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B(##) bounded linear operators on

the unit sphere

FC.
The numerical range of A€ B(J¢) is
W(A) = {(AX,x); X € L)
=] F = = £ DA
: :
Faces of sets of operators with numerical range in a prescribed polyhedron




Numerical ranges Numerical range in a prescribed set Faces of % K
o 0 folete}

(o] 00000000000

: o0 :
Definition and properties
: :
K C C non-empty set
wK={AcB(#), W(A) CK]}.

o = = E 9ODaACe
:

Faces of sets of operators with numerical range in a prescribed polyhedron
00




Numerical ranges
o]

Numerical range in a prescribed set Faces of % K
o0 000
(o] 00000000000
: o0 :
Definition and properties
:
K C C non-empty set
wK = {Ae B2,
Properties:

W(A) C K}.

» K= — K=0;

= & - = 9aex
:

Faces of sets of operators with numerical range in a prescribed polyhedron
00




Numerical ranges
o]

Numerical range in a prescribed set Faces of % K
o0 000

(o] 00000000000

: o0 :

Definition and properties
: :
K C C non-empty set
wK={AcB(#), W(A) CK]}.
Properties:
> WK = @

K =0;
» WK =B(#) —

= & - = 9aex
:

Faces of sets of operators with numerical range in a prescribed polyhedron
00




Numerical ranges
o]

Numerical range in a prescribed set Faces of % K
o0 000
(o] 00000000000
: o0 :
Definition and properties
: :
K C C non-empty set
wK={AcB(#), W(A) CK]}.
Properties:

» K= = K=0;
> WK — B(#)

— K=C;
| 2 W{a} = {Oél},
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Definition and properties

K C C non-empty set

K ={AcB(#), W(A)CK]}.

Properties:
» K= —= K=0;
» WK =B(#) <= K=C;
» wiet = {al}, where |is the identity operator on .7;
» #Ris the set of all selfadjoint operators in B(#);
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: Definition and properties = :
K C C non-empty set
K ={AeB(x), W(A)CK}.
Properties:
» K= —= K=0;
» WK =B(#) <= K=C;
» wiet = {al}, where |is the identity operator on .7;
» #Ris the set of all selfadjoint operators in B(#);
» #®" is the set of all positive semidefinite op. in B(.#);
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Definition and properties
:

K C C non-empty set

K ={AeB(x), W(A)CK}.
Properties:
» K= —= K=0;
» WK =B(#) <= K=C;
wiat = {al}, where [is the identity operator on .7;
#R is the set of all selfadjoint operators in B(#);
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» #®" is the set of all positive semidefinite op. in B(.#);
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UwKU* = wK, for every unitary operator U;
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K C C non-empty set
={AeB(s), W(A) C K}

Properties:
» WK =) = K=
» WK =B(#) <= K=C;
wiat = {al}, where [is the identity operator on .7;

v

v

#R is the set of all selfadjoint operators in B(#);

» #®" is the set of all positive semidefinite op. in B(.#);

v

UwKU* = wK, for every unitary operator U;
KiCK, — whkcwyte,
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Properties:
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Definition and properties
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K C C non-empty set
wK ={AcB(x);
Properties:

W(A) € K}.

» K closed = wK sot-closed;
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Definition and properties
: :
K C C non-empty set
wK={AcB(x), W(A) CK]}.
Properties:
» K closed

= K sot-closed;
» Kisconvex — #Kisconvex;

» Let K; C C (j € J) be an arbitrary family of closed sets.

K=K = w»<=»"
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Definition and properties
: :
K C C non-empty set
wK={AcB(x), W(A) CK]}.
Properties:
» K closed

=

#K  sot-closed;
» K is convex

= wKis convex;

» Let K; C C (j € J) be an arbitrary family of closed sets.

