,] P (Us3)

+ (1 + I)(D(Ulg)i‘(Ulg) -+ (I)(Ulg)q)(Uzg) =0, (215)

and

K(l +(;C)Ikl x?kz) @05/] O(Urz) + [(x{)kl 122> @Os/] O(Uss)

+ @(U12)2(Ui3) + (1 + 2)2(U12)2(Ua3) = 0,-.
(2.16)

Multiplying (2.16) by = and then adding it to (2.15), together with (2.12) we have
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(0 0 I, 0
= [(§ 2)w o (5 2)]uws
- I 0 .
= ( 81 I, )@OS’ <D(U23)'
L 2 .

Multiplying (2.15) by «

O (Ur2)P(Uas)

(I
\ 0

(I
\ 0

and then adding it

0
Iy,

0
Iy,

oo
oo

o+ [('

O(Ui3).

Iy,

0
0

to (2.16), together with (2.12) we have

) @ os,] B (Uss)

At this stage, we arrive at the same conclusions as those established in Step 1 of the
proof of Proposition 2.3. Employing an argument analogous to that of its Step 2, we get

the desired conclusion. O

Proposition 2.5. The conclusion in Theorem 1.2 holds whenn >3 and F = Zs.

Proof. It suffices to check the necessity. Note that Zs5 contains a nonzero element a = 1
such that a? + 1 # 0. We can proceed as in Step 1 of the proof of Proposition 2.2. More

precisely, we can conclude that, after a similarity transformation if necessary,

O(E;

j):0k1$"'€90kj,1 $ij$0kj+1 @...@an@()r_s

forj=1,...,n,

where s =r — ky — kg — -+ — k,, and with Uij = El'j + Eji, that

O(Uyj) = ©(Eyj + Eji) = E; © By + By @ B + E;;© Bl + E;; ® B

(is)

33

(2.17)

for some B € My, (Z3), B € My, (Zs), B\ € My,1,(Z3), B € My, (Z5) with

O(Uij)? = Eyy @ I, + Ej; @ I,

Consider the rank one symmetric idempotents:

X1 = —-2(e1 +e2)(er + 62)t7
Ay =2(e1 — ez +e3)(er — 2 +e3)",

J

Xy = —2(e1 — ea)(e1 — €2)",

A2 = (61 + es + 263)(61 + e + 263)t.

Since X1A1 = X2A2 = X1X2 = X1E33 = X2E33 = On, we have

Or

= ®(X1) [20(U13) — 20(Ua3)],

0
P

2) @0y + (I)(UIZ)] [®(U13) — ®(Ua3)]

D(X1)®(A1) = ©(X1) [R(=X2) 4+ 20(Ui3) — 22 (Vas) + 20(Ei3)]
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and

0, = ®(X2)P(A2) = ¢(X2) [20(X1) + 20(Ur3) + 20(Uzs) — ®(Es3)]
= ®(X2) [2@(Us3) + 2@ (Uas)]

_ ngl ? ) ® 0, — (I)(Ulg)] [@(Uss) + ®(Uss))]

2
where s’ = r — k1 — ko. This implies

®(Ur2)®(U1s) = [(Igl 122> @OS/] ®(Uss)

and

O(Up2)D(Uss) = [(Igl Ii:) %0} ®(Uy3).

At this stage, we arrive at the same conclusions as those established in Step 1 of the
proof of Proposition 2.3. Employing an argument analogous to that of its Step 2, we get
the desired conclusion. 0O

Lemma 2.6. FEvery nonzero idempotent in M, (F) is a sum of disjoint rank one idem-
potents. When char F # 2, every nonzero symmetric idempotent in M, (F) is a sum of
disjoint rank one symmetric idempotents.

Proof. Let E be an idempotent in M,,(F) of rank m > 1. Since E(I,,— F) = (I,—E)E =
0, we can decompose F™ as a direct sum F” = EF" + (I,, — E)F™ of the range space and

the kernel space of E. Choose a basis {u1,...,u,} for EF™ and a basis {um+t1,...,un}
for (I, — E)F™, and let S be the invertible matrix with column vectors uy, ..., u,. If S~!
has row vectors v{,..., vy, then vju; = §;; for all 4,5 = 1,...,n. It follows that

E=8,20, S ' =uv) + - +unv,

is a sum of disjoint rank one idempotents.

Next, assume that E = E* = E? is a symmetric idempotent in M,,(F) of rank m > 1
and F has characteristic not 2. We claim that there is a column vector u = Fu from EF™
such that uu # 0. Suppose on the contrary that all vectors u in EF™ satisfy u'u = 0. If
v is an other column vector in EF", then so is u+wv and thus 0 = (u+v)*"(u+v) = 2u'v.
If F does not have characteristic 2, then u v = 0. Let S be invertible in M,,(FF) such that
E = S(I,, ® 0,_m)S~!. Note that the first m column vectors of S are basic vectors of
EF™, and thus the invertible matrix S *S has a zero m xm upper left block. Consequently,

E=E*=FE'E= (S0 ®0,_m)S S(In ®0,_m)S™ =0,
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a contradiction.

Let v = FEu such that u®u = A # 0. Since v'E = (E'u)® = (Fu)® = u*, we see
that FF = E —uu®/) is a symmetric idempotent disjoint from the rank one symmetric
idempotent uu'/\. In particular, F' has rank m — 1. Then the assertion follows from
induction. 0O

When char F = 2, we see in (1.3) a rank two symmetric idempotent which cannot be
written as a sum of disjoint rank one symmetric idempotents.

Corollary 2.7. Assume that char F # 2 and S,,(F) # S3(Z3),S2(F) with |F| < 5. Let
®: S, (F) = M, (F) be a linear map. The following conditions are equivalent.

(1) @ has the form (1.2):

AR I 0

d(A) =S ( 0 Or_nk) S™t forall A € S,(F).

(2) ® sends disjoint rank one symmetric idempotents to disjoint idempotents.
(3) @ sends symmetric idempotents to idempotents.

Proof. The case when n = 1 is trivial, and we thus assume n > 2 below.

The equivalence between (1) and (2) follows from Theorem 1.2.

Suppose that ® sends disjoint rank one symmetric idempotents to disjoint idem-
potents. We claim that ® sends symmetric idempotents to idempotents. Let E be a
symmetric idempotent of rank at least two. It follows from Lemma 2.6 that E = i Ej
is a (finite) sum of disjoint rank one symmetric idempotents. The assumption ensures
that ®(E) = >, ®(E;) is a sum of disjoint idempotents, and thus ®(£) is an idempo-
tent. In the case when E is a rank one symmetric idempotent, I,, — E is also a (nonzero)
symmetric idempotent in S,,(F) disjoint from F. By Lemma 2.6, the nonzero symmetric
idempotent I,, — E = F} + --- + F,,_1 is a sum of disjoint rank one symmetric idempo-
tents. It is clear that E and F are disjoint. By assumption, ®(E) and ®(F;) are disjoint
idempotents. Hence, in any case, ® sends symmetric idempotents to idempotents, as
claimed.

