Operator Radii and Unitary Operators
TsuyosHl ANDO' AND CHI-KwoNG L1?

ABSTRACT. Let p > 1 and w,(A) be the operator radius of a linear operator A. Suppose
m is a positive integer. It is shown that for a given invertible linear operator A acting on
a Hilbert space, one has w,(A™™) > w,(A)~™. The equality holds if and only if A is a

multiple of a unitary operator.
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1. INTRODUCTION

Let H be a complex Hilbert space equipped with the inner product (-,-) which induces
the norm || - ||. Denote by B(H) the algebra of bounded linear operators acting on H with
the operator norm defined by

|Al| = sup{||Az|| : € H, ||z|| = 1} for A € B(H).
It is easy to see that A € B(H) is unitary if and only if it is invertible and
(1.1) Al <1 and |A7'| <1
If the requirement (1.1) is weakened as
(1.2) |A™| <p and ||[AT"|<p (n=1,2,...) for some p>1,

then, by a theorem of Sz.-Nagy [8], the operator A is similar to a unitary operator, that
is,

A= S7'US for some invertible S and unitary U,

and consequently its spectrum o(A) is included in the unit circle of the complex plane.

Recall that the numerical radius of A € B(H) is defined by
w(A) = sup{|{z, Az)| : z € H,|z|] < 1}.

In [7, Corollary 1] (see also [6]), it was shown that in (1.1) the operator norm || - || can be
replaced by the numerical radius w(-), namely, that an invertible operator A is unitary
if w(A) <1 and w(A™!) < 1. Notice that the map A —— w(A) is conver and (1.2)
is guaranteed by the known property of the numerical radius (see [9]), namely, for any
A € B(H)

w(A) <||A]l <2 -w(A) and w(A™) <w(A)" forn=12 ....
(A) < [|A]l (A) (A") < w(A) 2,

Very recently, Choi and Li [2, Theorem 3.9] showed that for a positive integer m and
an invertible operator A € B(H), we have

(1.3) w(A™") = w(A)™;

the equality holds if and only if A is a multiple of a unitary operator. Clearly, the same
result holds if one replaces the numerical radius by the operator norm. (A short proof of

this case is included in Section 3).

In [9], Sz.-Nagy and Foiag considered the class C, of operators T" € B(H) which admits
a unitary p-dilation, that is, there is a unitary operator U on a superspace K D H such
that
T" = pPU"y forn=1,2,...,
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where P is the orthoprojection from I to H. In connection with this, one can define the

p-radius of A € B(H) by

w,(A) =inf{A>0: XA eC,}.

When p = 1 and p = 2, this definition reduces to the operator norm and the numerical

radius, respectively. The operator radii have the following properties (see [9], [4] and [5]):

(i) For each p, the functional A —— w,(A) is strictly positive, and (non-linear)
positive-homogeneous and w,(A) = w,(A*).
(ii) Let r(A) be the spectral radius of A € B(H). Then lim, ., w,(A) = r(A), and

the function p — w,(A) is non-increasing. Consequently, we have
r(4) < w,(4) < Al
(ili) For each A € B(H), we have
w,(A) < ||A] < p-wy(A) and w,(A") <w,(A)" forn=1,2,....
(iv) For A € B(H), the function A —— w,(A) is convez (only) when 1 < p < 2.
In this paper, we show that the inequality (1.3) and the condition for equality are valid

if we replace the numerical radius by the p-radius for any p > 1. Specifically, we have the

following.

Theorem 1.1. Let p > 1, and m be a positive integer. If A € B(H) is invertible, then

w(A™) > w,(A) ™

The equality holds if and only if A is a multiple of a unitary operator.

We will characterize those invertible A € B(H) satisfying w,(A) < 1 and w,(A™") <1
in Section 2, and prove Theorem 1.1 in Section 3. Our proof depends on the following
characterization of A € B(H) satisfying w,(A) < 1 obtained by Ando [1] for the case
p = 2 and by Durszt [3] for the general case (see also [5]).

Lemma 1.2. For an operator A and p > 1, the condition w,(A) <1 is valid if and only
if there is 0 < C' < I and a contraction W, that is, |W|| < 1, such that

A=p(I —C)WHI+plp—2)C} PWC2.

When A is invertible, 0 < C' < I and W can be chosen as unitary.



Here, as usual, the order relation S < T between two selfadjoint operators S, T" means

that T — S is positive semi-definite, or equivalently
(z,Sz) < (z,Tz) (z€H),

and S < T means that T'— S is invertible in addition.

2. AUXILIARY RESULTS

In this section, we characterize those invertible A € B(H) such that w,(4) < 1 and
wy(A™H) < 1.
We first consider the case when the Hilbert space ‘H has a finite dimension, say N.

Therefore each A is considered as a matrix, and we can use the determinant function.

Theorem 2.1. Suppose p > 1. An invertible matriz A is unitary if and only if w,(A) <1

and its spectrum o(A) is included in the unit circle.