K=K = w»<=»"
jed

jed
» Let K C C be a non-empty closed convex set. Then

(r*)={Aew . WA NM(K)# 0}.
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Affine transformation
: :
» §: C— C invertible affine transformation

O(u+iv)=au+bv+e+i(cu+dv+r)
a,b,c,d e fekR,

ad — bc # 0.
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Affine transformation
: :
» §: C— C invertible affine transformation

O(u+iv)=au+bv+e+i(cu+dv+r)
a,b,c,d e fekR,
6

ad — bc # 0.
induces inv. aff. transformation © : B(.¢) — B(J¢):
AeB(x): A=H+IK, H,K self-adjoint

O(H + iK) = aH + bK + el + i(cH + dK + fl).
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Affine transformation
: :
» §: C— C invertible affine transformation

O(u+iv)=au+bv+e+i(cu+dv+r)
a,b,c,d e fekR,
6

ad — bc # 0.
induces inv. aff. transformation © : B(.¢) — B(J¢):
AeB(x): A=H+IK, H,K self-adjoint

Easily seen:

O(H + iK) = aH + bK + el + i(cH + dK + fi).
W(B(A)) = 0(W(A)).
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Affine transformation
: :
» §: C— C invertible affine transformation

O(u+iv)=au+bv+e+i(cu+dv+r)
a,b,c,d e fekR,
6

ad — bc # 0.

induces inv. aff. transformation © : B(.¢) — B(J¢):
Ae B(X):

A=H+IK, H,K self-adjoint

Easily seen:

O(H + iK) = aH + bK + el + i(cH + dK + fi).

W(S(A)) = 6(W(A)).

It follows: #9(K) = o(#K).
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Definition and properties

K C C non-empty closed convex set
— #K is sot-closed and convex.

What are faces of #K?

Faces

A convex subset .Z C # K is a face if

AcZ, BCewK 0<t<1: A=tB+(1-1)C
= B, CeZ.
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Definition and properties
:

K C C non-empty closed convex set
— #K is sot-closed and convex.

What are faces of #K?

Faces
A convex subset .Z C # K is a face if

AcZ, BCewK 0<t<1: A=tB+(1-1)C
= B, CeZ.

» 0, wK are trivial faces, other are proper faces;
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Definition and properties

K C C non-empty closed convex set
— #K is sot-closed and convex.

What are faces of #K?

Faces
A convex subset .Z C #K s a face if

AcZ, BCewK 0<t<i: A=tB+(1-1C
= B CeZ.
» 0, wK are trivial faces, other are proper faces;
» Proper face is a subset of
(7K ={AcwK, W(A) Nm(K)+#0};
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Definition and properties

K C C non-empty closed convex set
— #K is sot-closed and convex.

What are faces of #K?

Faces
A convex subset .Z C #K s a face if

AcZ, BCewK 0<t<i: A=tB+(1-1C
= B CeZ.
» 0, wK are trivial faces, other are proper faces;
» Proper face is a subset of
(7K ={AcwK, W(A) Nm(K)+#0};

» Ac #K is extreme point if {A} isaface. .
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Definition and properties
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K C C non-empty closed convex set
— #¥ is sot-closed and convex.
What are faces of #/K?|

70 = o(nr)

» .7 proper face of # K < ©(.%) proper face of #(¥)
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Definition and properties
: :
K C C non-empty closed convex set
— w K is sot-closed and convex.
What are faces of #/K?|

70 = o(nr)

» .7 proper face of # K < ©(.%) proper face of #?(K);

» A extreme point of # K < ©(A) extreme point of #¢(K).
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Definition and properties
: :
K C C non-empty closed convex set
— w K is sot-closed and convex.
| What are faces of #/K?

» dim(7) < 0o
n
K = (1 K;, where K; are closed convex sets on C
j=1

n
F faceof N 7K < 37 facesof ¥K, 7 =
J=1 '

N 7.
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» FCK face

Define 9X(#)={Ac vk,
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: :
» K C C closed convex set
» FCK face

Define 9X(#)={Ac vk,

(Ax,x) € F
Theorem

VXxeR}
» 9K (%) is a face of wK.
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Faces of % K fora polyhedron set K
: :
» K C C closed convex set
» FCK face

Define 9X(%) = {Ac vk,

(Ax,x) € F
Theorem

VXxex}.
» 9K(%) is a face of WK.