Finally, suppose ® sends symmetric idempotents to idempotents. We verify that
® sends disjoint symmetric idempotents to disjoint idempotents. Let E, F be disjoint
idempotents in S,,(F). Then E + F is also a symmetric idempotent, and thus ®(FE),
O(F) and ®(F + F) = ®(F) + ®(F) are all idempotents in M, (IF). This implies
O(EYD(F) = —®(F)P(F). Since F does not have characteristic two,

This completes the proof. O
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Remark 2.8. The necessity part in Theorem 1.2 may fail when S,(F) = S,,(Z2), or
S3(Zs), or So(F) with |F| = 3,4, 5. In these cases, there are too few disjoint symmetric
idempotent pairs for us to establish the conclusion. We shall give explicit examples below.

(1) When F = Z,, observe that all rank one symmetric idempotents in S,,(Z) are

given by
Ui
Ap=wu' = | (v - up)
Un,
for a vector u = (u1 ... un)' € Z% with ug + -+ 4+ up = 1 in Zy. Let Z7(Z) be the

set of all rank one symmetric idempotents in S,,(Z5).
Consider the rank 2 symmetric matrix

We claim that Q cannot be written as a sum of rank one symmetric idempotents; namely,
Q is linearly independent from Z}*(Zs). Suppose otherwise Q € span (Z7'(Zs2)), and there
are vectors v; = (vi1 ... vm)t € Z% with vy +---+ vy, =1in Zy fore =1,...,k
such that @ = A,, +--- + A,, . Note that

1 1 1 Vi1 1
1 1 k 1 k V2 1
Of=0]|! :ZAW 1 :Z VB | (vin vz vz o i)
s 3 =1 I =1 O
0 1 1 Vin 1
Vi1
V52
K
i=1
Vin

This implies in particular 1 = Zle v;1, while the (1,1)th entry of @ = A,, +---+ A4,,
is 0= Zle vi1, a contradiction.

(a) When n is even, we consider a linear map ®: S,,(Z2) — S,,(Z2) such that ®(A4) = A
if A € span (Z}(Z2)) and ®(Q) = RQR™*, where

0 1 1 1
1 0 1 1

R= =R!
1 1 0 1
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It is clear that ® sends disjoint rank one symmetric idempotents to disjoint rank
one symmetric idempotents. By a direct calculation,

1 - 1
1 - 1
0 --- 0

—o

RQR™! = £ Q.

0
1
1
110 -+ 0
Suppose there is an invertible S € M,,(Z3) such that (1.2) holds. Then SA = AS
for every symmetric rank one idempotent A in S2(Zs) implies S = I,,. However,
SQS™! =Q # ®(Q) = RQR™!. This contradiction says that ® does not have the
form (1.2).
(b) When n is odd, we consider a linear map ®: S,,(Z3) — S,,(Z3) such that ®(4) = A
if A € span (Z}(Z3)) and ®(Q) = PQP~!, where

10 0o 0 --- 0
0 0 1 1 -1
01 0 1 1
P= =p1
0 1 1 0 1
0 1 1 1 0
By a direct calculation,

0 0 1 1

0 00 --- 0

100 - 0

As in Case (a), we see that ® does not have the form (1.2), either.

(2) When F = Z3 = {0,%1}, observe that all rank one symmetric idempotents in
S..(Z3) are given by

Uy
+ (ur -+ up) Suchthatuf—l—-”—i-u%::tlinzg.

Un

Let Z7'(Z3) be the set of all rank one symmetric idempotents in S,,(Z3). Note that
E;; € I?(Zg) and

Eij + Eji = (61' + ej)(ei + ej)t — E“ — Ejj S spanl’f(Zg).
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Hence spanZ7(Zs3) = S, (Zs3).

(i) All the symmetric idempotents in Sy(Z3) are

-1 -1 -1 1
O2, I2, E11, Eaa, (_1 _1) and ( 1 _1> :
The unital linear map ®: So(Z3) — Ma(Z3) defined by
a b a+b 0
(b d) = ( 0 b+ d)
sends disjoint rank one symmetric idempotents to disjoint symmetric idempotents. In-
deed, ® preserves zero products. However, it does not have the form (1.2), as the nonzero

matrix Foy is sent to zero by ®.

(ii) All rank one symmetric idempotents in S3(Z3) are E11, Ea2, Fs3, and
-1 -1 0 -1 -1 0 O 0
Ar=(-1 -1 0), 4= 0 0], 45=(0 -1 -1,
0 0 0 -1 -1 0 -1 -1
-1 1 0 -1 1 0 O 0
A= 1 -1 0),4,=(o0 0], 4g={0 -1 1.
0 0 0 1 -1 0o 1 -1

All the disjoint pairs among them are:
{E1,E»}, {Ei1,Es3}, {F2,Es3}, {Ewn,As}, {Eun,46}, {F,As}, {F», As},
{Es3, Ar}, {Ess3,As}, {A1,As}, {A2,As}, and {As, Ag}.

oo o ooo

The unital linear map ®: S3(Z3) — S35(Z3) defined by

a1 Q12 Q13 a11 + a2 + a3
a2 a2 a3 | — —@12 + G22 + Q23

a13 Q23 a33 a1z — ag3 + (I33>

sends disjoint rank one symmetric idempotents to disjoint symmetric idempotents, while
it does not have the form (1.2) because ®(As) = 0.

(3) When Fy = {a + bx : a,b € Zy} is the field of 4 elements with 1+ x + 22 = 0, all
the pairs of disjoint rank one symmetric idempotents are Fq1, Fos and X7, X5, where

X1 = ((1+2)er +zez) (14 z)er + xeg)t = (:16 1 41_3:)

and
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o (e o 142 = (147 1),

The unital linear map ®: Sy(F4) — So(F4) defined by

<Z 2) = (a+b%+x> d+b(01+x)>

sends disjoint rank one symmetric idempotents to disjoint symmetric idempotents. In
fact, ®(X1) = ®(F11) = E11, ®(X2) = ®(F22) = FEa. However, it does not have the

form (1.2) as it sends :16 :16 to zero.

(4) When F = Zs, all the disjoint rank one symmetric idempotent pairs in S2(Z5) are

o 6)- (6 8} = 163)(5 )}

The unital linear map ®: So(Zs5) — So(Zs) defined by

a b a+b 0
b d) 7\ 0 b+d

sends disjoint rank one symmetric idempotents to disjoint symmetric idempotents. But
® does not have the form (1.2) as it sends (?)) g to zero.

