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Notations P. 2

I R: the set of real numbers

I C: the set of complex numbers

I Mn: the set of n× n complex matrices

I Hn: the set of n× n Hermitian matrices

I B(H): the set of bounded linear operators on a complex Hilbert space H

I S(H): the set of self-adjoint operators in B(H)

I SF (H): the set of finite rank operators in S(H)

I SK(H): the set of compact operators in S(H)

I cl (S): the closure of a set S



Convexity and Star-shapedness P. 3

A set S is said to be convex if for any a, b ∈ S,
the line segment joining a and b also lies in S.
That is,

ta+ (1− t)b ∈ S for all t ∈ [0, 1].

a

b S

s

a b S

A set S is said to be star-shaped
if there is a star center s ∈ S
such that the line segment join-
ing s and any other point b ∈ S
also lies in S. That is,

ts+(1−t)b ∈ S for all t ∈ [0, 1].



Numerical range P. 4

A: n× n matrix
The numerical range (field of values) is defined as

W (A) = {x∗Ax ∈ C : ‖x‖ = 1, x ∈ Cn}

= {〈x|A|x〉 : 〈x|x〉 = 1}

I The spectrum of A, σ(A) ⊆W (A).

I For any a, b ∈ C, W (aA+ bI) = aW (A) + b.

I For any unitary U , W (U∗AU) = W (A).

I W (A) is always nonempty.

I W (A) = {µ} ⇐⇒ A = µI.

I W (A) ⊆ R ⇐⇒ A = A∗.

I W (A) ⊆ [0,∞) ⇐⇒ A is positive semidefinite.

I W (A) and W (A−1) lie in the unit disk ⇐⇒ A is unitary.

I If A is Hermitian with eigenvalues a1 ≥ a2 ≥ · · · ≥ an, then
W (A) = [an, a1] .



Numerical range P. 5

I If A =
[
a1 b
0 a2

]
, then W (A) is the elliptical disk with foci a1 and a2

and minor axis of length |b|.

a1

a2

|b|
I If A is normal with eigenvalues a1, . . . , an,

then
W (A) = conv {a1, . . . , an},

which is a convex polygon.
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I In general,

W (A) =
⋂

t∈[0,2π)

{
µ ∈ C : e−itµ+ eitµ̄ ≤ λ1(e−itA+ eitA†)

}
where λk(H) denotes the k-th largest eigenvalue of Hermitian H.

I W (A) is always convex. (Toeplitz-Hausdorff Theorem [1918-1919])

Generalization: k-numerical range, c-numerical range, q-numerical range,
C-numerical range, kth generalized numerical range, product numerical
range, restricted numerical range, rank-k numerical range, indefinite
numerical range, nuclear numerical range, q-matricial range...
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Given a matrix C, the C-numerical range of A is defined as

WC(A) = {tr (CU†AU) : U is unitary}.

I If C = E11, WC(A) = W (A).
I If C = E11 + · · ·+ Ekk, then it reduces to k-numerical range

WC(A) = Wk(A) =

{
k∑
j=1

x∗jAxj : x1, . . . , xk are orthonormal in Cn
}
,

which is convex. [Halmos, Berger (1963)]

I If C = diag (c1, . . . , cn), then it reduces to c-numerical range

WC(A) = Wc(A) =

{
n∑
j=1

cjx
∗
jAxj : x1, . . . , xn are orthonormal in Cn

}
,

which is also convex when C is Hermitian. [Westwick (1975), Poon ( 1980)]
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I In general, WC(A) is not convex.

I WC(A) is convex if there is γ ∈ C such that Ĉ = C − γI satisfies one of
the following conditions.

I Ĉ is rank one.
I Ĉ is a multiple of a Hermitian matrix.
I Ĉ is unitarily similar to a block matrix of the form [Cij ]i,j such

that C11, . . . , Cmm are square and Cij = 0 if j 6= i+ 1.

I WC(A) is star-shaped. [Cheung, Tsing, LAMA (1996)]



Joint numerical range P. 9

The joint numerical range of m-tuple A = (A1, . . . , Am) is defined by
W (A) = {(x∗A1x, x

∗A2x, . . . , x
∗Amx) : ‖x‖ = 1, x ∈ Cn}

= {all joint measurements of pure states by the observables A1, . . . , Am}.

Write Aj = Hj + iGj for Hermitian matrices Hj and Gj ,
W (A1, . . . , Am) ⊆ Cm ∼= W (H1, G1, H2, G2, . . . , Hm, Gm) ⊆ R2m.