» Foreveryindex set J and F; C K aface, %; C .,
the set %,’:l‘ (%)) is aface of wK.
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Faces of % K fora polyhedron set K
: :
Theorem
» dim(7) < oc.

» K C C closed polyhedron

» Fi,...,Fn C K all proper faces of K.
It 7z

isafaceof WK, then 3I%,...,%nC Ly:
7 - (Y95

j=1
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Faces of % K fora polyhedron set K
I
» K=C;y={zeC; Re(z)>0} halfplane;

» K=R;y ={rekR,

r >0} half line;

» K=I={reR; 0<r<1} linesegment;
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| Faces of“///Kforaponhedron set K |
» K=C;y={zeC; Re(z)>0} halfplane;
» K=Ry ={reR; r>0} halfline;
» K=I={reR; 0<r<1} linesegment;
» K=S={zeC;, 0<Re(z) <1} strip;
=] F = = £ DA

Faces of sets of operators with numerical range in a prescribed polyhedron

00




Numerical ranges Numerical range in a prescribed set Faces of % K
o] 00 000
o 00®00000000
[e]e)
: :
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: :

v

K=C; ={zeC; Re(z) >0} half plane;

v

K=Ry={reR; r>0} halfline;
» K=I={reR; 0<r<1} linesegment;
» K=S={zeC; 0<Re(z) <1} strip;

» K=P={zeC; 0<Re(z) <1, Im(z) >0} half strip;
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Faces of % K fora polyhedron set K
: :

» K=C;y={zeC; Re(z)>0} halfplane;

» K=Ry ={reR; r>0} halfline;

v

K=I={reR; 0<r<1} linesegment;
» K=S={zeC; 0<Re(z) <1} strip;

» K=P={zeC; 0<Re(z)<1, Im(z)>0} halfstrip;
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K=H={zeC; Re(z) >0, Im(z) >0} sector.
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Faces of % K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
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Faces of % K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
» A=R+iSew®

<~ R>0.

= & - = 9aex
:

Faces of sets of operators with numerical range in a prescribed polyhedron
00




Numerical ranges Numerical range in a prescribed set Faces of % K
o] 00 000
o 000®0000000
: o0 :
Faces of % K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
» A=R+iSew®

<~ R>0.
What are faces of #C"?
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Faces of % K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
» A=R+iSew®

< R>0.
What are faces of #C?|

» A proper face of #C" is a non-empty subset of

(wC ) ={Ac "  WA)NIR + 0}.
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Faces of # K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
» A=R+iSew®

< R>0.
What are faces of #C?|

» A proper face of #C" is a non-empty subset of

—

(wC ) ={Ac "  WA)NIR + 0}.
» Z C T isaface

3 P& orth. projection:
F={A=R+iSew® : R< AP, forsome A > 0}.
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Faces of # K fora polyhedron set K
: :
Cy ={zeC; Re(z) >0} halfplane
» /R the only proper face of C*.
» A=R+iSew®

< R>0.
What are faces of #C?|

» A proper face of #C" is a non-empty subset of

—

(wC ) ={Ac "  WA)NIR + 0}.
» Z C T isaface

3 P& orth. projection:
F={A=R+iSew® : R< AP, forsome A > 0}.
» #©+ has no extreme point.
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: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
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Faces of % K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0 and S=0.
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Faces of % K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0
| What are faces of #E?

and S=0.
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Faces of % K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0
| What are faces of #E?

and S=0.
R+

C*NR
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wC AR
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Faces of % K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0
| What are faces of #E?

and S=0.