Another counter example is the linear map ¥: So(Z5) — Mo (Z5) defined by

10 1 1 0 0 0 -1 d 0 1 1 0

0o 0/7loo0) \o1)7lo 1) 2 {1 0)7\2 -1)
The unital linear map ¥ sends disjoint rank one symmetric idempotents to disjoint rank
one idempotents, namely,

1 0 1 1 0 0 0 -1 d
oo/7\oo) lo1)7 o 1) a°
3 3 . 10 3 -3 . 0 0
3 3 1 0/ -3 3 -1 1)
However, it does mnot have the form (1.2), ie., A + SAS™L. If it does, then
S<(1) 8) S~ = (é (1)> will imply that S = (8 _dd> for some a,d € Zs5. But

then S <§ g) S~ = (1 8> implies a = d = 0, a contradiction.
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3. Linear maps preserving matrices annihilated by a polynomial

In this section, we characterize those linear maps ® preserving matrices annihilated
by a polynomial f(z), i.e.,

f(®(A)) =0 whenever f(A)=0. (3.1)

Without loss of generality, we can always assume that the leading coefficient of f(x)
is 1. It was shown in [4] that when f(z) = (z — a1)(x — a2) -+ (z — an) is a complex
polynomial with m > 2 distinct simple zeroes, a unital linear map ® between unital
complex algebras satisfying (3.1) exactly when ® sends idempotents to idempotents. In
[12] we studied such linear preservers between matrices over an arbitrary field F. In the
following, Theorem 3.4 extends [12, Theorem 3.1] by relaxing the condition to that f(x)
has at least one simple zero. Moreover, it now suffices to check the annihilating condition
(3.1) for only symmetric matrices instead of all matrices, except for a few cases of small
domains.
Let us begin with two observations.

Lemma 3.1. Let f(z) € F[z] be a polynomial with f(0) = 0. Let Fy,Ey € M, (F) be
disjoint idempotents. Then for any zeroes ay,as of f(x), we have

fla1Er +azE2) = f(a1)Er + f(a2) B2 = 0.

Proof. Let f(z) = apa™ + ap—12" ' + -+ + ayz € Flz] such that f(a;) = f(az) = 0.
Since FE1, E5 are disjoint idempotents, we have

(a1 By 4 a3 Fo)* = a¥EF + 0" ag(EF " Ey + BN 2EyE) + - + BBV Y 4 4 ok ES
= a]fEl + agEg

for k =1,2,.... It follows that

f(a1E1—|—a2E2) = ()én((I?El +CL£LE2)+Oén_1(a711_1E1+a3_1E2)+ BRI X6 %1 (a1E1—|—a2E2)
= f(a1)E1 + f(az2) B2 = 0,

as asserted. O

Lemma 3.2. Let f(z) € Flx] be a polynomial splitting in F. Let A € M, (F) such that
f(A) =0. Then all eigenvalues of A are zeroes of f(x).

Proof. Note that f(A) = 0 if and only if the minimal polynomial of the matrix A
divides f(x). It amounts to saying that A has a Jordan block form representation, in
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which the diagonal entries in each Jordan block are annihilated by f(x). In particular,
all eigenvalues of A are zeroes of f(z). O

Recall that a subset Z of F is called an additive coset if a — b+ ¢ € Z whenever
a,b,c € Z. An additive coset Z is an additive group if 0 € Z. Note that the set Z(f)
of zeroes of a polynomial f(z) € Zs[x] of degree at least two and with a simple zero is
simply the additive group Z..

Lemma 3.3. Let f(x) € F[z] be a polynomial splitting in F with at least two distinct zeroes
such that the zero set Z(f) is not an additive coset. Let V,,(F) = S,,(F) or M, (F), and
E € V,(F) be an idempotent. Suppose that ®: V,,(F) — M,.(F) is a unital linear map
preserving matrices annihilated by f(x). Then all eigenvalues of ®(E) are either 0 or 1.

Proof. Consider the polynomial g(z) = f(axz + b) for any a,b € F, a # 0. Since ®([,,) =
I, for any A € V,,(F) we have g(®(A4)) = f(aP(A) +bl,)) = f(P(aA+bI,)). It follows
that ® preserves matrices annihilated by f if and only if it preserves matrices annihilated
by the polynomial g(z) = f(az + b). Replacing f(z) with g(x) for some suitable a, b, we
can assume that

Z(f)=10,1,a3,...,am} CF,

is not an additive group. In particular, f(x) has zero constant term.

Since f(E) = f(1)E = 0 by Lemma 3.1, f(®(F)) = 0, and thus ®(F) has a Jordan
block form with eigenvalues listed in the diagonal entries, which are also the zeroes of
f(z) by Lemma 3.2. For any a; € Z(f), we have similarly f(a;E) = f(a;)E = 0, and
thus f(a,;®(E)) = 0. It follows again from Lemma 3.2 that the eigenvalues of a;P(E)
are all from Z(f) for j =1,...,m. This tells us that if A is an eigenvalue of ®(FE), then
MZ(f) C Z(f), and thus

NZ(f) = 2(f) HA#£0,

because Z(f) is a finite set in F. In particular, A € Z(f) since 0,1 € Z(f).

We claim that all eigenvalues of ®(E) are either 0 or 1. Suppose ®(E) has any eigen-
value A # 0,1. Then A\Z(f) = Z(f) implies Z(f) contains A! for all | € Z. With I, — E
playing the role of E, since ®(I,, — E) = I, — ®(F) has 1 — X as an eigenvalue, we see
that (1 — \)! € Z(f) for any | € Z. For any a;,a; € Z(f), by Lemma 3.1, we have
flai(In — E) + a;E) = f(a;)(I, — E) + f(a;)E = 0. It follows from Lemma 3.2 and
F(®(ai(Tn — B) + a;5)) = f(as(I, — B(E)) + a;B(E)) = 0 that

(1) all eigenvalues of a;(I, — ®(E)) + a;P(E) are in Z(f) for any a;,a; € Z(f).



C.-K. Li et al. / Linear Algebra and its Applications 736 (2026) 137-17/ 159

Note that up to similarity a;(I, — ®(E)) + a;®(F) is an upper triangular matrix with
a diagonal entry a;(1 — X) + a;\. Since Z(f) = AZ(f) = (1 — A\)Z(f), we obtain that
a;(1 =N a; A7 € Z(f). Therefore,

a; +a; = [ai(1= XN 71 = A) + a7\ € Z(f)

for all a;,a; € Z(f), which means that Z(f) is either an infinite set or forms an additive
group. This contradiction ensures that all the eigenvalues of ®(F) are 0 or 1. O

Theorem 3.4. Let f(z) = (x —a1)(z —az)(x —a3z) - (x — a,) be a polynomial of degree
m > 2 with at least one simple zero such that the zero set Z(f) = {a1,az,...,am} CF is
not an additive coset. Let n > 1, and V,(F) = S, (F) or M,,(F). Suppose ®: V,,(F) —
M, (F) is a unital linear map with V,,(F) # S3(Z3), or So(F) with |F| < 5. The following
conditions are equivalent.

(a) f(D(A)) =0, whenever f(A) = 0,.