Here, assume Aj are Hermitian.
I W (A1, A2, A3) is NOT convex when

A1 =
[

0 1
1 0

]
, A2 =

[
0 −i
i 0

]
, A3 =

[
1 0
0 −1

]
.

Actually, W (A1, A2, A3) = {(a1, a2, a3) ∈ R3 : a2
1 + a2

2 + a2
3 = 1}.

I For n ≥ 3, W (A1, A2, A3) is always convex.
[Au-Yeung & Poon, LAA 27:69-79 (1979)]

I For m ≥ 4, W (A) may not be convex in general.

I W (A) is star-shaped if the dimension n is sufficiently large.
[Li & Poon, Studia 194:91-104 (2009)]
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For any A = (A1, . . . , Am) ∈ Hm
n ,

W (A) = {(x∗A1x, x
∗A2x, . . . , x

∗Amx) : ‖x‖ = 1, x ∈ Cn}

= {(µ1, . . . , µm) ∈ Rm : X∗AjX = µj with X ∈Mn×1, X
∗X = 1}

(numerical range)

Λk(A) = {(µ1, . . . , µm) ∈ Rm : X∗AjX = µjIk with X ∈Mn×k, X
∗X = Ik}

(rank-k numerical range)

W (q : A) =
{

(B1, . . . , Bm) ∈ Hm
q : X∗AjX = Bj with X ∈Mn×q, X

∗X = Iq
}

(q-matricial range)

Λp,q(A) =
{

(B1, . . . , Bm) ∈ Hm
q : X∗AjX = Ip ⊗Bj

with X ∈Mn×pq, X
∗X = Ipq}

((p, q)-matricial range)

All these ranges are non-empty and star-sharped when the dimension is
sufficiently large. [Lau, Li, Poon, S. JFA, in press]
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I A quantum channel φ of the form

A 7→
r∑
j=1

FjAF
†
j with

r∑
j=1

F †j Fj = I

has a k-dimensional quantum error correcting code if and only if

Λk(F †1F1, F
†
1F2, . . . , F

†
mFm) 6= ∅.

[Knill and Laflamme, PRA 55:900-911 (1997)], [Choi, Kribs, Zyczkowski, RMP 58:77-91 (2006)]

I A quantum channel φ has correctable (recovery) subsystems with size
p× q if and only if

Λp,q(F †1F1, F
†
1F2, . . . , F

†
mFm) 6= ∅.

[Kribs, Laflamme, Poulin, and Lesosky, QIC 6:383-399 (2006)]



Numerical range of a set of matrices P. 12

F : A nonempty set of matrices in Mn.

W (F) =
⋃
{W (A) : A ∈ F}

= {all possible measurements of states by some observable A ∈ F}

Example Let A =
[

1 + i 0
0 1− i

]
and

F = conv {A,−A} = {(2t− 1)A : t ∈ [0, 1]}.
Then

W (F) = conv {0, 1 + i, 1− i} ∪ conv {0,−1− i,−1 + i},

which is NOT convex.

-1+i

-1-i

1+i

1-i

0
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Basic Properties

I For any a, b ∈ C, W (aF + bI) = aW (F) + b.

I For any unitary U , W (F) = W (U∗FU),
where U∗FU = {U†AU : A ∈ F}.

I F is bounded =⇒ W (F) is bounded.

I F is connected =⇒ W (F) is connected.

I F is compact =⇒ W (F) is compact.

I F is convex 6=⇒ W (F) is convex.

I F is closed 6=⇒ W (F) is closed.

Example F =
{[

a+ i
a

0
0 0

]
: a > 0

}
∪
{[

0 0
0 0

]}
and

W (F) = {a+ ib : a, b > 0, ab ≤ 1} ∪ {0}.
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More Properties

I W (F) = {µ} ⇐⇒ F = {µI}.

I W (F) ⊆ a straight line L ⇐⇒
I F ⊆ {µI : µ ∈ L}, or
I ∃α ∈ C s.t. α(A− tr (A)/n) are Hermitian for all A ∈ F and

{(trA)/n : A ∈ F} is collinear.

I W (F) is a convex polygon ⇐⇒ W (F) = conv {v1, . . . , vm},
where vj is an eigenvalue of some Aj ∈ F .
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Assume F is convex

I If F contains a scalar matrix µI, then W (F) is star-shaped
with µ as a star center.