Proof. The implication (=) is clear. We consider the converse. Suppose p = 1. Then
A is unitarily similar to a lower triangular matrix 7" so that each diagonal entry is an
eigenvalue lying in the unit circle. Since wi(A) = wyi(T) = ||T|| = 1, we see that all
off diagonal entries of 7" are zero. Next, assume that p > 1. Since w,(A) < 1 and A is
invertible, by Lemma 1.2 there is 0 < C' < I and unitary W such that

(2.1) A= p(I —C)HI+plp—2)0} 1 PWwor2.

Then since the determinant of a matrix is the product of all its eigenvalues (counting
multiplicities) and since det(XY') = det(X) det(Y) for any matrices X,Y,

1 = |det(A)? = det(A*A)
— det <p201/2W*(I — O + plp - 2)0}’1W01/2)

— det (;PO([ — VI +plp— 2)0}—1)

N

PPN (L= A)
o L plp=2)

where \; (j =1,2,...,N) are the eigenvalues of C' with multiplicities counted. It is easy

to see that

f(t)Efp(t)rz%Sl 0<t<1)



and the maximum value 1 is attained only at ¢ = p~'. We conclude \; = p~' (j =

1,2,...,N), that is, C' = p~'I. Then by (2.1) we have

APV
Vo{l+plp—2)p~'}

Therefore A is unitary. a

If w,(A) < 1 and w,(A™') < 1, then by the property (iii) of the p-radii and the
theorem of Sz.-Nagy [8], the spectrum o(A) is included in the unit circle. Therefore we
can conclude from Theorem 2.1 that an invertible matrix is unitary if w,(4) < 1 and

w,(A™) <1 for any p.

Now we turn to the infinite dimensional case. The following example shows that the

extension of Theorem 2.1 to the infinite dimensional case is not possible even for p = 1.

Example 2.2. There is a non-unitary contraction which is similar to a unitary operator.

Construction. Let H = L?(—o00,00) with respect to the Lebesgue measure on (—o00, 00).

Let o(t) is a strictly increasing continuous function on (—oo, 00) such that

tlir_n o(t)=a>0 and tlim o(t) = < .

Let T be the multiplication operator by the function ¢(t) and U the right-shift operator

by unit one, that is,

(TH(t) = oOf () and (UF)(E) = f(t+1) (=00 <t < 0).

Let C' be the multiplication operator by the function %. Then T' > 0 and U is unitary
while C' is a non-unitary contraction because of the strict-increasingness of ¢(t). Now it
is easy to see that TU = UCT, which implies that the non-unitary contraction A = UC

is similar to the unitary operator U. O

The following theorem generalizes a result of Stampfli [7, Corollary 1] (see also [2] and

[6]) to general operator radii w,(-).

Theorem 2.3. Suppose p > 1. An invertible operator A € B(H) is unitary if and only
if wy(A) <1 and w,(A™") <1.

Proof. The implication (=) is clear. We consider the converse. Suppose p = 1. If
|Az|| < 1 for any unit vector x € H, then ||z|| = [|[A~(Az)|| < 1, which is a contradiction.
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Thus, ||Az|| = 1 for all unit vector € H. Since A is invertible, A is unitary. Next, assume

p > 1. Consider again the function

pP(1—1)

2.2 t)=f,(t) = ——M— 0<t<1).
(22) =51 = o 0<t<D)
Then simple computations will show the following relations:
1 (1—pt)? 1 (1 — pt)?
2.3 - = f(t) + and t= - (0<t<1).
A A T T O

Since by assumption w,(A4) < 1 and wp((A’l)*> = w,(A™') <1, by Lemma 1.2 there
are 0 < X, Y < I and unitary U, V such that

(2.4) A = f(X)YV2UXY? and (A7YH* = fF(V)Y2VY2
Then it follows from (2.4) that
= A. Afl — f(X>1/2UX1/2 . YI/ZV*f(Y)l/Q,

which implies
UX1/2Y1/2 _ f(X)_1/2f<Y)_1/2V,
and hence
Y1/2XY1/2 _ V*f(y)71/2f<X)71f(Y)71/2V
This means that Y/2XY 2 and f(Y)~Y2f(X)~1f(Y)~Y2 are unitarily similar. Therefore

they have the same spectrum

0<Y1/2XY1/2> _ 0(f(Y)_l/gf(X)_lf(Y)_l/2>,

which implies obviously

(2.5) )\max<y1/2XY1/2) _ /\max(f(Y)_l/Qf(X)_lf(Y)‘1/2>
and
(26) Mo (YPXYY) = i (FO0) P F 0 (V) 2),

where, for a selfadjoint operator Z, the symbols Ayax(Z) (resp. Amin(Z)) denotes the

mazximum (resp. minimum) of the spectrum o(7).