(b) ® sends disjoint rank one idempotents in V,,(F) to disjoint idempotents in M, (IF).

(¢) There are nonnegative integers p,q satisfying r/n = p + q and an invertible matrix
S € M, (F) such that © has the form

AHS<A®5

At®@>54? (3.2)
when V,,(F) =S, (F), the form reduces to
Avs S(A®I,,,)S™ (3.3)

Proof. When n = 1, any unital linear map ® : M;(F) — M, (F) preserves matrices
annihilated by any but fixed polynomial f(z) € F|z]. In fact, Since I, = ®(1) € M, (F),
we have f(®(a)) = f(al,;) = f(a)I, = 0 whenever f(a) =0 for any a € M(F) = F. In
this case, all stated conditions are satisfied automatically.

From now on, suppose n > 2. By the assumption, F # Zs for else Z(f) = Z5 is an
additive group.

(1) We first assume that ®: M, (F) — M, (F) is a unital linear map. If (¢) holds
with (3.2), then clearly (a) holds. The equivalence between (b) and (c) follows from
Theorem 1.1 (the zero part does not appear since ® is unital). Assume (a) holds. To
verify (b), we follow the proof of [12, Theorem 3.1] with a slight modification due to the
weakening of the assumption from that all zeroes are simple to that at least one of them
is simple.

As in the proof of Lemma 3.3, by replacing f(z) with g(x) = f(axz+b) for some suitably
chosen a,b, we can assume that f(z) has zeroes a; = 0 and as = 1. Furthermore, we
can also arrange that 0 or 1 is a simple zero of f(z) according to our wish. Let F be an
idempotent in M, (F). By Lemma 3.3, all eigenvalues of ®(F) are either 0 or 1. Since
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f(®(E)) = 0, the minimal polynomial of ®(FE) divides f. If 0 (resp. 1) is a simple zero of
f(z), then so is the case for the minimal polynomial of ®(E). Consequently, the minimal
polynomial of ®(FE) can only be x, x —1 or x(x—1). It follows that ®(F) is diagonalizable
with eigenvalues from 0 and 1, and thus an idempotent (see, e.g., [2, Theorems 7.12 and
7.16, and Exercise 7.13]). Therefore, ® sends idempotents to idempotents.

Suppose E, F are disjoint idempotents in M, (F). Since F + F' is an idempotent, we
have ®(E + F)? = ®(E + F), and thus ®(E)®(F) + ®(F)®(E) = 0. It follows

When F does not have characteristic 2, we see that ®(FE), ®(F) are disjoint. When
F has characteristic 2, after simultaneously diagonalizing the commuting idempotents,
we can assume both ®(E), ®(F) are diagonal matrices with diagonal entries 0 or 1. If
O(E)P(F) # 0, then we can further assume that the (1,1)-th entries of both ®(E), ®(F)
are 1. For any a;,a; € Z(f), since f(a;E+a;F) = 0 by Lemma 3.1, we have f(a;®(E)+
a;®(F)) = 0. In particular, the (1,1)-th entry a; + a; of the diagonal matrix a;®(E) +
a;®(F) is a zero of f(x) by Lemma 3.2. It follows that a; + a; € Z(f). Hence, the zero
set Z(f) is closed under additions (and differences), and thus forms an additive group,
a contradiction. Therefore, ® sends disjoint idempotents to disjoint idempotents in any
case. This establishes (b).

(2) For the case when ®: S,,(F) — M,.(TF) is a unital linear map, a careful examination
of the proof of part (1) ensures the implication (a) = (b), as it suffices to use only sym-
metric idempotents E in the argument. The equivalence between (b) and (c¢) (with (3.3)
held) is due to Theorem 1.2 under the assumption that S, (F) # S3(Z3),S2(F), |F| <5
and that F # Zo, while the implication (¢) = (a) is plain. O

Remark 3.5. (a) The unital linear map ® in Remark 2.8 for S3(Z3), and So(F) with |F| =
3,4, 5, respectively, sends disjoint rank one symmetric idempotents to disjoint symmetric
idempotents. In particular, ® preserves matrices annihilated by the polynomial f(z) =
x(x — 1). The zero set Z(f) of f(x) consists of two distinct simple zeroes 0,1, and does
not form an additive group. But these linear maps ® do not have the form (3.3).

(b) The assumption that f(z) has a simple zero in Theorem 3.4 is used to ensure
that all the Jordan blocks of ®(F) have size 1 x 1 for any idempotent E in the domain
of ®. Suppose the minimum order of the zeroes of the polynomial f(z) is s > 2. For
any idempotent F, the argument in the proof of Theorem 3.4 shows that ®(F) has
eigenvalues from 0 and 1, and all its Jordan blocks have size at most s x s. This might
be the best we can expect. For example, let f(x) = 2™ and n # 0 in F. Consider the
unital linear map ®: M,,(F) — M, (F) defined by

_ trace A

D(A) I, + trace(AB)C
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with any B € M,,(F) and C € M,.(F) such that B has zero trace and C™ = 0. Since
nilpotent matrices have zero trace, we see that ® preserves matrices annihilated by f(x).
But ® does not have the form (3.2).

In the following, we study how to remove the unital assumption on ®.

Definition 3.6. Let f(z) = (z — a1)(x — ag) - - - (x — ay,) € Flx] be a polynomial splitting
in F. We call a € F a zero multiplier of f(z) if aZ(f) C Z(f). Let

M(f) ={acF:aZ(f) € Z(f)}
denote the set of zero multipliers of f(z).

Lemma 3.7. Let f(z) = (z — a1)(z — az) - - - (x — am) € Fx] be a polynomial splitting in
F.

o 0€ M(f) exactlywhen 0¢€ Z(f).

o aZ(f)=Z(f) whenever a € M(f)\ {0}.

o M(f)\{0} = {1,7,...,9" '} is a finite multiplicative cyclic group, where 7 is an
hth primitive root of unity.

o If f(0) #0, then h divides m; if f(0) =0, then h divides m — 1.

« h™leF.

Proof. The first assertion is clear. Since Z(f) is a finite subset,
aZ(f) =Z(f) whenever a € M(f)\{0}.

It then follows that M (f)\{0} is a finite multiplicative subgroup of F\ {0}. In particular,
M(f)\ {0} is a cyclic group (see, e.g., [7, Theorem IV.1.9]).

Assume that M(f) \ {0} has order h and generated by «y. Then for every nonzero
b e Z(f), we see that the set {b,vb,...,7"~1b} C Z(f)\ {0}. There are by, ..., b, such
that

Z(H\A{0} = (J Ly, 2" 105}

j=1

as a disjoint union. Consequently, if f(0) # 0, then h divides m; if f(0) = 0, then h
divides m — 1.