Rt = C'NR
R =

VeV 4
» Let.Z be a proper face of #&".
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Faces of % K fora polyhedron set K
:

Numerical range in a prescribed set
]R_|_ = {I‘ S R,

Faces of 7 K
r>0} halfline
» {0} the only proper face of R™.

» A= R+iSecwk

<~ R>0
| What are faces of #E?

and S=0.
R+

CtNR
V-

VeV 4
» Let.Z be a proper face of #&".
37 e F(WC),

Fo € F(WR)

F = F1 N Fo.
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Faces of # K fora polyhedron set K

Ry ={reR; r>0} halfline

» {0} the only proper face of R™.
»A=R+iSe#® <+ R>0 and S=0.

| What are faces of #E?
Rt = C'nR
R = R

» Let.Z be a proper face of #&".
37 e F(WC), Foec F(HR): F=F1NP.

» 3 Pz orthogonal projection:
F1={A=R+iSec#C : R< APy, forsome A >0}
Fo = WE,
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Faces of % K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0
| What are faces of 77|

and S=0.
» Z C ¥R isaface

—

3 Ps orth. projection:
F={R¢e #wR" . R< AP, for some \ > 0}.
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Faces of # K fora polyhedron set K
: :
Ry ={reR; r>0} halfline
» {0} the only proper face of R™.
» A=R+iSew®

<~ R>0
| What are faces of 77|

and S=0.
» Z C ¥R isaface

<= d Pz orth. projection
F={R¢e #wR" . R< AP, for some \ > 0}.
» {0} is the only extreme point of #&".
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Faces of % K fora polyhedron set K

: :

I={reR; 0<r<1} linesegment

» {0} and {1} the only proper face of I.
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Faces of % K fora polyhedron set K
:

Faces of 7 K
I={reR, 0<r<i}

» {0} and {1}

000
00000080000«
[e]e]

line segment

the only proper face of I.
» A=R+iSew!

<~ O0<R</| and S§=0.
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Faces of % K fora polyhedron set K
: :
I={reR; 0<r<1} linesegment
» {0} and {1} the only proper face of I.
» A=R+iSew! «— O0<R<I
|What are faces of # H?|

and S=0.

= & - DA
:

Faces of sets of operators with numerical range in a prescribed polyhedron
00




Numerical ranges Numerical range in a prescribed set Faces of % K
o] 00
(o]

000
[e]e]ele]e]e] lelelelel
[e]e)
: :
Faces of # K fora polyhedron set K

I={reR; 0<r<1} linesegment

» {0} and {1} the only proper face of I.
» A=R+iSe#' «+— O0<R<I| and S=0.

| What are faces of #!'? |

W. N. Anderson Jr., G. E. Trapp, The extreme points of a

set of positive semidefinite operators, Lin. Alg. App. 106
(1988), 209-217;

S.-L. Eriksson, H. Leutwiler A potential-theoretic approach
to parallel addition, Math. Ann. 274 (1986), 301-317.
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Faces of % K fora polyhedron set K
: :
I={reR; 0<r<1} linesegment
» {0} and {1} the only proper face of I.
» A=R+iSe¥!' — O0<R<I
|What are faces of # H?|
I =

and S=0.
R*N(1-RY), 1-Rt={1-),
W]I — WR+QW1_R+

A> 0}
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o° §§8oooooooo<
| Faces of‘///Kforaponhedron set K |
I={reR; 0<r<1} linesegment
» {0} and {1} the only proper face of L.
» A=R+iSew' <+ O0<R<I and S=0.
| What are faces of #17]
I = RfNn(1-R"), 1-RT={1-)\
W]I — WR+ N W17R+

A >0}
» Let .Z be a proper face of #.
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Numerical range in a prescribed set Faces of 7 K

| Faces of‘///Kforaponhedron set K |
I={reR; 0<r<1} linesegment
» {0} and {1} the only proper face of L.
» A=R+iSew! < O0<R<I and S=0.

| What are faces of #17]
I = RfNn(1-R"), 1-RT={1-)\

who= o

A >0}
» Let .Z be a proper face of #.