Now write, according to (2.5),

27) 3= AV V2XYN2) = A (FOV) (X)),



This v is characterized as a positive number such that vY 1 — X > 0 and
(2.8) lim (a,, (7Y ' — X)a,) =0 for some a, with ||a,| = 1.

n—oo

On the other hand, it follows from (2.3) that
W =X = AfY) = fX) T YT+ p(p = 2)Y (T - pY)?
+p (I = X)THI = pX)*.
Since 0 < X, Y < I, there is € > 0 such that
2.9) WX 2 f(Y) = f(X) N el — pY)? + (] — pX )

Since by (2.5) 7Y ! — X > 0 implies vf(Y) — f(X)~! > 0, it follows from (2.8) and (2.9)
that

(2.10) Tim {[[(I = pY)an[* + (1 = pX)an||*} = 0.
Finally we have from (2.8) and (2.10) that

0= lim (an, (Y = X)an) = py —p
that is,
(2.11) A (Y1/2XY1/2) —y=p2

Incidentally we have shown that, with v = p~2,

(2.12) ker<p72Y*1 - X) C ker( — pX).

Next write, according to (2.6),
(2.13) K= Amin (f(Y)‘l/Qf(X)‘lf(Y)‘1/2> — Ain (Y1/2XY1/2).
This k is characterized as a positive number such that f(X)™' — xf(Y) > 0 and

(2.14) nlg{)lo(bn, {f(X) ' = kf(Y)}b,) =0 for some b, with ||b,|| = 1.

Now we have by (2.3)
X)) =kfY) = X—rY ' +p 2 - X)' (I - pX)?
+ &Y I +plp—2)Y} (I —pY)*.
Since by (2.6) f(X)™' —xf(Y) > 0 implies X — kY ! > 0, as in the foregoing arguments

we can conclude that

(2.15) fX) P —kf(Y) > X—kY1>0
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and for some € > 0
(2.16) FX) 7 = Rf(Y) > eI = pX)? + (I — pY )%
Then by (2.14) and (2.16) we have
Tim {[[b, — pXbu1* + [lbn — pY bul|*} = 0,

and by (2.14) and (2.15)
lim (b, (X — kY "1)b,) = 0.

n—oo

From the above we can conclude that x = p=2, hence k = v by (2.11). This means that
Y12XY'V2 = p72] so that p~2Y ! — X = 0, that is, ker(p~2Y ' — X) = H. Finally by
(2.12) this implies ker(I — pX) = H, or equivalently X = p~'I. Now we can conclude by
(2.2) and (2.4)

A — f(p—l)l/Qp—l/QU — U,

that is, A is unitary. This completes the proof. O

3. PROOF OF THE MAIN THEOREM
We use the fact that for any 7' € B(H)
r(T) < w,(T) < |7,
where r(T) is the spectral radius of T, and
w,(TH) < w,(T)F, k=1,2,....
If A€ B(H) is invertible, then
wp(A) > H(A7) = 1/inf{lp] - p € o(A)} > (A) > wy(4) L
Replacing A by A™, we have w,(A™™) > w,(A™)~!. Since w,(A™) < w,(A)™, we have
w,(A™) ™ > w,(A)™.

If vA is unitary for some positive number 7, then w,(A™™) =~ = w,(A)~™. Con-
versely, suppose w,(A™") = w,(A)"™. We may replace A by vA for a suitable positive
number ~ and assume that w,(A™") = w,(A)™™ = 1. Thus,

(3.1) 1=w,(A™™) > w,(A™) ' > w,(A) ™ = 1.

So, 1 = w,(A™) = w,(A™™). By Theorem 2.3, A™ is unitary. By (3.1), we also have
w,(A) = 1. If p = 1, then for any unit vector x € H, ||A|| = 1 = ||A"z|| implies that
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x,Ax, ..., A"z are all unit vectors. Thus, 1 = ||Az|| for all z. Since A is invertible, A is

unitary. Suppose p > 1. By Lemma 1.2,
A= p(I —C)VHI+plp—2)C} 1 Pwor/?

for some 0 < C' < I and a unitary W.
Let

C = pC2 (I = C)'P{I + p(p —2)C} 12,

As shown in the proof of Theorem 2.1, we have

F)= 1) = =0 <1 0=t < ),

Thus C? = f(C) < I, and C is a contraction. As a result,
A" = p(I = OYHI + plp — 20} P CH
such that
W =w(@Cw)™!
is a contraction. Since A™ is unitary, we see that
o= (A™)(A™)
=PI = C)"*{I+ p(p—2)C} PWCH2CVEW{I + p(p — 2)C} (1 — O)'/2.
Thus,
(3.2) {I+p(p—2)CYI = C)" = pPWCW™.
When both W and C are invertible, we know
(3.3) U(WCW*> - a(cl/QW*Wol/Q).
Since in general

CVPWWCY < ¢ for W <1,

we have
(3.4) Amax(WCW*) < Anae(C)  and  Apin(WCW*) < Apin (O).
Since the function

1+ p(p—2)t

is increasing for 0 <t < 1, we have

35 dus(9(0)) = 9(Mnan(©) and Ania (9(C)) = 9(Auin(C)).
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Then it follows from (3.2), (3.4) and (3.5)
(36) g(t) < p2t for ¢ = )\max<c)7 )\min(c)-

Since

1 — pt)?
g(t)—pzt:%zO (0<t<1),

(3.6) is possible only when

/\max(c) - Amin(C) - %

and hence C' = %I . Consequently

A= p([ _ 0)1/2{I+p(p . 2)0}71/2W6ﬂ/2 — W

is unitary as asserted. O
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