Finally, we verify that A~! € F. This is true unless F has characteristic k # 0 and
h = km for some positive integer m. In this case, every element y in M (f) satisfies the
equation

0=y" —1=y"" —1=(@y" -1F,
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which implies M (f) contains at most m elements. This contradiction shows that h=1 €
F. O

Lemma 3.8. Let f(z) = (x —a1)(x — a2) -+ (x — an,) € Flz] be a polynomial splitting in
F having a nonzero simple zero. Let A € M, (F) such that f(aA) =0 for all a € Z(f).

(a) All eigenvalues of A are zero multipliers of f(x).
(b) All nonzero eigenvalues of A are not defective.
(c) If 0 is a simple zero of f(x), then A is diagonalizable.

Proof. (a) For any a; € Z(f), since f(a;A) =0, Lemma 3.2 implies that a;\ € Z(f) for
every eigenvalue A of A. In other words, AZ(f) C Z(f). That is, A is a zero multiplier of
f(z).

(b) Assume that a; # 0 is a simple zero of f(x). If X is a nonzero eigenvalue of A, then
A€ M(f) by (a), and thus A= € M(f) by Lemma 3.7. In particular, \"ta; € Z(f). It
follows from f((A~'a;)A) = 0 that all the Jordan blocks of (A7'a;)A for its eigenvalue
(Ata;)\ = a; are 1 x 1 blocks. Therefore, the algebraic multiplicity of any nonzero
eigenvalue \ of A equals to its geometric multiplicity.

(c) If 0 is a simple zero of f(x), as well as an eigenvalue of A, then f(a;A) = 0 implies
that all the Jordan blocks of A for its eigenvalue 0 are 1 x 1 blocks. Therefore, the zero
eigenvalue of A, if any, is not defective either. Thus A is diagonalizable. O

Lemma 3.9. Let f(z) = (x —a1)(z — az) - (x — am) € Fx] be a polynomial splitting in
F. Let ®: S,,(F) — M,.(FF) be a linear map preserving matrices annihilated by f(x).

(a) All eigenvalues of ®(I,,) are zero multipliers of f(x).
(b) Suppose, in addition, that f(x) has a nonzero simple zero. Then all nonzero eigen-
values of ®(I,,) are not defective. Moreover,
o if 0 is a simple zero of f(x), then ®(I,) is diagonalizable;
o if f(0) # 0, then ®(I,) is invertible;
o if ®(1I,) is invertible, then ®(I,,) is diagonalizable;
o if ®(I,) is diagonalizable and M (f) = {1}, then ®(1,) = I,.

Proof. (a) For any a; € Z(f), we have f(a;I,) = f(a;)I, = 0 by Lemma 3.1, and thus
f(a;®(I,)) = 0. Hence (a) follows from Lemma 3.8(a).

(b) Since f(a;®(I,)) = 0 for every a; € Z(f), it follows from Lemma 3.8(b) that all
nonzero eigenvalues of ®(I,,) are not defective.

If 0 is a simple zero of f(x), then ®(I,,) is diagonalizable by Lemma 3.8(c).

If £(0) # 0, and thus 0 ¢ M(f), then ®(I,,) has only nonzero eigenvalues and thus it is
invertible. If ®(I,,) is invertible, then ®(I,,) is diagonalizable since all its eigenvalues are
nonzero and thus not defective. Finally, if ®(I,,) is diagonalizable and M (f) = {1}, then
®(1,,) = I, since all eigenvalues of ®(1,,) are the zero multipliers 1 of f(z) by (a). O
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Corollary 3.10. Let F be a field of characteristic zero. Let f(x) € Flx] be a polynomial
splitting in F of degree at least two with a nonzero simple zero. Suppose that f(0) # 0
and Z(f) £ vZ(f) for any primitive root v # 1 of the unity. Let n > 2, V,(F) = M, (F)
or Sp(F), and ®: V,,(F) — M, (F) be a linear map preserving matrices annihilated by
f(x). Then © has the form

A®I,

-1
A»—>S< At®Iq)S

for an invertible matriz S € M,.(F) and nonnegative integers p,q with r = n(p + q).

Proof. We first claim that the zero set Z(f) = {a1,az,...} does not form an additive
coset, where a; # as. Supposing otherwise, we would see that a; —as +a; = 2a; —as €
Z(f), and inductively, (t 4+ 1)a; —tas = a1 —az + [ta; — (t —1)ag] € Z(f) for t =1,2,....
Since F has characteristic zero, they are all distinct. This gives a contradiction to the
finiteness of Z(f). On the other hand, it is easy to see that 1 is the unique zero multiplier
of f(x) since all other roots of unity cannot be (see Lemma 3.7). By Lemma 3.9, we see
that ®(I,,) = I,.. The assertion follows from Theorem 3.4. O

The proofs of the following Lemma 3.11 and Theorem 3.12 are similar to those of [12,
Theorems 3.5 and 3.6]. We give the details for clarity.

Lemma 3.11. Let f(z) = (x — a1)(x — a2) -+ (x — an,) € Flz] be a polynomial split-
ting in F with two simple zeroes including 0. Let V,(F) = M, (F) or S,,(F). Suppose
O: V,(F) = M, (F) is a linear map preserving matrices annihilated by f(x). Then ®(I,)
is diagonalizable and commutes with all elements in the range of ®.

Proof. Let a1 # 0 be a simple zero of f(z). Let E € V,,(F) be an idempotent. Since
f(0) =0, for any a; € Z(f), we have f(a;E) = f(a;)E+ f(0)(I,—E) = 0 by Lemma 3.1,
and thus f(a;®(E)) = 0. Let A be an eigenvalue of ®(E). Because 0 is a simple zero of
f(x), it follows from Lemma 3.8 that X is a zero multiplier of f(x) and is not defective.
In other words, ®(F) is diagonalizable with eigenvalues from M (f). Similarly, ®(I,, — E)
is also diagonalizable with eigenvalues from M (f).

Let h be the order of the finite cyclic subgroup M (f)\{0} = {\,..., A\ = 1} of F\ {0}.
For any a € Z(f) and t = 1,..., h, we have a\! € Z(f). Consequently, by Lemma 3.1,

fla(E+X(I, — E))) = f(a)E + f(a\')(I,, — E) = 0.
Hence,

F(a(®(E) + \®(I, — E))) =0, forallae Z(f) and fort =1,.... h.
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It follows from Lemma 3.2 that all eigenvalues of a(®(E)+\ ®(I,,—E)) are zeroes of f(x).
Furthermore, an argument similar to the above for ®(E) shows that ®(E)+\'®(I,, — E)
is diagonalizable with eigenvalues from M(f).