I Suppose
⋂
A∈F

W (A) 6= ∅. Then W (F) is star-shaped

with µ as a star center for all µ ∈
⋂
A∈F

W (A).

µ

I If trA = µ for all A ∈ F , then W (F) is star-shaped
with µ as a star center.

Assume F = convG

I Suppose
⋂
A∈G

W (A) 6= ∅. Then W (F) is star-shaped

with µ as a star center for all µ ∈
⋂
A∈G

W (A).
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Assume F = conv {A,B} (G = {A,B})

I If W (A) ∩W (B) 6= ∅, then W (F) is star-shaped
with µ as a star center for all µ ∈W (A) ∩W (B).

I If W (A) ∪W (B) lies on a line, then
W (F) = conv {W (A),W (B)} is convex.

I Otherwise, there are two non-parallel lines L1 and L2 intersecting at µ
such that for each j = 1, 2, Lj is a common supporting line of W (A) and
W (B) separating the two convex sets; the set W (F) is star-shaped with
star-center µ.
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Assume F = conv {A1, . . . , Am} (G = {A1, . . . , Am})

I W (F) = W⊗(A1 ⊕A2 ⊕ · · · ⊕Am), where

W⊗(X) = {〈u⊗v|X|u⊗v〉 : 〈u|u〉 = 〈v|v〉 = 1}. (product numerical range)

[Gawron, Puchala, Miszczak, Skowronek, Zyczkowski, JMP 51:102204 (2010)]

I W (F) = W (F̂) = W (conv F̂), where

F̂ = {Ax = diag (〈x|A1|x〉, . . . , 〈x|Am|x〉) : 〈x|x〉 = 1, |x〉 ∈ Cn}.

I Suppose
m⋂
j=1

W (Aj) 6= ∅. Then W (F) is star-shaped

with µ as a star center for all µ ∈
m⋂
j=1

W (Aj).

I ∃ {A1, A2, A3} with W (A1) ∩W (A2) ∩W (A3) = ∅ and W (F) is NOT
star-shaped.
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Example Let A =
[

1 + i 0
0 1− i

]
and F = F1 ∪ F2 with

F1 = conv {A,−A} = {(2t− 1)A : t ∈ [0, 1]}

F2 = conv {A,−A+ 4I2} = {(2t− 1)(A− 2I2) + 2I2 : t ∈ [0, 1]}.

Notice that F is star-shaped with A as a star center. But

W (F) = conv {0,−1+ i,−i− i}∪conv {0, 2, 1− i, 1+ i}∪conv {2, 3+ i, 3− i}.

-1+i

-1-i

1+i

1-i

0

3+i

3-i

2
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Assume F = conv {A,B} and both WC(A) and WC(B) are convex.

I If WC(A) ∩WC(B) 6= ∅, then WC(F) is star-shaped
with µ as a star center for all µ ∈WC(A) ∩WC(B).

I If WC(A) ∪WC(B) lies on a line, then

WC(F) = conv {WC(A),WC(B)} is convex.

I Otherwise, there are two non-parallel lines L1 and L2 intersecting at µ
such that for each j = 1, 2, Lj is a common supporting line of WC(A)
and WC(B) separating the two convex sets; the set WC(F) is
star-shaped with star-center µ.
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Given ζ = tr (CV ∗(tA+ (1− t)B)V ) ∈WC(F)

ζA = tr (CV ∗AV ) ∈WC(F)

ζB = tr (CV ∗BV ) ∈WC(F)

Assume ζAζB ∩L2 = {bi} with b > 0.

yB = tr (CU∗BBUB) ∈WC(F) ∩ L2

yA = tr (CU∗BAUB) ∈WC(F)

ζAζB ∪ ζByB ∪ yByA ∪ yAζA ⊆WC(F)

V → U continuously =⇒ conv {ζAζB ∪ ζByB ∪ yByA ∪ yAζA} ⊆WC(F)

=⇒ ζ0 ⊆WC(F)
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Example Let w = e2πi/3 and C = diag (1, w, w2). Suppose A = C − 1
6I,

B = eπi/3C + 1
6I and F = conv {A,B}. Then both WC+I(A) and WC+I(B)

are not star-shaped. Furthermore, WC+I (F) is not star-shaped.

WC+I (B)WC+I (A)

2+
3 3

2
i-2+

3 3

2
i

2-
3 3

2
i-2-

3 3

2
i
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2
i

2+
3 3

2
i-2+

3 3

2
i

2-
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2
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2
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