37 e FWR), Foe F(W'RY):

F = F1 N Fo.
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Faces of # K fora polyhedron set K
: :

I={reR;, 0<r<1} linesegment

» {0} and {1} the only proper face of L.
» A=R+iSew' <+ O0<R<I and S=0.

| What are faces of #17]
I = RfNn(1-R"), 1-Rf={1-) A>0}
who= o

» Let .Z be a proper face of #.
37 e FWRY, Foe FW'RY): F=710P,.
» 3Pz and Pgz, orthogonal projections:
F1={Re#®: 0<R< APy, forsome X > 0}
F2={ReW*: 0<1-R<\Pg, forsome \ > 0}.
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Faces of % K fora polyhedron set K
: :
I={reR; 0<r<1} linesegment
» {0} and {1} the only proper face of I.
» A=R+iSew!' «— O0<R<I
|What are faces of #'? |

and S =0.

» # C #lisaface «— 3Pz, Qs orthogonal projections:

F={Re#': Qr <R<Psz};
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Faces of # K fora polyhedron set K
I I
I={reR;, 0<r<1} linesegment
» {0} and {1} the only proper face of I.
» A=R+iSew!' «— O0<R<I
|What are faces of V/I?|

and S =0.

» # C #lisaface «— 3Pz, Qs orthogonal projections:

F={Rec#"': Qz <R< Pz}
» Extreme points of #! are orthogonal projections.
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Faces of % K fora polyhedron set K
: :
K=S={zeC; 0<Re(z)<1} strip

» Z C #Sisaface «— 3Pz, Qs orthogonal projections:

F={R+iSc¥#°: Qz <R< Pz},
» % has no extreme points.
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Faces of % K fora polyhedron set K
: :
K=P={zeC; 0<Re(z) <1, Im(z)> 0} half strip

» 7 CwPisaface <= 3Pz, Qg Pz, orth. projections:

F={R+iSec#*: Qz, <R< Pz and 0 < S < A\Pg,, for some \ > 0};

» Extreme points of #T are orthogonal projections.
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Faces of % K fora polyhedron set K
I I
K=H={zeC; Re(z) >0, Im(z) >0} sector

» Z C wHisaface «— 3Pz, Qs orthogonal projections:
F={R+iSc#™: 0<R<APzand0< S < uQgz, forsome \,u>0};

» {0} is the only extreme point of 7.
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: :
Example
K =D closed unit disc

wP = {AcB(#);w(A) <1} closedunitballin (B(),w).
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Faces of %P
:
Example
K =D closed unit disc

wP = {AcB(#);w(A) <1} closedunitballin (B(),w).

If # = C2, A is determined by W(A) up to unitary equivalence.
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Faces of %P
:
Example
K =D closed unit disc

#P = {Aec B(#),w(A) <1} closed unitballin (B(),w).

If # = C2, A is determined by W(A) up to unitary equivalence.
What are extreme points of #P?
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:
Example
K =D closed unit disc

#P = {Aec B(#),w(A) <1} closed unitballin (B(),w).

If # = C2, A is determined by W(A) up to unitary equivalence.
What are extreme points of #P?

Im,
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A, N = 1
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Faces of %"
:
Example
K =D closed unit disc

#P = {Aec B(#),w(A) <1} closed unitballin (B(),w).

Im,

If # = C2, A is determined by W(A) up to unitary equivalence.
What are extreme points of #P?
i

A, N = 1

i R
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Faces of %"

1| A. Hopenwasser, R. L. Morre, V. |. Paulsen C*-extreme points,
Transactions AMS 266 (1981), 291-307;

M. A. Dritschel, H. J. Woerdeman Model Theory and Linear

Extreme points in the Numerical Radius Unit Ball, Memoirs AMS
615 (1997).
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