Since M (f) is a finite multiplicative cyclic group of order h, and all eigenvalues of the
diagonalizable matrices ®(F), ®(I,, — E) and ®(E) + \®(I,, — E) are from M(f), we
have

O(EY* =®(E), o, - E)""' =o(I, - E),
and
(B(E) + N'@(I,, — )" = ®(E) + \'®(I,, — E), fort=1,... h.
Denote by E' = ®(F) and F' = ®(I,, — E). Then

E" =F, F"'=F, and (E'+XNF)"" =E +XF', fort=1,...,h
(3.4)

For j=1,...,h, let
¢; = the sum of all noncommutative products consisting of h +1 —j E"’s and j F'’s.
Expanding the third equation in (3.4), we have
h
BTN gy XD — B\
j=1

Since E/"T = E’, MY Foand A = 1, we have
h .
Z/\thj =0, forallt=1,...,h.
j=1

Since Y1 Mt = AN (1 = M")(1 = M)t =0for j=1,...,h— 1, we have

/\jtqj = qu Z)\jt = hgp = 0.

h h h
=1 j=1  t=1

h
t=1j
Since A~ ! exists in F by Lemma 3.7, we have ¢, = 0. It follows from
r_ 7 rh 1 prh—1 th iy
gpF' = (E'F"" + F'E'F +- -+ F"EYF' =0

_ F/qh _ F/(E/F/h + F/E/F/h—l 4t F/hE/)
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that
E'F =-FEF" ... - F"EF =FFE

Consequently, ®(E)®(I,) = E'(E'+ F') = (E'+ F')E' = ®(E)®(I,,) for every idempo-
tent F in the domain of ®. By Lemma 2.1, the assertion is established. 0O

Using Lemmas 3.9 and 3.11, we obtain the following extension of Theorem 3.4 relaxing
the unital assumption.

Theorem 3.12. Let f(x) € F[z] be a polynomial splitting in a field F of degree at least
two and with a nonzero simple zero such that the zero set Z(f) is not an additive coset.
Let n > 2, Vo (F) = M, (F) or S, (F), but V,(F) # S3(Zs3) or Sa(F) with |F| < 5.
Suppose ©: V,(F) — M,(F) is a linear map preserving matrices annihilated by f(x).
Assume that either

e f(0) £0, and (1) commutes with all elements in the range of ®, or

o f(0) =0, and 0 is a simple zero of f(x).

Then there are nonnegative integers p,q with s = r—np—nq > 0, an invertible matriz

S € M, (F), and invertible diagonal matrices D1 € M,(F), Dy € My(F) with diagonal
entries from M (f) such that ® has the form

A® D,
A»—>S<

At ® Dy > St (3.5)
05

and s = 0 if f(0) # 0. Here, we may assume that the part A® ® Do is vacuous if
V,.(F) =S,(F).

Proof. By the assumption, F # Zs for else Z(f) = Zs is an additive group. By
Lemma 3.9, ®(I,,) is diagonalizable with distinct eigenvalues A;, Aa,...,A\;, which are
zero multipliers of f(x). After a similarity transformation, we can assume that

A1—[7‘1
A217‘2
(I)(In) =

AZITl

When 0 is a simple zero of f(x), Lemma 3.11 ensures that ®(I,,) commutes with all
elements in the range of ®. Since ®(I,,) is central in the range of ® in any case, there
are linear maps ®; from M, (F) or S, (IF) into M, (F) preserving matrices annihilated
by f(x) such that ® has the form
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Py (A)
Dy (A)
A

(I)l(A)

Suppose some \; = 0. We claim that ®;(E) = 0 for every idempotent E, and thus
®; =0 by Lemma 2.1. Note that 0 is a simple zero of f(z) in this case. Replacing f(z)
with f(az) for some suitable a, we can also assume that 1 is an other zero of f(z). It
follows from ®;(1,,) = 0 that ®;(E) = —®,(I, — E). Let a be an eigenvalue of ®;(E).
For any zeroes a,b of f(z), by Lemma 3.1, we have f(aF + b(I, — E)) = 0. Hence
[(a®;(E) +b®;(I, — E)) = f((a—b)®,;(E)) = 0. By Lemma 3.2, o(a —b) € Z(f). In
particular, with b = 0 we see that aZ(f) = Z(f) if a # 0. But in this case, a=! €
M(f) by Lemma 3.7, and thus Z(f) = a~1Z(f) is an additive group, a contradiction.
Consequently, all eigenvalues of ®,(E) are zero. With ¢ = 1 and b = 0, we see that
f(®;(E)) = 0. Since 0 is a simple zero of f(z), it forces ®;(E) = 0 as claimed.

For those nonzero A; we consider the polynomial f;(z) = f(z/);). Then

fi(A)=0 = [fA/\)=0 = f(®;(4/N;) = F(A] ®;(4)) =0

for all A € V,,(F). Consequently, the unital linear map Aj_lq)j preserves matrices anni-
hilated by f;(z). Since Z(f;) = A\;Z(f) is not an additive coset and f; also has a simple
zero, we can then apply Theorem 3.4 to establish the desired assertions. [

Remark 3.13. When n = 1, we have already seen in Theorem 3.4 that any unital linear
map ® : M;(F) — M, (FF) preserves matrices annihilated by any but fixed polynomial
f(z) € Flz]. In general, let J = ®(1) which might not be the r x r identity matrix I,.
Assume that ® preserves matrices annihilated by f(x). Let f(a) = 0 for some a # 0
in F. Since f(®(a)) = f(aJ) = 0, we can suppose that J is in its Jordan form with
all diagonal (eigenvalue) entries A from F such that AZ(f) C Z(f), and AZ(f) = Z(f)
whenever \ # 0.

Let a; # 0 be a simple zero of f(x). Suppose A is a nonzero eigenvalue of J. Then
MZ(f) = Z(f) implies that a1 A~ € Z(f). Since f(a1A~1J) = 0, we see that the Jordan
blocks of J corresponding to any nonzero eigenvalue \ have size 1 x 1.

We then divide into 2 cases. First, assume that f(0) # 0, or 0 is another simple zero of
f(z). In this case, the triangular blocks of a;J with 0 diagonal, if any, have size at most
1 x 1. As a result, (1) = J is a diagonalizable matrix with all eigenvalues \ satisfying
MZ(f) C Z(f). Tt is plain that this condition is also sufficient for ® preserves matrices
annihilated by f(x).

Assume that 0 is a zero of f(x) of order p > 1. In this case, the triangular blocks of
ayJ corresponding to the eigenvalue 0 can have size up to p x p. Consequently, J = ®(1)

assumes the form
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A1
A2
s S,
)\q
Jo

where S € M, (FF) is invertible, \;Z(f) € Z(f) for j = 1,...,q, and Jy is a sum of
Jordan blocks with zero diagonal entries and sizes adding up to p x p with p+q =r. It is
plain that this condition is also sufficient for ® preserves matrices annihilated by f(z).

Finally, the case f(z) has no nonzero simple zero will be more tedious, and we leave
it to the interested readers.

Recall that a matrix A is called an m-potent matrix if A™ = A. Together with
Theorems 1.1 and 1.2 (for the case m = 2), Corollary 3.14 below extends some known
results; see, e.g., Theorems 6.6.1 and 6.6.3 and their footnotes in [21].

Corollary 3.14. Suppose that n > 2, m > 3 and F contains all distinct (m — 1)th roots of
unity, which do not form an additive group with 0. Consider a linear map ®: M, (F) —
M,(F), or ®: S,,(F) — M,.(F) in which S,,(F) # So(Zs) when m = 3. Then ® preserves
m-potent matrices if and only if ® has the form

A& Dy
A’—)S( At®D2 >S_1,
0s

such that all the diagonal entries of the diagonal matrices D1, Dy are (m — 1)th roots of
unity.

Proof. The linear map ® preserves matrices annihilated by the polynomial f(x) = 2™ —x
which splits in F and has simple zeroes 0 and 1. Evidently, M (f) = Z(f). Note that the
assumption prevents from the cases when |F| = 2, 3, 4. However, Z5 contains square roots
1,4 of unity, and 0,1,4 do not form an additive group. Thus the special case S, (F) =
S2(Zs5) and m = 3 needs to be explicitly excluded. Then, Theorem 3.12 applies. O

Example 3.15. (a) Apart from those symmetric idempotents given in Remark 2.8(4), the
only other tripotents in So(Z5) are

4 0 0 0
(0 0) and (O 4> .
Therefore, the unital linear map ® in Remark 2.8(4) preserves symmetric tripotents in
S5(Zs), but it does not have the form stated in Corollary 3.14.
(b) Consider f(z) = z%g(z) where g(z) is any polynomial in F[z] for any field F.
Note that 0 is not a simple zero of f(z). The linear map ®: My (F) — My (FF) defined by
O(A) = a11E12 for A = (a;5) € My(F) satisfies that f(®(A)) = 0 for any A € My (F).
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The non-diagonalizable non-invertible matrix ®(I3) = Fj2 commutes with all ®(A) in
the range of ®. But ® does not have the form (3.5).

4. Preservers between symmetric matrices

With different preserving properties including those in previous sections, one may be
able to show that a linear map ®: M, (F) — M,.(F) has the form

AT,
d(A) =S At® 1, S~1 for all A€ M, (F). (4.1)
Or—n(p+q)
In particular,
@(A):S(A%’Ik 00 k)s—l for all A € S,,(F). (4.2)

If ® preserves transpositions, that is, ®(A%) = ®(A)*, and thus sends symmetric matrices
to symmetric matrices, one can say more about the map.

Proposition 4.1. Let F # Zo and n > 2.

(a) Suppose ®: S, (F) — S,.(F) has the form (4.2). Let Sy be the matrixz obtained from
the first kn columns of S. Then S§So = I, ® B for an invertible symmetric matriz

B € Si(F), and ® also has the form
A So(A® B™Y)S. (4.3)

(b) Suppose ®: M,,(F) — M,.(F) has the form (4.1) and preserves transposition. Let Sy
and So be the matrices obtained from the first np columns and the next ng columns
of S. Then S{Sy, = I, ® By and S3Ss = I, @ By for some invertible symmetric
matrices By € Sp(F) and By € Sy(F) such that ® also has the form

A S1(A® B YSE + So(A* @ By 1Sy, (4.4)
Moreover, SfSQ = Onpxng and thus the two summand maps have zero product.
Proof. (a) Assume that @ satisfies (4.2). If A € S,,(F), then ®(A) = ®(A)*, or
S[(A ® Ik) S¥ Or—nk:]s_l = (S_l) t[(A ® Ik) 57 Or—nk]st'

Thus

StS[(A‘@Ik)EBOT_nk] = [(A@Ik)@or_nk]StS (4.5)
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for all symmetric A € S,,(F). Putting A = I,, in (4.5), we see that S'S = W ¢ Z for
some invertible symmetric matrices W € S, (F) and Z € S, _,,;(F). Putting A = E;;
and A= E;; + Ej; in (4.5), 1 <i < j < n, we see further that

StS=(I,® B)® Z, (4.6)

for some invertible symmetric matrices B € Si(F) and Z € S, _,,1(F).
For any A € M,,(F), It follows from (4.6) that

(A® 1) & 0p—nk] STHS ™) (I @ I) @ 0p—i] S *

(A 1) © 0 i) [(In ® B™Y) @ Z7Y[(T, 0 I1,) © 0y ]St
(A® BTY) @ 0,_,x]S"

= So[(A = B™1)]Sg,

where Sj is the matrix consisting of the first nk columns of S.
(b) Suppose ® has the form (4.1) and preserves transpositions. Observe

A*® I, At 1,
S A®I, St = (571t A, St

Or—n(p+a) Or—np+a)
for all A € M, (F). It follows
StS[(A & I;D) @ (At & Iq) & Or—n(p-l-q)] = [(A & I;D) D (At & Iq) @ Or—n(p-l—q)]StS (47)

for all A € M, (F). Putting A = I,,, A = Ej;, and A = E;; for i # j, respectively in
(4.7), we can derive

S'S=(I,®B1) @ (I,® B)) @ Z (4.8)

for some invertible symmetric matrices By € S,(F), By € Sy(F) and Z € S,_,,(p1q)-
Direct computations show that

SltSI :In®B1; S2t‘5’2 :In®B2; SltS2 :Onpan7 and SztSl :anxnp7

where S7 and S are the matrices consisting of the first np columns and the next ng
columns of S, respectively.
For any A € M,,(F), it follows from (4.8) that
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(AR ) D(A R I) D0 (pr))(S*S) T (In @ L) D (In @ 1) D0y (1] S*
(A BT @ (A' @ By') © 0, (prq))S*
[(A® B") @ 0ng ® 0, —p(pr))S "+ S[00p ® (A @ By1) € 0, (i) S
=S (A® B{Y)Sf + S (A By Y)Ss. O

S
=S5[(4
=S5[(4

Remark 4.2. (a) The assertion in Proposition 4.1(b) might not hold if we assume only
that ® sends symmetric matrices to symmetric matrices. Indeed, & might not preserve
transposition, while it should if ® has the form (4.4). For example, consider the linear
map from M, (F) into My, (F) defined by

o (i ) () (B )
() ) )-8 ).

It has the form (4.1) and sends symmetric matrices to symmetric matrices. But it does
not preserve transposition.

(b) When p = 0 or ¢ = 0, if ® has the form (4.1) and sends symmetric matrices to
symmetric matrices, then ® preserves transpositions, and thus it has the form (4.4). This
happens in particular when n = r.

Let ¢ = 0. In view of (4.6), we have

St =[(I,® B)® Z]S7!,
and thus

B(A)' = (STH'(A ' ®I,) ©0,—pp)S*
=S[(I, @B ez [(A*®1,) @ 0,_,)[(I, ® B)® Z]S™!
= S[(A*® L) @0, )51 = B(AY).

Therefore, ® preserves transposition and we can apply Proposition 4.1(b). The case when
p =0 is similar.

Maps in the form (4.3) or (4.4) admit even simpler descriptions if the underlying
field F has some special properties. For instance, using Proposition 4.8 below, if F = R
or C, and ® has the form (4.3) or (4.4), then we may assume that S is orthogonal,
ie.,, S'S = I,.. In general, it is also the case when I is Pythagorean, that is, for any
Vi,...,Um €, there is v € F such that v2 = E;nzl ’UJZ.

The following result is a consequence of a well known result about diagonalization of
symmetric bilinear forms; see, e.g., [2, Theorem 6.35].
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Lemma 4.3. Suppose that the characteristic of F is not 2. For every symmetric matriz
B € S, (F), there is an invertible matriz R and a diagonal matriz D in M, (F) such that
B =R'DR.

The conclusion of Lemma 4.3 does not hold when F has characteristic 2.

(1) (1)) € So(F), where F has char-

acteristic 2. Suppose that B = R'DR, or (R™1)*BR~! = D, for some invertible matrix

Example 4.4. Consider the symmetric matrix B =

R ' = (f; g) and diagonal matrix D in My (). Direct computation gives that

p_(a 7 0 1 a B\ 200y By+ad 0 By +ad
—\B8 9 1 0 v §) T\ pByv+ad 284 T\ By+ad 0 :
This forces the diagonal matrix D = 0, and thus B = 0, a contradiction. Hence, it is

impossible to diagonal B as in Lemma 4.3.

Proposition 4.5. Suppose the characteristic of F is not 2. Assume that ® is a linear map
of the form (4.2) (resp. (4.1) and preserving transpositions). Then there are matrices
5‘0, gl, Sy of appropriate sizes such that ® also has the form

Ay So(Aw D™HSE for all A € S, (F) (4.9)
(resp. A — S1(A® D;Y)8E 4+ S5(A @ D;1SE for all A € M, (F)) (4.10)

for some invertible diagonal matrices Dy, D1, Ds.

Proof. Use the notations in Proposition 4.1. By Lemma 4.3, the symmetric invertible
matrices B, By, By in (4.3) and (4.4) admit the decomposition

B=R'DR, By =R{DiR), By=RIDyR,
for some invertible matrices R € My(F),R; € M,(F),R; € My(F), and invertible
diagonal matrices D € My(F), D; € M,(F), Dy € M,(F). Set Sy = So(I,, ® R™") and
S;=8;(I, ® Rj_l) for j = 1,2. The form (4.9) or (4.10) can be verified readily. O

The following lemma follows from Witt’s theorem (see, e.g., [7, Theorem XV.10.2]).

Lemma 4.6. Suppose F is a Pythagorean field with characteristic not 2, and 1 < m <.
Then every orthonormal family {ui,...,un} of vectors in F" can be extended to an
orthonormal basis {u1, ..., Um,...,u.} of F"; namely,

L ifie i
uitujz&'j:{’ ifi=7;

0, otherwise.
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When F has characteristic 2, not every orthonormal family of F” can be enlarged to
an orthonormal basis.

Example 4.7. Let F have characteristic 2. Consider the unit vector u; = (1 1 1)t in
F3. Suppose there are two vectors ug = (a b c)t and ug = (d e f)t such that
{u1,ug,u3} is an orthonormal basis of F2. Then the mutual orthogonality implies that

a+b+c=d+e+ f=ad+be+cf =0.

It forces the determinant of the invertible matrix formed by w1, us, us becomes

1 a d
det(l b 6>:bf+ce+af+cd+ae+bd
1 ¢ f

=ale+ f)+b(d+f)+c(d+e)=ad+be+cf =0.
This contradiction shows that the conclusion of Lemma 4.6 does not hold in this case.

Proposition 4.8. Suppose F is a Pythagorean field with characteristic not 2. Assume that
® is a linear map of the form (4.2) (resp. (4.1) and preserving transpositions). Then the
matrices S can be chosen to be orthogonal, i.e., St = S~1.

Proof. We use the notation in Propositions 4.1 and 4.5. Assume ® has the form (4.2),
Note that I,, ® B = S§Sp. Let Spp be the matrix obtained from the first & columns of
Sp. Then Sgpg *Spo = B and the diagonal matrix D = diag (dy,...,d;) = (R*)"'BR™' =
(R*)™1S00 "SooR~1. Hence, d; = vfv; where v; is the jth column of SooR™! for j =
1,...,k. Since F is Pythagorean, there are qi,...,q. such that D = diag (¢3,.. .,q,%).
Replacing R by diag (q1,...,q)R, we have that B = R'R. In this way, we can assume
D = I in the form (4.9). Similarly, we can also choose D1 = I, and Dy = I, in the form
(4.10).
Now, (4.9) becomes

D(A) = So(A® I;)5¢  for all A€ S,(F).

In view of (4.2),

in other words,
SoSES0(A ® 1) SE = So(A® 1) S S0 St = So(A® I;)S¢ forall A e S, (F). (4.11)

Since the r x nk matrix Sy = So(I, ® R™1) and Sj consists of the first nk columns of
the invertible r x r matrices S, the column rank of Sy is nk. Hence, there is an nk x r
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matrix Lo such that LSy = k. Multiplying (4.11) from the left by Ly and from the
right by L{, we have

SES0AR L) = (A I)S¢Sy = A2 I, forall A €S, (F). (4.12)

Putting A = I,,, E; and Ej; + Ej; for 1 < i < j < n in (4.12), we see that S¢Sy =
I, @ I = Ing.

Let uq,...,u,, be the columns of the » x nk matrix S’O. Since g(fS’O = I,;, we have
ufuj = §;; for all 4,5 = 1,...,nk, and thus {u1,...,usx} is an orthonormal family of
F". By Lemma 4.6, we can enlarge it to an orthonormal basis {uq,..., ung, ..., u,} of
F". We may replace S in the form (4.2) by the matrix with columns uy,...,u,. It then
follows that ® has the form (4.2) with S*S = I,..

The assertion that the matrix S in (4.1) can be chosen to be orthogonal can be verified
with similar arguments, by noting that S;, S2 consist of orthogonal columns from S by
Proposition 4.1(b). O

The following examples show that if the underlying field is not Pythagorean, then we
may not replace D, Dy, Dy by I in the conclusion of Proposition 4.1.

Example 4.9. Let ®: So(Z5) — S2(Zs) be defined by

a0 a)a(a) =130

! 1). The algebra isomorphism ®(A) = SAS™! = 3SAS*® sends symmetric

1 4
matrices to symmetric matrices and preserves transposition.

Suppose there is an orthogonal matrix S; € S(Zs) such that ®(A) = S; AS{ for all
A € Sy3(Z5). Then SfSA = ASS for all A € So(Zs). This implies Sf'S = A, and thus
S = A\Sy, for some nonzero A € Z5. Consequently,

2
12:stlzx2st5=x2<} i) — 22 <(2) g)

It implies A\? = 2. But 2 = 12 + 12 has no square root in the non-Pythagorean field Zs.

LetS-(

This contradiction shows that ® cannot be implemented by an orthogonal matrix.
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